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Preface  

This volume contains the contributions of invited speakers and the refereed 
papers of the Second International B Conference (B'98) held in Montpellier, 
France, April 22-24, 1998. The first conference was held in Nantes (France) in 
November 1996. The B conferences aim to provide a forum for the rapidly grow- 
ing community working in specification and software construction using the B 
method. The scope of the conferences covers all aspects of B technology, rang- 
ing from theoretical investigations to industrial applications, including method- 
ological issues, B extension proposals, support tools, as well as comparisons or 
integration with other development methods. 

At the current conference, an education session was organized on April 21st 
for the discussion of teaching experiences. Demonstrations were also presented 
during the three conference days. 

B contains a notation for the abstract specification of machines and systems 
and a method for rigorously refining those modules to implementations and 
thence to code. The first contribution "On B" presents the essential goals of 
the method. They are simply providing assistance, including computer aided 
assistance, for the production of correct designs. This is intended to "trap the 
bugs" as early as possible in the development process. 

Invited speakers are Dr. Carroll Morgan from Oxford University who pro- 
poses new advances in probabilistic programming, Patrick Behm, Pierre Des- 
forges, and Jean-Marc Meynadier who speak about the project Mt~T~OR de- 
veloped using the B method in RATP and Matra-Transport International, and 
Francois Pilarski who relates the use of formal methods at A~rospatiale. 

The program committee received 29 contributions from seven countries. Only 
fifteen of them were chosen to be presented and published. Selected papers cover 
the main topics of the conference. Special attention is drawn to J.-R. Abrial's 
and L. Mussat's paper which presents advanced work to integrate specification 
of dynamic properties into B abstract systems, including the generation of proof 
obligations for these properties. Moreover such properties are made compatible 
with refinement. Conditions to ensure deadlock freeness and liveness properties 
during the refinement process can be stated and proved. 

I sincerely thank all the program committee members, who actively collabo- 
rated electronically in the distribution and selection process. Thanks are due to 
Henri Habrias and Steve Dunne for their advice and for the organization of the 
education session. Many thanks to the organization committee: Claude Boksen- 
baum, Th@r~se Libourel, Michel Sala, and Corine Zicler from the LIRMM. 

February 1998 Didier Bert 
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On B

Jean-Raymond Abrial

Consultant,
26, rue des Plantes, 75014, Paris.

abrial@steria.fr

In the B-Book [Abr96], an introduction entitled “What is B ?” presents it in
a few pages. There is no point in reproducing this introduction here. There is,
however, clearly a need to have in this book a sort of informal presentation of B
complementing that of the B-Book for those readers who are not familiar with
this approach. This is the purpose of this short text, where the emphasis will
be put on the question of the development process with B. At the end of the
text, I will also cover some more general problems concerning B (tool, education,
research, future).

B is a “Debugger”.

The aim of B is very practical. Its ambition is to provide to industrial prac-
titioners a series of techniques for helping them in the construction of software
systems. As everyone knows, the complexity of such systems, as well as the con-
text within which they are developed makes them very prone to errors. Within
this framework, the goal of B is to accompany the system development process
in such a way that the inevitable errors, produced either during the technical
specification phase, or the design phase, or, of course, during the coding phase,
that all these errors are trapped as soon as they are produced . In a sense, from
that point of view, B is nothing else but a generalized debugging technology.

Classical Debugging Techniques are Based on Execution.

In classical software developments, errors are usually (but partially) discov-
ered, and hopefully corrected, after the coding phase: this is done by checking
the final product (or better, some parts of it) against a variety of tests supposed
to cover the widest range of behaviors. Another technique, which becomes very
popular these days, is that of model checking by which it is shown that the final
system satisfies certain properties: this is done by an exhaustive search under all
possible executions of the program.

As can be seen, both techniques, testing and model checking, work on the
final product and are based on some “laboratory” execution of it. Since we be-
lieve in the great importance of trapping errors as soon as they are produced,
it is clear that such techniques cannot be used during the technical specification
and the design phases, where no execution can take place.

Didier Bert (Ed.): B’98, LNCS 1393, pp. 1–8, 1998.
c© Springer-Verlag Berlin Heidelberg 1998



2 J.-R. Abrial

The B Debugging Technique is Based on Proofs. Conceptual Difficulties.

The debugging technology, which is proposed by B, is thus not based on
execution, it is rather based on mathematical proofs. This apparently simple ap-
proach, which is widely used in other engineering disciplines, poses a number of
specific problems.

When execution is the criterion, the developer obviously tends to write his
formal text (his program) with execution in mind . He reasons in terms of data
that are modified by some actions (assignments), and he constructs his program
by means of a number of operations on such actions: conditionals, sequencing,
loop, procedure calls, etc.

With B, the developer (at least, in the early phases) is not supposed to rea-
son in terms of execution. Since the basic paradigm is that of proof, he has
to think directly in terms of properties that have to be satisfied by the future
system. This shift from execution to properties and proofs constitutes, in fact,
a great step, which could sometimes represent an insurmountable difficulty to
some persons. In our experience, it is not so much the manipulation of well de-
fined mathematical concepts (sets, relations, functions, numbers, sequences, etc)
that poses a serious problem to certain B practitioners, it is rather the neces-
sary change of habit consisting in abandoning (for a while) the idea of execution.

Necessity of Re-writing the Requirement Documents.

As a matter of fact, some B novices use it as if it were a programming
language with the classical concepts of discrete mathematics directly at their
disposal. From our point of view, it is a mistake. We must say, however, that
people are inclined to do so, since the informal requirements of the system they
realize are often also written with execution in mind. Very often indeed, such
requirements are already written in the form of a pseudo-implementation de-
scribing the future system in terms of data and algorithms acting on them.

This is the reason why, in our opinion, it is almost always indispensable,
before engaging in any development with B, to spend a significant time (that is,
for a large system, several months) to just rewrite these requirements in english,
say, so as to re-orient them towards the precise statements of the properties of
the future system. The natural language statements, the diagrams, or the tables
describing these properties in one form or another must be identified, isolated
and labeled in order to clearly separate them from the rest of the text (hyper-
text technology and “literate programming” helps here).

Such properties may concern either the static aspect of the system (that
is, the permanent properties of its data), or its dynamic aspect (that is, the
properties expressing how the data are allowed to evolve).
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Obviously, such a rewriting should be performed hand in hand with the
“client”, who has to give his final agreement so that this second text becomes
the new contractual basis of the future development.

Extracting Some Properties from the Requirement Documents.

Once this is done, the work of the B practitioner is to transcribe such infor-
mally stated properties into mathematical models. This has to be done gradually .
It is out of the question to do this in a flat manner. One has first to extract from
the informal text a few very fundamental properties that are the expression of
the essence of the system.

The corresponding model takes the form of a, so-called, abstract machine,
which encapsulates some variables whose types and static properties are formal-
ized within a, so-called, invariant clause. These variables often denote some very
abstract concepts related to the problem at hand. This is the reason why they
are quite naturally “encoded” by equally abstract mathematical objects such as
those mentioned above (sets, and the like).

The dynamics of the model is defined by a number of, so-called, operations,
formalized as predicate transformers, called in B generalized substitution. Usu-
ally, at the top level, such operations are very straightforward: they take the
form of a pre-condition followed by a simple, often highly non-deterministic, ac-
tion defined on all (or part of) the variables at once (no sequencing, no loop).
At this point, a first series of proofs must be performed in order to show that
the static properties of the variables are indeed preserved by the operations. It
constitutes a first form of debugging of the original informal text. Note that the
requirement properties that have been chosen must be referenced. In this way,
an easy navigation from the informal statements of these properties to their first
formal setting counterparts is indeed possible.

Refinement as a Technique for Extracting more Details of the Problem.

Our first mathematical model is then refined, but still with properties and
proofs in mind, not yet execution. It is done by extracting more properties from
the informal specification in order to incorporate them in the model (without
forgetting to reference them as above). Another set of proofs has then to be
performed in order to certify that the extended model is itself coherent and,
above all, that it is not contradictory with its abstraction (debugging continues).
This extended model itself is then refined (that is, more properties are extracted)
and more proofs are done, etc.
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The Technique of Model Decomposition.

The process of refinement mentioned above can be complemented by that of
decomposition. By this, we mean the splitting of a (possibly refined) model into
several sub-models, which are then themselves refined and possibly decomposed
independently, and so on. Such sub-models are said to be imported in their par-
ent model.

Architecture Construction.

Note that in doing so (refinement and decomposition), the architecture of our
future system is gradually emerging. It is interesting to note that it is realized
solely in terms of the successive extractions of the properties of the system from
within the informal requirements.

Refinement as a Technique for Transforming Models into Modules.

When all the original properties have been extracted in this way, we may
claim that we have a complete mathematical model of our system. As we have
seen above, such a model is already made of a number of abstract machines,
together with their refinements and decompositions. This may already form a
significantly large structure. At this point, the informal requirement document
is of no use anymore. It is then time to start thinking in terms of execution.
For this, we continue the refinement and decomposition processes as above, but,
this time, we are not driven anymore by the incorporation of new properties, we
are rather driven by the idea of gradually transforming our mathematical models
into software modules.

Now refinement mainly acts on the variable spaces. It changes these spaces
into others with components closer to programming variables (still represented,
however, by well defined mathematical objects). Refinement also acts on the
statements of the actions: pre-conditions are weakened (in fact, very shortly they
disappear completely), non-determinacy is gradually reduced (in other words,
postponed decisions are taken), conditionals, sequencing and loops gradually
appear (the program takes shape). Proofs continue also to be performed, hence
debugging is still active. At this point, we clearly think less as professionals of
our system, more as pure informaticians concerned by efficiency.

Final Implementation on an Extraneous Environment.

It is now time to envisage the end of our B development process. We may
have two opposite attitudes here, or a mixture of both.

Either, we continue down refining until each of our variables has a direct
counterpart in a classical programming language (scalar of a limited size, arrays
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with well defined bounds, files, etc); in this case, the final formal text is indeed
a program, which can be translated automatically into a classical programming
language, or even directly into assembly code.

Or, we decide to stop earlier. In this case, we may use another collection of
abstract machines, whose operations represent our “repertoire of instructions”.
These machines are used to implement the last refinements we have obtained;
of course, such machines are never refined (at least by us), they only represent
the formal B interface to the environment, on which we decide to implement our
final refinements. This environment can be very low level (for instance: a simple
library), or, on the contrary, a vast piece of data and code (for instance: an entire
data base). This technique allows us to use B on the most vital parts of a system
only. Notice that it can also be the beginning of yet another B development that
has been made beforehand (bottom up construction and reusability).

The Proofs Accompany the Development Process.

As can be seen, the proof process has indeed accompanied the development
process along each of its phases, namely the property extraction phases, the
architecture building phases, and the implementation phases. Experience shows
that the complexity of the proofs is a faithful indication of that of our devel-
opment. If proofs are too complicated, a certain re-organization of the way the
design is done might have, quite often, some spectacular effects. In fact, thinking
in terms of proof constitutes, as experience shows, an extremely efficient heuris-
tic for constructing large and complex software systems. Incorporating in one’s
mind the permanent idea of proving is, we think, a sign of maturity.

Why Use B ?

As the text above has shown, doing a development with B is not a small
enterprise. One might then wonder whether it is worth at all engaging in this
direction. Sometimes people say that B should only be used for the development
of safety critical systems, in other words that the decision to use B is dictated
by the nature of the problem at hand. This view, in our opinion, is erroneous.

People, we think, should engage in a B development only if they are ready to
do so. A measure of this readiness is indicated by their degree of disappointment
with respect to their present development process. Should this process be well
integrated in their organization and should it give entire satisfaction, then no
B development is necessary, even worse it could be dangerous to destroy some-
thing that works well. On the other hand, when people have some doubts about
the adequacy of their development process, then the utilization of B could be
envisaged.
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In other words, it is not so much the nature of the problem that counts for
taking such a decision (of using B), than the understanding that something has
gone wrong in the way systems are developed. And one of the first question to be
solved is then, of course, that of the integration of B within the old development
process. In particular, as we pointed out above, the question of the re-writing of
the requirement documents (to be integrated at the beginning of the develop-
ment process), and the question of the proofs (to be integrated as a permanent
concern in each phase the development process) are of utmost importance.

How to Use B. Questioning the Provers.

It is clear that B cannot be used without some tools. On view of what has
been said above, it is also clear that, among these tools, the provers (automatic
and interactive) play a prominent rôle. On projects of a significant size and “av-
erage” difficulty, a classical figure is that the automatic prover should succeed
in discharging 80% of the proofs. The remaining proofs have to be handled with
the interactive prover. One should also remember the following rule of thumb:
roughly speaking, a B development resulting in n lines of final code demands the
proof of n/2 little lemmas, and an “average” trained person is able to conduct 15
interactive proofs per day. For instance, on a project whose part developed with
B amounts to 50,000 lines, we have thus 25,000 proofs, among which 5,000 (that
is 20%) are not discharged automatically. The manual (interactive) treatment of
such proofs will then represent a work load that amounts to 5, 000/15 = 333
man-days, that is roughly 15 man-months 1. This has to be compared with the
testing effort (as well as with the “price” of the late discovery of bugs) that must
be paid in the classical development of large software systems.

The inside of such provers must be visible and trustable. It is not conceivable
that people take the “success/failure” answers of such programs for granted. In
particular, all the inference rules of such provers should, not only be visible (this
is obvious), but they should themselves be proved, with full visibility given on
such second order proofs and on the corresponding second order prover. In fact,
experience shows that, on the average, between 2 to 5% of such inference rules
are wrong, if no care is taken. Moreover, for the purpose of extending the capa-
bilities of the prover, people can add their own rules of inferences. Such added
rules must also be proved “on line”.

More generally, the industrial usage of such tools and the importance of the
projects in which they are engaged, require that they obtain an industrial “recog-
nition” of some sort on the part of an independent “body”. Such an effort is very
costly, but is, we think, an indispensable prerequisite for the industrial credibil-
ity of the B approach. To the best of our knowledge, Atelier B fulfills, to a

1 This figure can be lowered provided the interactive prover has the capability to
largely re-use tactics and sub-proofs
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large extent, these requirements: it has been formally approved by a consortium
led by RATP, the Parisian Metro Authority.

People and Education

Technology is nothing without people. And people are able to develop and
use a certain technology provided they have received the adequate education. In
the case of B, what can be seen in some parts of the world is very encouraging.
There is, however, an area where this education is, we think, too weak. This
is precisely that part that is centered around the question of formal proofs. In
our opinion, this subject is still taught in a way that is either too formal and
theoretical, or, at the other end of the spectrum, entirely devoted to the study
of some tools.

It seems to us that a new subject entitled “Proof and Prover Technology” has
to be introduced in Computer Science curricula in the coming years. This has
to be done in an independent fashion, in very much the same way as the “Lan-
guage and Compiler Technology” subject has been introduced many decades ago
independently of any particular language and compiler. By the way, a number
of techniques of compiler technology could certainly be fruitfully incorporated
in the prover technology (the static part of a compiler is, after all, a low level
prover).

Formal methods in general, and B in particular, are still sometimes taught in
an old-fashioned way, by concentrating the presentations around the linguistic
aspects. Students then get the impression that these formalisms are just very
high level programming languages. This is reinforced by the practical exercises
they are asked to do, namely to put their knowledge into practice by just writing
some formal specifications and designs. It is very important that they should also
be asked to prove them, so as to figure out that it is not easy (in particular the
first time), and that the idea of the proof must permanently influence the way
they have to structure their formal texts.

Research and the Future of B

Research on B must continue, it is vital. The proceedings of this conference
show, if at all necessary, that it is indeed very active and rich. People have al-
ready proposed a number of extensions to B, and they will do so in the future.
This is normal and certainly shows the interest and the creativity of our com-
munity. It must therefore be warmly encouraged. There is a risk, however, that
everyone knows: the proliferation of various incompatible dialects, all pretending
to represent the “genuine” B. We have seen quite often this terrible tendency at
work in other formalisms. It is dangerous. We have, however, the chance to still
form a very small community.
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In order to limit such risks, I thus propose that a (very small) committee
be organized to think and propose some solutions to this problem. We have to
remember that, on one hand, democracy is certainly indispensable, but that,
on the other hand, no language or formalism project has ever been successfully
achieved by a committee. Efficiency and reason should dictate our action here.

References
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proach, which is widely used in other engineering disciplines, poses a number of 
specific problems. 

When execution is the criterion, the developer obviously tends to write his 
formal text (his program) with execution in mind. He reasons in terms of data 
that are modified by some actions (assignments), and he constructs his program 
by means of a number of operations on such actions: conditionals, sequencing, 
loop, procedure calls, etc. 

With B, the developer (at least, in the early phases) is not supposed to rea- 
son in terms of execution. Since the basic paradigm is that of proof, he has 
to think directly in terms of properties that have to be satisfied by the future 
system. This shift from execution to properties and proofs constitutes, in fact, 
a great step, which could sometimes represent an insurmountable difficulty to 
some persons. In our experience, it is not so much the manipulation of well de- 
fined mathematical concepts (sets, relations, functions, numbers, sequences, etc) 
that poses a serious problem to certain B practitioners, it is rather the neces- 
sary change of habit consisting in abandoning (for a while) the idea of execution. 

Necessity of Re-writing the Requirement Documents. 

As a matter of fact, some B novices use it as if it were a programming 
language with the classical concepts of discrete mathematics directly at their 
disposal. From our point of view, it is a mistake. We must say, however, that 
people are inclined to do so, since the informal requirements of the system they 
realize are often also written with execution in mind. Very often indeed, such 
requirements are already written in the form of a pseudo-implementation de- 
scribing the future system in terms of data and algorithms acting on them. 

This is the reason why, in our opinion, it is almost always indispensable, 
before engaging in any development with B, to spend a significant time (that is, 
for a large system, several months) to just rewrite these requirements in english, 
say, so as to re-orient them towards the precise statements of the properties of 
the future system. The natural language statements, the diagrams, or the tables 
describing these properties in one form or another must be identified, isolated 
and labeled in order to clearly separate them from the rest of the text (hyper- 
text technology and "literate programming" helps here). 

Such properties may concern either the static aspect of the system (that is, 
the permanent properties of its data), or its dynamic aspect (that is, the prop- 
erties expressing how the data are allowed to evolve). 



Obviously, such a rewriting should be performed hand in hand with the 
"client", who has to give his final agreement so that this second text becomes 
the new contractual basis of the future development. 

Extracting Some Properties from the Requirement Documents. 

Once this is done, the work of the B practitioner is to transcribe such infor- 
mally stated properties into mathematical models. This has to be done gradually. 
It is out of the question to do this in a fiat manner. One has first to extract from 
the informal text a few very fundamental properties that are the expression of 
the essence of the system. 

The corresponding model takes the form of a, so-called, abstract machine, 
which encapsulates some variables whose types and static properties are formal- 
ized within a, so-called, invariant clause. These variables often denote some very 
abstract concepts related to the problem at hand. This is the reason why they 
are quite naturally "encoded" by equally abstract mathematical objects such as 
those mentioned above (sets, and the like). 

The dynamics of the model is defined by a number of, so-called, operations, 
formalized as predicate transformers, called in B generalized substitution. Usu- 
ally, at the top level, such operations are very straightforward: they take the 
form of a pre-condition followed by a simple, often highly non-deterministic, ac- 
tion defined on all (or part of) the variables at once (no sequencing, no loop). 
At this point, a first series of proofs must be performed in order to show that 
the static properties of the variables are indeed preserved by the operations. It 
constitutes a first form of debugging of the original informal text. Note that the 
requirement properties that have been chosen must be referenced. In this way, 
an easy navigation from the informal statements of these properties to their first 
formal setting counterparts is indeed possible. 

Refinement as a Technique for Extracting more Details of the Problem. 

Our first mathematical model is then refined, but still with properties and 
proofs in mind, not yet execution. It is done by extracting more properties from 
the informal specification in order to incorporate them in the model (without 
forgetting to reference them as above). Another set of proofs has then to be per- 
formed in order to certify that the extended model is itself coherent and, above 
all, that it is not contradictory with its abstraction (debugging continues). This 
extended model itself is then refined (that is, more properties are extracted) and 
more proofs are done, etc. 



The Technique of Model Decomposition. 

The process of refinement mentioned above can be complemented by that  of 
decomposition. By this, we mean the splitting of a (possibly refined) model into 
several sub-models, which are then themselves refined and possibly decomposed 
independently, and so on. Such sub-models are said to be imported in their par- 
ent model. 

Architecture Construction. 

Note that  in doing so (refinement and decomposition), the architecture of our 
future system is gradually emerging. It is interesting to note that  it is realized 
solely in terms of the successive extractions of the properties of the system from 
within the informal requirements. 

Refinement as a Technique for Transforming Models into Modules. 

When all the original properties have been extracted in this way, we may 
claim that  we have a complete mathematical  model of our system. As we have 
seen above, such a model is already made of a number of abstract machines, 
together with their refinements and decompositions. This may already form a 
significantly large structure. At this point, the informal requirement document 
is of no use anymore. It is then time to start  thinking in terms of execution. 
For this, we continue the refinement and decomposition processes as above, but, 
this time, we are not driven anymore by the incorporation of new properties, we 
are rather driven by the idea of gradually transforming our mathematical models 
into software modules. 

Now refinement mainly acts on the variable spaces. It changes these spaces 
into others with components closer to programming variables (still represented, 
however, by well defined mathematical  objects). Refinement also acts on the 
statements of the actions: pre-conditions are weakened (in fact, very shortly they 
disappear completely), non-determinacy is gradually reduced (in other words, 
postponed decisions are taken), conditionals, sequencing and loops gradually 
appear (the program takes shape). Proofs continue also to be performed, hence 
debugging is still active. At this point, we clearly think less as professionals of 
our system, more as pure informaticians concerned by efficiency. 

Final Implementation on an Extraneous Environment. 

It is now t ime to envisage the end of our B development process. We may 
have two opposite att i tudes here, or a mixture of both. 

Either, we continue down refining until each of our variables has a direct 
counterpart  in a classical programming language (scalar of a limited size, arrays 



with well defined bounds, files, etc); in this case, the final formal text is indeed 
a program, which can be translated automatically into a classical programming 
language, or even directly into assembly code. 

Or, we decide to stop earlier. In this case, we may use another collection of 
abstract machines, whose operations represent our "repertoire of instructions". 
These machines are used to implement the last refinements we have obtained; 
of course, such machines are never refined (at least by us), they only represent 
the formal B interface to the environment, on which we decide to implement our 
final refinements. This environment can be very low level (for instance: a simple 
library), or, on the contrary, a vast piece of data and code (for instance: an entire 
data base). This technique allows us to use B on the most vital parts of a system 
only. Notice that it can also be the beginning of yet another B development that 
has been made beforehand (bottom up construction and reusability). 

The Proofs Accompany the Development Process. 

As can be seen, the proof process has indeed accompanied the development 
process along each of its phases, namely the property extraction phases, the 
architecture building phases, and the implementation phases. Experience shows 
that the complexity of the proofs is a faithful indication of that of our devel- 
opment. If proofs are too complicated, a certain re-organization of the way the 
design is done might have, quite often, some spectacular effects. In fact, thinking 
in terms of proof constitutes, as experience shows, an extremely efficient heuris- 
tic for constructing large and complex software systems. Incorporating in one's 
mind the permanent idea of proving is, we think, a sign of maturity. 

Why Use B ? 

As the text above has shown, doing a development with B is not a small 
enterprise. One might then wonder whether it is worth at all engaging in this 
direction. Sometimes people say that B should only be used for the development 
of safety critical systems, in other words that the decision to use B is dictated 
by the nature of the problem at hand. This view, in our opinion, is erroneous. 

People, we think, should engage in a B development only if they are ready to 
do so. A measure of this readiness is indicated by their degree of disappointment 
with respect to their present development process. Should this process be well 
integrated in their organization and should it give entire satisfaction, then no 
B development is necessary, even worse it could be dangerous to destroy some- 
thing that works well. On the other hand, when people have some doubts about 
the adequacy of their development process, then the utilization of B could be 
envisaged. 



In other words, it is not so much the nature of the problem that counts for 
taking such a decision (of using B), than the understanding that something has 
gone wrong in the way systems are developed. And one of the first question to be 
solved is then, of course, that of the integration of B within the old development 
process. In particular, as we pointed out above, the question of the re-writing of 
the requirement documents (to be integrated at the beginning of the develop- 
ment process), and the question of the proofs (to be integrated as a permanent 
concern in each phase the development process) are of utmost importance. 

How to Use B. Questioning the Provers. 

It is clear that B cannot be used without some tools. On view of what has 
been said above, it is also clear that, among these tools, the provers (automatic 
and interactive) play a prominent rSle. On projects of a significant size and "av- 
erage" difficulty, a classical figure is that the automatic prover should succeed 
in discharging 80% of the proofs. The remaining proofs have to be handled with 
the interactive prover. One should also remember the following rule of thumb: 
roughly speaking, a B development resulting in n lines of final code demands the 
proof of n/2 little lemmas, and an "average" trained person is able to conduct 15 
interactive proofs per day. For instance, on a project whose part developed with 
B amounts to 50,000 lines, we have thus 25,000 proofs, among which 5,000 (that 
is 20%) are not discharged automatically. The manual (interactive) treatment of 
such proofs will then represent a' work load that amounts to 5,000/15 = 333 
man-days, that is roughly 15 man-months 1. This has to be compared with the 
testing effort (as well as with the "price" of the late discovery of bugs) that must 
be paid in the classical development of large software systems. 

The inside of such provers must be visible and trustable. It is not conceivable 
that people take the "success/failure" answers of such programs for granted. In 
particular, all the inference rules of such provers should, not only be visible (this 
is obvious), but they should themselves be proved, with full visibility given on 
such second order proofs and on the corresponding second order prover. In fact, 
experience shows that, on the average, between 2 to 5% of such inference rules 
are wrong, if no care is taken. Moreover, for the purpose of extending the capa- 
bilities of the prover, people can add their own rules of inferences. Such added 
rules must also be proved "on line". 

More generally, the industrial usage of such tools and the importance of the 
projects in which they are engaged, require that they obtain an industrial "recog- 
nition" of some sort on the part of an independent "body". Such an effort is very 
costly, but is, we think, an indispensable prerequisite for the industrial credibil- 
ity of the B approach. To the best of our knowledge, Ate l ie r  B fulfills, to a 
large extent, these requirements: it has been formally approved by a consortium 
led by RATP, the Parisian Metro Authority. 

This figure can be lowered provided the interactive prover has the capability to 
largely re-use tactics and sub-proofs 



People and Education 

Technology is nothing without people. And people are able to develop and 
use a certain technology provided they have received the adequate education. In 
the case of B, what can be seen in some parts of the world is very encouraging. 
There is, however, an area where this education is, we think, too weak. This 
is precisely that part that is centered around the question of format proofs. In 
our opinion, this subject is still taught in a way that is either too formal and 
theoretical, or, at the other end of the spectrum, entirely devoted to the study 
of some tools. 

It seems to us that a new subject entitled "Proof and Prover Technology" has 
to be introduced in Computer Science curricula in the coming years. This has 
to be done in an independent fashion, in very much the same way as the "Lan- 
guage and Compiler Technology" subject has been introduced many decades ago 
independently of any particular language and compiler. By the way, a number 
of techniques of compiler technology could certainly be fruitfully incorporated 
in the prover technology (the static part of a compiler is, after all, a low level 
prover). 

Formal methods in general, and B in particular, are still sometimes taught in 
an old-fashioned way, by concentrating the presentations around the linguistic 
aspects. Students then get the impression that these formalisms are just very 
high level programming languages. This is reinforced by the practical exercises 
they are asked to do, namely to put their knowledge into practice by just writing 
some formal specifications and designs. It is very important that they should also 
be asked to prove them, so as to figure out that it is not easy (in particular the 
first time), and that the idea of the proof must permanently influence the way 
they have to structure their formal texts. 

Research and the Future of B 

Research on B must continue, it is vital. The proceedings of this conference 
show, if at all necessary, that it is indeed very active and rich. People have al- 
ready proposed a number of extensions to B, and they will do so in the future. 
This is normal and certainly shows the interest and the creativity of our com- 
munity. It must therefore be warmly encouraged. There is a risk, however, that 
everyone knows: the proliferation of various incompatible dialects, all pretending 
to represent the "genuine" B. We have seen quite often this terrible tendency at 
work in other formalisms. It is dangerous. We have, however, the chance to still 
form a very small community. 



In order to limit such risks, I thus propose that  a (very small) committee 
be organized to think and propose some solutions to this problem. We have to 
remember that ,  on one hand, democracy is certainly indispensable, but  that ,  
on the other hand, no language or formalism project has ever been successfully 
achieved by a committee.  Efficiency and reason should dictate our action here. 
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Abstract. Let predicate P be converted from Boolean tO numeric type 
by writing (P), with (false) being 0 and (true) being 1, so that in a 
degenerate sense (P) can be regarded as 'the probability that P holds in 
the current state'. Then add explicit numbers and arithmetic operators, 
to give a richer language of arithmetic formulae into which predicates 
are embedded by (-). 
Abrial's generalised substitution language GSL can be applied to arith- 
metic rather than Boolean formulae with little extra effort. If we add 
a new operator p$ for probabilistic choice, it then becomes 'pGSL': a 
smooth extension of GSL that includes random algorithms within its 
scope. 
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1 Introduction 

Abrial 's  Generalised Substi tut ion Language GSL 1 is a weakest-precondition 
based method of describing computa t ions  and their meaning; it is complemented 
by the structures of Abstract  Machines, together with which it provides a frame- 
work for the development of correct systems. In this paper  we extend it to prob- 
abilistic programs,  those tha t  implement  random algorithms. 

Most sequential p rogramming  languages contain a construct for 'determin-  
istic' choice, where the program chooses from a number of alternatives in some 
predictable way: for example,  in 

IF test  THEN this ELSE that END (1) 

the choice between this and that  is determined by test  and the current state. 
In contrast,  Dijkstra 's  language of guarded commands  brings nondetermin- 

istic or 'demonic '  choice to prominence, in which the program's  behaviour is not 
predictable, not determined by the current state. At first 2, demonic choice was 
presented as a consequence of 'overlapping guards ' ,  a lmost  an accident - -  but 
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as its importance became more widely recognised it developed a life of its own. 
Nowadays it merits an explicit operator: the construct 

this ~ that 

chooses between the alternatives unpredictably and, as a specification, indicates 
abstraction from the issue of which will be executed. The customer will be happy 
with either this or that; and the implementor may choose between them accord- 
ing to his own concerns. 

With the invention of 'miracles' 12, 16, 18 the two forms of choice were 
unified, showing demonic choice to be the more fundamental: that  innovation is 
exploited in GSL whenever one writes 

test--+ this ~ -,test-+ that (2) 

instead of the more conventional (1) above. 

Early research on probabilistic semantics took a different route: demonic 
choice was not regarded as fundamental  - -  rather it was abandoned altogether, 
being replaced by probabilistic choice 8, 4, 3, 7, 6. Thus probabilistic semantics 
was divorced from the contemporaneous work on specification and refinement, 
because without demonic choice there is no means of abstraction. 

More recently however it has been discovered 5, 15 how to bring the two 
topics back together, taking the more natural  approach of adding probabilistic 
choice, retaining demonic choice and seeing deterministic choice again as at (2). 
Probabilistic choice too is a special case of demonic choice: both deterministic 
and probabilistic choice refine demonic choice, but  neither refines the other. 

Because the probabilistic/demonic semantics is an extension of predicate 
transformers, it is possible to present its main ideas in the GSL idiom, which is 
what we do in this paper. The result could be called 'pGSL'. 

In Sec. 2 we give a brief and shallow overview of pGSL, somewhat informal 
and concentrating on simple examples. Sec. 3 sets out the definitions and prop- 
erties of pGSL systematically, and Sec. 4 treats an example of reasoning about 
probabilistic loops. 

An impression ofpGSL can be gained by reading Sections 2 and 4, with finally 
a glance over Sections 3.1 and 3.2; more thoroughly one would read Sections 2, 
3.1 and 3.2, then 2 (again) and finally 4. The more theoretical Sec. 3.3 can be 
skipped on first reading. 

2 A n  i m p r e s s i o n  o f  pGSL 

Let angle brackets (.) be used to embed Boolean-valued predicates within arith- 
metic formulae which, for reasons explained below, we call expectations; in this 
section we allow them to range over the unit interval 0, 1. Stipulating that  (false) 
is 0 and (true) is 1, we make the expectation (P)  in a trivial sense the probability 
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that  a given predicate P holds: if false, P is said to hold with probability 0; if 
true, it holds with probability 1. 

For our first example, we consider the simple program 

z : = - y  ~@ x : =  + y ,  (3) 

over variables x, y: Z, using a construct ~_q) which we interpret as 'choose the 
3 

left branch x: = - y  with probability 1/3, and choose the right branch with 
probability 1 - 1/3' .  

Recall tha t  for any predicate P over final states, and a standard 1 substitution 
S, the predicate SIP acts over initial states: it holds in those initial states from 
which S is guaranteed to reach P .  Now suppose S is probabilistic, as Program 
(3) is; what can we say about the probability that  S~P holds in some initial 
state? 

It turns out that  the answer is just S (P) ,  once we generalise S to expec- 
tations instead of predicates. We begin with the two definitions 

Ix: -- ER ~ 'R  with x replaced everywhere '2 by E (4) 

IS pe TR ~- p ,  SR + ( l - p ) ,  TIR, (5) 

in which R is an expectation, and for our example program we ask 

what is the probability that  the predicate ' the final state will satisfy  
x >_ 0' holds in some given initial state of the program? I 

To find out, we calculate IS (P)  in this case; that  is 

I x :  = -~  ~,~ x :  = +~ (~ >_ o)  

_--3 (1/3) * x:---- --y (x > 0) using (5) 
+ (2/3) * ~: = +U (~ >_ 0) 

-- (1/3) ( - y  >_ 0) + (2/3) (+y  >_ 0) using (4) 
-- < y < 0 ) / 3  -b ( y = 0 )  -b 2 ( y > 0 ) / 3 .  arithmetic 

Our answer is the last arithmetic formula above, which we could call a 'pre- 
expectation'  - -  the probability we seek is found by reading off the formula's 
value for various initial values of y, getting 

when y is negative, 1/3 + 0 + 2(0)/3 = 1/3 
when y is zero, 0/3 + 1 + 2(0)/3 = 1 
when y is positive, 0/3 + 0 + 2(1)/3 = 2 / 3 .  

Those results indeed correspond with our operational intuition about the effect 
of !(9. 

3 

1 Throughout we use standard to mean 'non-prebabilistic'. 
2 In the usual way, we take account of free and bound variables, and if necessary 

rename to avoid variable capture. 
3 Later we explain the use of '= '  rather than '--'. 
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The above remarkable generalisation of sequential program correctness is 
due to Kozen 8, but until recently was restricted to programs that  did not 
contain demonic choice ~. When He et al. 5 and Morgan et al. 15 successfully 
added demonic choice, it became possible to begin the long-overdue integration 
of probabilistic programming and formal program development: in the latter, 
demonic choice - -  as abstraction - -  plays a crucial role in specifications. 

To illustrate the use of abstraction, in our second example we abstract from 
probabilities: a demonic version of Program (3) is much more realistic in that  we 
set its probabilistic parameters only within some tolerance. We say informally 
(but still with precision) that  

�9 x: = - y  is to be executed with probability at least 
1/3, 

�9 x: - -  + y  is to be executed with probability at least 
1/4 and 

�9 it is certain that  one or the other will be executed. 

(6) 

Equivalently we could say that  alternative x: = - y  is executed with probability 
between 1/3 and 3/4, and that  otherwise x: : + y  is executed (therefore with 
probability between 1/4 and 2/3). 

With demonic choice we can write Specification (6) as 

( x : =  - y � 8 9  +y)  ~ ( x : =  - y � 8 8  +y) , (7) 

because we do not know or care whether the left or right alternative of ~ is 
taken - -  and it may even vary from run to run of the program, resulting in an 
'effective' p@ with p somewhere between the two extremes. 4 

To examine Program (7), we define the generalised substitution 

S ~ TR ~ SIR rain TR,  (8) 

using rnin because we regard demonic behaviour as at tempting to make the 
achieving of R as improbable as it can. Repeating our earlier calculation (but 
more briefly) gives this t ime 

Program (7) (x _> 0) 

---- (y < 0 ) / 3  + 2 (y >_ 0 ) / 3  using (4), (5), (8) 
mln 3 (y < 0 ) / 4  -t- (y > 0 ) /4  

----  ( y < 0 ) / 3  + ( y : 0 )  + ( y > 0 ) / 4 .  arithmetic 

4 A convenient notation for (7) would be based on the abbreviation 

S p,q~ T ~- Sp~gT  D S q ~ T ;  

we would then write it x :=  - y  ! ~~ x :=  +y. 
3 ~ 4  
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Our interpretat ion is now 

�9 When y is initially negative, the demon chooses the left branch of ~ because 
tha t  branch is more likely (2/3 vs. 1/4) to execute x: = + y  - -  the best we 
can say then is tha t  x ~ 0 will hold with probabil i ty at least 1/3. 

�9 When y is initially zero, the demon cannot avoid x ~ 0 - -  either way the 
probabil i ty of x ~ 0 finally is 1. 

�9 When y is initially positive, the demon chooses the right branch because 
that  branch is more likely to execute x: -- - y  - -  the best we can say then 
is that  x > 0 finally with probabil i ty at least 1/4. 

The same interpretat ion holds if we regard ~ as abstraction. Suppose Pro- 
gram (7) represents some mass-produced physical device and, by examining the 
production method,  we have determined the tolerance as above (6) on the de- 
vices produced. I f  we were to buy one arbitrarily, all we could conclude about  
its probabil i ty of establishing x >_ 0 is just  as calculated above. 

Refinement is the converse of abstraction: for two substi tut ions S, T we define 

S ~ T -~ SR ~. TR for a l l R ,  (9) 

where we write ~ for 'everywhere no more than '  (which ensures (false) ~ (true) 
as expected). From (9) we see tha t  in the special case when R is an embedded 
predicate <P), the meaning of ~ ensures that  a refinement T of S is at least as 
likely to establish P as S is. Tha t  accords with the usual definition of refinement 
for s tandard programs - -  for then we know IS (P)  is either 0 or 1, and whenever 
S is certain to establish P (whenever S (P)  - 1) we know tha t  T also is certain 
to do so (because then 1 ~ T (P)) .  

For our third example we prove a refinement: consider the program 

x : =  - y  �89 x : =  + y ,  (10) 

which clearly satisfies Specification (6); thus it should refine Program (7). With  
Definition (9), we find for any R that  

Program (10)R 
- -  + 

=_ R - / 2  + R+/2 introduce abbreviations 

( 3 1 5 ) ( R - / 3  + 2R+/3)  
+ (215) (3R- /4  + R+/4 )  

arithmetic 

R - / 3  + 2R + /3  
rain 3R-/4 + R+/4 

any linear combination exceeds rain 

- - - -  Program (7)R . 
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The refinement relation (9) is indeed established for the two programs.  
The  introduction of 3/5  and 2/5  in the third step can be understood by noting 

that  demonic choice ~ can be implement  by any probabilistic choice whatever: 
in this case we used ~ ~ .  Thus a proof  of refinement at the program level might 
read 

Program (10) 
= x : =  - y  ! ~  x : =  + y  

= (x: = --y ! ~  x: = +y)  arithmetic 
3 

~ (x:= - y  ~_~. x:= +y) 

x: = - y  �89 z: = + y  (D) U (p@) for any p 

x : =  - -y  ~ x : =  -{-y 

= Program (7) . 

3 Presentation of probabilistic G S L  

In this section we give a concise presentation of probabilistic GSL as a whole: 
its definitions, how they are to be interpreted and their (healthiness) properties. 

3.1 D e f i n i t i o n s  o f  pGSJ5 s u b s t i t u t i o n s  

In pGSL, substi tutions act between 'expectat ions '  rather  than  predicates, where 
an expectation is an expression over (program or state) variables tha t  t akes  its 
value in the non-negative reals extended with ~ . 5  To retain the use of predicates, 
we allow expectations of the form (P)  when P is Boolean-valued, defining <false) 
to be 0 and (true) to be 1. 

Implication-like relations between expectations are 

R ~  R'  

R - -  R '  -~ 

R ~ R' -q 

R is everywhere no more than  R ~ 

R is everywhere equal to R ~ 

R is everywhere no less than  R ~. 

Note that  ~ P =:~ P '  exactly when (P)  ~ (P ' ) ,  and so on; tha t  is the motivat ion 
for the symbols chosen. 

The definitions of the substi tutions in pGSL are given in Fig. 1. 

5 This domain, more general than the 0, 1 of the previous section, makes the deft- 
nitions easier.., but perhaps makes intuition harder. In any case, the healthiness 
conditions of Sec. 3.3 show that we can restrict attention to 0, 1 if we wish, as 
indeed we do again in Sec. 4. 
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The probabilistic generalised substitution language pGSL acts over 'expectations' 
rather than predicates: expectations take values in ~>0 U {oo}. 

x: = ER 

PI SIR 
S 0TR 
P ~  SIR 
bkipR 
@z. SR 
S pe TIn 

The expectation obtained after replacing all free 
occurrences of x in R by E, renaming bound vari- 
ables in R if necessary to avoid capture of free vari- 
ables in E. 

(P) * ISR, where 0 * co ~- 0. 
SIR mi. TR 
1/(P) * ISR, where cr �9 0 ~ oo. 
R 
rain z .  (SR), where z does not occur free in R. 
p ,  SIR + ( i - p )  �9 TR 

S E_ T SR e~ TR for all R 

�9 R is an expectation (possibly but not necessarily (P) for some predicate P); 
�9 P is a predicate (not an expectation); 
�9 �9 is multiplication; 
�9 S, T are probdbilistic generalised substitutions (inductively); 
�9 p is an expression over the program variables (possibly but not necessarily a con- 

stant), taking a value in 0, 1; and 
�9 z is a variable (or a vector of variables). 

F ig .  1. pGSL - -  the probabilistic Generalised Substitution Language 

3.2 I n t e r p r e t a t i o n  o f  pGSI~ e x p e c t a t i o n s  

In its full generality, an expecta t ion is a funct ion describing how much  each 
p rogram state  is 'wor th ' .  

The  special case of  an embedded  predicate ( P )  assigns to  each state  a wor th  
of 0 or of  1: s tates  sat isfying P are wor th  1, and states  not  sat isfying P are 
worth 0. The  more  general expectat ions  arise when one est imates,  in the initial 
state of  a probabil is t ic  p rogram,  wha t  the wor th  of  its final s ta te  will be. T h a t  
e s t i m a t e ,  the ' expected wor th '  of  the final state,  is ob ta ined  by s u m m i n g  over 
all final s tates 

the wor th  of  the final s tate  mult ipl ied by the probabi l i ty  the p rog ram 
'will go there '  f rom the initial state.  

Natura l ly  the 'will go there '  probabili t ies depend on ' f rom where ' ,  and so tha t  
expected wor th  is a funct ion of  the initial state.  

W h e n  the wor th  of  final s tates is given by (P) ,  the expected worth  of  the 
initial s tate  turns  out  - -  very nearly - -  to  be just  the  probabi l i ty  t ha t  the 
p rogram will reach P .  T h a t  is because 
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expected worth of initial s tate 

(probabili ty S reaches P)  
* (worth of states satisfying P)  

+ (probability S does not reach P )  
, (worth of states not satisfying P )  

= (probabili ty S reaches P)  �9 1 
+ (probabili ty S does not reach P)  * 0 

- probabil i ty S reaches P , 

where mat te rs  are greatly simplified by the fact tha t  all s tates satisfying P have 
the same worth. 

Typical  analyses of programs S in practice lead to conclusions of the form 

p -- S (P> 

for some p and P which, given the above, we can interpret in two equivalent 
ways: 

1. the expected worth (P)  of the final s tate is at least 6 the value of p in the 
initial state; or 

2. the probabil i ty tha t  S will establish P is at least p. 

Each interpretation is useful, and in the following example we can see them 
acting together: we ask for the probabil i ty tha t  two fair coins when flipped will 
show the same face, and calculate 

2 

xe ,  : = and sequential composition 
2 

x:= H �89 x:= T((x = H)/2 + (x = T}/2) 

=_ ( l / 2 ) ( ( H  = H ) / 2  + ( H  = T ) / 2 )  �89 a n d : =  
+ (1 /2)( (T = H )  12 + (T = T ) / 2 )  

- - - -  (1/2)(1/2 + 0/2 ) + (1 /2)(0/2  + 1/2 ) definition (-) 
-- 1/2 . arithmetic 

We must say 'at least' in general, because of possible demonic choice in S; and some 
analyses give only the weaker p ~ S (P) in any case. 
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We can then use the second interpretation above to conclude that  the faces are 
the same with probability (at least 7) 1/2. 

But part of the above calculation involves the more general expression 

x :=  H �89  T((x = H ) / 2 + ( z  = T ) / 2 ) ,  

and what does that  mean on its own? It must be given the first interpretation, 
since its post-expectation is not of the form (P),  and it means 

the expected value of (x = H ) / 2 + ( x  = T ) / 2  after executing x: = U �89162 
X:~--- T , 

which the calculation goes on to show is in fact 1/2. But for our overall conclu- 
sions we do not need to think about the intermediate expressions - -  they are 
only the 'glue' that  holds the overall reasoning together. 

3.3 Properties of  pGSL 

Recall that  all GSL constructs satisfy the property of conjunctivity s 1, Sec. 6.2 
- -  that  is, for any GSL substi tution S and post-conditions P, P~ we have 

S(P A P ' )  = SIP A SIP'.  

That  'healthiness property '  2 is used to prove general properties of programs. 

In pGSL the healthiness condition becomes 'sublinearity' 15, a generalisa- 
tion of conjunctivity: 

Let a, b, c be non-negative finite reals, and R, R ~ expectations; then 
all pGSL constructs S satisfy 

sl(aR + bR' e c) ~ aSR + bSR ~ 0 c ,  

which property of S is called sublinearity. 
We have written aR for a * R etc., and truncated subtraction O is 
defined 

x e y  ~ ( x - y )  m a x 0 ,  

with syntactic precedence lower than +.  

Although it has a strange appearance, from sublinearity we can extract  a 
number of very useful consequences, as we now show 15. We begin with mono- 
tonicity, feasibility and scaling2 

7 Knowing there is no demonic choice in the program, we can in fact say it is exact. 
s They satisfy monotonicity too, which is implied by conjunctivity. 
9 Sublinearity characterises probabilistic and demonic substitutions. In Kozen's orig- 

inal probability-only formulation 8 the substitutions are not demonic, and there 
they satisfy the much stronger property of 'linearity' 9. 
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monotonicity: increasing a pos t -expec ta t ion  can only increase the pre-expectation. 
Suppose  R ~ R ~ for two expec ta t ions  R,  R~; then 

SIR' 
- S ( R  + ( R ' -  R ) )  

S R +  S(R' - R) sublinearity with a,b,c ~- 1,1,0 
SIR . R'  - R well defined, hence 0 ~ S(R' - R) 

f e a s i b i l i t y :  p re -expec ta t ions  canno t  be ' t oo  large ' .  First  note  t ha t  

Sl0 
-- IS(2 �9 0) 

2 �9 S0,  sublinearity with a, b, c ~- 2, 0, 0 

so t h a t  S0 mus t  be  ei ther  0 or  co. We say t ha t  S is feasible if S0 - 0. 
Now write maxR for the  m a x i m u m  of  R over all its var iab les '  values, and 
a s sume  t h a t  S is feasible; then  

0 
S0 feasibility above 

---- S (R O rnaxR) R e maxR -- 0 
S R ~  maxR , a,b,c~- 1,0, maxR 

where  we assume for the m o m e n t  t h a t  m a x R  is finite so t ha t  it can be used 
in sublineari ty.  Now f rom 0 ~ SIR O m a x R  we have t r ivial ly  t h a t  

SIR ~ m a x R ,  (11) 

which we have proved under  the  a s s u m p t i o n  t h a t  S is feasible and  m a x R  is 
finite - -  bu t  if maxR is not  finite, then  (11) holds anyway.  
Thus  we have shown in any case t ha t  feasibi l i ty implies  (11); bu t  since (11) 
impl ies  feasibil i ty ( take R ~ 0), it could i tself  be  t aken  as the  definition. 1~ 

s e a l i n g :  mul t ip l ica t ion  by a non-nega t ive  cons tan t  d is t r ibutes  th rough  feasi- 
ble 11 subs t i tu t ion .  Note  first t h a t  S(aR) ~ aSR direct ly f rom subl inear-  
ity. For ~ we have two cases: when a is 0, t r iv ia l ly  f rom feasibil i ty 

3 1 ( 0 ,  R)  --  S0 - 0 - 

and for the  o ther  case a r 0 we reason 

S(aR) 

- a(1/a)~(aR) 
aS( (1/a)aR) 
aJaR,  

thus  es tabl ishing S(aR) - aSR generally.  

0 , S I R  ; 

a#o  
sublinearity using 1/a 

10 We can define fis (S) to be (SO = 0). 
11 The feasibility restriction is because when S(O �9 R) is infinite it does not equal 

o �9 SR. 
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That  completes monotonicity, feasibility and scaling. 

The remaining property we examine is probabilistic conjunction. Since stan- 
dard conjunction A is not defined over numbers, we have many choices for a 
probabilistic analogue & of it, requiring only that  

0 & 0 = 0 ,  0 & ; l = 0 ,  l & 0 = 0  and l & l = l  (12) 

for consistency with embedded Booleans. 
Obvious possibilities for & are mul t ip l ica t ion,  and minimum rain, and each 

of those has its uses; but neither satisfies anything like a generalisation of con- 
junctivity. Instead we define 

R&R' ~ R + R ' e l ,  (13) 

whose right-hand side is inspired by sublinearity when a, b, c ~ 1, 1, 1. We now 
establish a (sub-) distribution property for it. 

While discussing conjunction we restrict our expectations to the unit interval 
0, 1, as we did earlier, and assume all our substitutions are feasible. 12 In that  
case infinities do not intrude, and we have from feasibility that  R ~ 1 implies 

SIR ~ maxR ~ 1,  

showing that  the restricted domain 0, 1 is closed under (feasible) substitutions. 
The distribution property is then a direct consequence of sublinearity. 

s u b - c o n j u n c t i v i t y :  the operator & subdistributes through substitutions. From 
sublinearity with a, b, c & 1, 1, 1 we have 

SI(R R') SIR a SlR' 

for all S. 

Unfortunately there does not seem to be a full (rather than sub-) conjunctivity 
property. 

Beyond sub-conjunctivity, we say that  & generalises conjunction for several 
other reasons. The first is of course that  it satisfies the standard properties (12). 

The second reason is that  sub-conjunctivity implies 'full' conjunctivity for 
standard programs. Standard programs, containing no probabilistic choices, take 
standard (P)-style post-expectations to standard pre-expectations: they are the 
embedding of GSL in pGSL, and for standard S we now show that  

S((P>& <P')) - S(P> & S(P'> . (14) 

First note that ' ~ '  comes directly from sub-conjunctivity above, taking R, R' 
to be (P>, (P') .  

Then ' ~ '  comes from monotonicity, for (P) & (P')  ~ (P) whence S((P) & 
<P')) ~ IS <P), and similarly for P ' .  Putt ing those together gives 

12 We could avoid the feasibility assumption by using the domain 0, 1 tO co, but in this 
presentation it is simpler not to introduce oo. 
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S((P) & (P ' ) )  ~ S (P)  rain S (P ' )  , 

by elementary arithmetic properties of ~ .  But on standard expectations - -  
which S (P)  and S (P~) are, because S is standard - -  the operators rain and 
~: agree. 

A last at tr ibute linking K: to A comes straight from elementary probability 
theory. Let A and B be two events, unrelated by C_ and not necessarily indepen- 
dent: 

if the probability of A is at least p, and the probability of B is at 
least q, 

then the most that  can be said about the joint event A N B is that  
it has probability at least p K: q 19. 

The & operator also plays a crucial role in the proof (not given in this paper) 
of the probabilistic loop rule presented and used in the next section 13. 

4 P r o b a b i l i s t i c  i n v a r i a n t s  f o r  l o o p s  

To show pGSL in action, we state a proof rule for probabilistic loops and apply 
it to a simple example. Just as for standard loops, we can deal with invariants 
and termination separately. 

We continue with the restriction to feasible programs, and expectations in 
0, 1. 

4.1 P r o b a b i l i s t i c  i n v a r i a n t s  

In a standard loop, the invariant holds at every iteration of the loop: it describes 
a set of states from which the loop will establish the postcondition, if termination 
O c c u r s .  

For a probabilistic loop we have a post-expectation rather than a postcon- 
dition; but if that  post-expectation is some (P)  say, then - -  as an aid to the 
intuition - -  we can look for an invariant that  gives a lower bound on the prob- 
ability that  we will establish P by (continuing to) execute the loop 'from here'. 
Often that  invariant will have the form 

p �9 ( i )  (15) 

with p a probability and I a predicate, both expressions over the state. From 
the definition of (-) we know that  the interpretation of (15) is 

probability p if I holds, and probabili ty 0 otherwise. 

We see an example of such invariants below. 



21 

4.2 T e r min at ion  

The probabil i ty tha t  a program will te rminate  generalises the usual definition: 
recalling tha t  (true) - 1 we define 

trm (s )  a l l ,  (16) 

As a simple example of termination,  suppose S is the recursive program 

S ~ Sp~skip , (17) 

in which we assume tha t  p is some constant strictly less than 1: elementary 
probabil i ty theory shows tha t  S terminates  with probabil i ty 1 (after an expected 
p/(1-p) recursive calls). And by calculation based on (16) we confirm tha t  

t rm (S) 
- Sl 
=-- p * (S1) + ( l - p )  * (skipl) 
- p ,  t rm ( s )  + ( l - v ) ,  

so that  ( l - p )  *trm (S) - 1 - p .  Since p is not 1, we can divide by 1 - p  to see tha t  
trm (S) - 1. Tha t  agrees with the elementary theory above, tha t  the recursion 
will terminate  with probabil i ty 1 - -  for if p is not 1, the chance of recursing N 
times is pN, which for p < 1 approaches 0 as N increases without  bound.  

4.3 Probabi l i s t i c  correctness  o f  loops  

A loop is a least fixed point, as in the s tandard case 1, Sec. 9.2, which gives 
easily tha t  if (P> * I ~ SI then 

I ~ WHILE P DO S END((~P> * I) 

provided 13 the loop terminates; indeed, for the proof one simply carries out the 
standard reasoning almost without noticing that expectations rather than pred- 
icates are being manipulated. Thus the notion of invariant carries over smoothly 
f rom the s tandard to the probabilistic case. 

When terminat ion is taken into account we get the following rule 13. 

For convenience write T for the terminat ion probabil i ty of the loop, 
so tha t  

T ~ trm (WHILE P DO S END) . 

Then partiM loop correctness - -  preservation of a loop invariant 
I - -  implies total loop correctness if that invariant I nowhere 14 
exceeds T: 

If  (P> * I ~ SI 
and I ~ T 
then I~WHILEPDoSEND((- ,P)*I)  . 

13 The precise treatment of 'provided' uses weakest liberal pre-expectations 13, 10. 
14 Note that is not the same as 'implies total correctness in those states where/" does 

not exceed T':  in fact I must not exceed T in any state, and the weaker alternative 
is not sound. 
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We illustrate the loop rule with a simple example.  Suppose we have a machine 
that  is supposed to sum the elements of a sequence 1, Sec. 10.4.2, except that  
the mechanism for moving along the sequence occasionally sticks, and for that  
moment  does not move. A program for the machine is given in Fig. 2, where the 
unreliable component  

k:= k + l  cO skip 

sticks (fails to move along) with probabil i ty 1 -c .  With  what  probabil i ty does 
the machine accurately sum the sequence, establishing 

r = sum(s) (18) 

on terminat ion? 
We first find the invariant: relying on our informal discussion above, we ask 

during the loop's  execution, with what  probabil i ty are we in a state from 
which completion of the loop would establish (18)? 

The answer is in the form (15) - -  take p to be c size(~)+l-k, and let I be the 
s tandard invariant 1, p.459 

k ~ 1 . . s i z e ( s ) + 1  ^ ~ = s u m ( s  1" ( k - l ) ) .  

PRE 

S E seq(u) 
THEN 

VAR k IN 

r, k: ---- 0, 1; 
WHILE k _~ s i z e ( s )  DO 

r: = r + s(k); 
k : =  k + l  c~ skip 

END 

END 

END 

~-- failure possible here 

Fig. 2. An unreliable sequence-accumulator 

Then our probabilistic invariant - -  call it J - -  is just  p * (I) ,  which is to say it 
is 

if the s tandard invariant holds then c size(~)+t-k, the probabil i ty of going 
on to successful termination;  if it does not hold, then 0. 

Having chosen a possible invariant, to check it we calculate 

k + 1 c(~ skip J 

- r: = r + s ( k )  ; ~ a  o e  
c*k:= k + l J  4- ( 1 - c ) * J  
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r: = r + s(k) 
cSiZe(s)+l - k  k E O..size(s) 

r = sum(s 1" k) ) 

drop ( l - c )  �9 J ,  and  : =  

k E O..size(s) / 
- - - -  csiZe(s)+z-k * r- t-  s(k) : sum(s  1" k)  : =  

{k < size(s)) * J , 

where in the last step the guard k < size(s), and k > 1 from the invariant, allow 
the removal of +s(k) from both sides of the lower equality. 

Now we turn to termination: we note (informally) that  the loop terminates 
with probability at least 

cSiZe(s)+~-k , (k E 1 . . s ize(s)+1)  , 

which is just  the probability of size(s) + 1 - k correct executions of k: = k + 1, 
given that  k is in the proper range to start  with; hence trivially J ~ trm (while), 
as required by the loop rule. 

Tha t  concludes reasoning about the loop itself, leaving only initialisation 
and the post-expectation of the whole program. For the latter we see that  on 
termination of the loop we have (k > size(s)) * J ,  which indeed 'implies' (is in 
the relation ~ to) the post-expectation (r = sum(s)) as required. 

Turning finally to the initialisation we finish off with 

r, k: = 0, 1J 
c,,-/,~ , / 1 e 1. size(s)+1 \ 

\ 0 = sumCs 1. 0) / 
C size(s) * ( t rue)  

.,~ cSiZe(~) 

and our overall conclusion is therefore 

c size(s) ~ sequence-accumulator {r = sum(s)} , 

just  as we had hoped: the probability that  the sequence is correctly summed is 
at least c slze(s). 

Note the importance of the inequality ~ in our conclusion just  above - -  it 
is not true that  the probability of correct operation is equal to c ~ize(~) in general. 
For it is certainly possible that  r is correctly calculated in spite of the occasional 
malfunction of k: = k + 1; but  the exact probability, should we try to calculate 
it, would depend intricately on the contents of s. (It would be 1, for example, if 
s contained only zeroes, and could be very involved if s contained some mixture 
of positive and negative values.) If we were forced to calculate exact results (as 
in earlier work 20), rather than just lower bounds as we did above, this method 
would not be at all practical. 
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Further examples of loops, and a discussion of probabilistic variant argu- 
ments, are given elsewhere 13. 

5 C o n c l u s i o n  

It  seems tha t  a little generalisation can go a long way: Kozen's  use of expecta- 
tions and the definition Ofp~  as a weighted average 8 is all tha t  is needed for a 
simple probabilistic semantics, albeit one lacking abstraction.  Then He's sets of 
distributions 5 and our rain for demonic choice together with the fundamental  
property of sublinearity 15 take us the rest of the way, allowing allowing abstrac- 
tion and refinement to resume their central role - -  this t ime in a probabilistic 
context. And as Sec. 4 illustrates, many  of the s tandard reasoning principles 
carry over a lmost  unchanged. 

Being able to reason formally about  probabilistic programs does not of course 
remove per se the complexity of the mathemat ics  on which they rely: we do 
not now expect to find astonishingly simple correctness proofs for all the large 
collection of randomised algori thms that  have been developed over the decades 
17. Our contribution - -  at this stage - -  is to make it possible in principle to 
locate and determine reliably what  are the probabi l i s t ic /mathemat ica l  facts the 
construction of a randomised algori thm needs to exploi t . . ,  which is of course 
just  what  s tandard predicate transformers do for conventional algorithms. 

Finally, there is the larger issue of probabilistic abstract  machines, or mod- 
ules, and the associated concern of probabilistic da ta  refinement. Tha t  is a chal- 
lenging problem, with lots of surprises: using our new tools we have already seen 
that  probabilistic modules sometimes do not mean what they seem 11, and that  
equivalence or refinement between such modules depends subtly on the power of 
demonic choice and its interaction with probability. 
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A new line of met ro  is Paris is going to open in August  1998. This  line, 
operated by RATP, is equipped with the MI~TI~OR system, which enables fully 
au tomat ic  driverless trains as well as conventional trains. The  safety critical 
software of the MI~TI~OR system was formally developed in 1996-1997 using the 
B method by Matra Transport International. The development includes : 

- abstract  models of the software components;  
- refinement design to concrete models; 
- automat ic  translat ion into Ada code. 

The total  size of the models is about  100.000 lines of B (excluding the com- 
ments  and the empty  lines); the total  size of the software is about  87.000 lines 
of Ada code. 

The validation includes : 

- formal  proof  (up to 100%) of the proof  obligations of the method (about  
28.000 lemmas);  

- proof  of the mathemat ica l  rules added to discharge the proof  of the lemmas  
(about  1.400 rules, 900 of which are automat ical ly  proved); 

- a safety process to protect  against errors in the translat ion to code. 

The talk will emphasis  on key points which led to the success, in particular:  

- how the work had to be redefined for the development and validation teams 
at Matra Transport International and for the validation t eam at RATP; 

- the method was enriched with a set of guidelines books (how to build the 
abstract  models, how to refine to concrete models, how to prove, how to 
document  models, etc.); 

- the Atelier B was strenghthened to deal with very large models. 

The talk will evaluate the use of a formal method for a large project in an 
industrial context. 
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AEP~OSPATIALE has been using formal methods since the early 80's to develop 
part  of the embedded systems, and more specifically most of the avionics systems. 
During the last two decades, such an approach has demonstrated significant cost 
savings. This paper presents some aspect of this approach and focuses more 
precisely on the way it has helped in reducing embedded systems development 
and maintenance costs. 

This first section of this paper is devoted to a general description of the 
overall context and it gives same elements of history. Basically this section is 
focused on the tool SCADE and its predecessors (SAO) which implements the 
main, though not only, formal method used at AEROSPATIALE. 

In this section the reader will see that  the first driver to introduce formal 
methods was to allow all the people involved in system development, to com- 
municate. Tha t  was in the early 80's and was in itself the first cost reduction in 
reducing the number of mis understandings, re-design to more generally speak- 
ing design iterations. In fact this was a formalisation of a basic engineering 
language. This formalised language was finally named SAO which stands for the 
French translation of "Computer  Aided Specification". 

The next step in cost saving was achieved in the early 90's with the general- 
ization of automatic  coding and the simulation of the specifications themselves. 

This improvement in the approach induced three main benefits : 

- firstly, an appreciable shortening of the modification cycle which can be, in 
same cases, as short as one week and even less, between the identification of 
a need-to-modify and its flying-solution, compared to some weeks before. 

- secondly, a significant reduction of the number of iterations to tune the 
specification by simulating it : the sometimes needed iterations are performed 
by the designer himself and so he produces a "good specification" the very 
first time, which is then coded and embedded. This is what can be found in 
the l i t terature as the "Y life cycle" instead of the "V life cycle". 

- thirdly, a significant reduction of the unit testing (of the embedded code) 
thanks to the qualification of the code generators. This has induced a cost 
reduction by a factor of 2 and more. 
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The second section summarizes the benefits AEROSPATIALE have found in us- 
ing SAO first and now SCADE and constitutes an a t tempt  to synthesize the prop- 
erties and characteristics which make a formal method efficient (at AEROSPA- 

TIALE). 
In this second section the cost aspects are emphasized instead of safety as- 

pects. Indeed when speaking about  formal methods one generally thinks of proof 
techniques in order to ensure "a  complete and exhaustive" validation. It is ob- 
vious that  these techniques, when applicable are useful, but  it is a fact that  
aircrafts (Airbus A320, A340, for example) have already been certified, and are 
now flying safely every day, thanks to classical techniques such as RAMS anal- 
ysis, ground tests, flight tests, ... So, the benefits of formal methods are not 
related to safety. The point is that  such methods allow : 

- better  communication between the people involved in the development pro- 
cess provided that  these people do agree to use the language (almost) as nat- 
urally as their mother  language. Indeed, as far as engineers are concerned, 
an engineering language is accepted, and as far as automatic  subjects are 
addressed, block diagrams are certainly good candidates. 

- automatic  code generation and so simulation capability. Moreover, a "high 
fidelity" simulation of the specification can be achieved provided the seman- 
tics of the language are completely defined and broadcasted. 

- qualified code generation provided the code generator is simple enough. Of 
course this last point is certainly not easy to achieve and generally needs 
pure mathematical  research. Obviously the "synchronous" theory has been 
a definitely significant step towards the simplicity of the languages and the 
associated code generators. 

The third section summarises some aspects of formal methods, which have 
not been extensively used yet but  which are likely to induce extra cost reduction, 
namely proof techniques. 

Indeed, proof techniques are alternate techniques for validating specifications. 
Of course the current state of the art will not allow the use of such techniques 
on the overall system specification because of its size, and even if this could be 
done it may not be of major  interest because of some reasons detailed in this 3rd 
section. Nevertheless proof techniques are definitely of great interest because : 

- they can be applied statically on the specification itself which means very 
early in the design process. 

- when they are applicable, and within their intrinsic limits, they provide 
exhaustive results. 

- finally, these techniques generally produce counter examples in the case of 
nogo results and they may produce test cases to be executed on benches 
which allow a better confidence in the result of the proof in itself. 

As a conclusion it is recalled that  formal methods have been demonstrated to 
be cost effective at AEROSPATIALE, especially SAO and now SCADE. In addition 
same extra cost saving is expected, thanks to the industrial matur i ty  of proof 
techniques. 
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A b s t r a c t .  B is a language with a three-valued semantics: terms like 
min(0) or 1/0 are ill-defined, consequently formulas containing ill-defined 
terms may also be ill-defined. Therefore the deduction system we use to 
discharge the proof obligations should be constructed from a three-valued 
logic. In this paper, we introduce a deduction system that allows to rea- 
son in a two-valued logic if new proof obligations called well-definedness 
lemmas are also proved. We define this deduction sy s t em and the new 
proof obligations that ensure the well-definedness of B components. The 
practical benefits on the proof mechanisms are then outlined. 

1 I n t r o d u c t i o n  

Most  of  the t ime,  in ma themat ic s ,  we are not  interested in reasoning about  
meaningless expressions i . I f  a division by 0 occurs in a demons t ra t ion ,  we usually 
consider it to  be faul ty  and skip the demons t ra t ion .  In  compute r  science, the 
s i tuat ion is more  intr icate for, at least, two reasons: 

- in the doma in  of  the semantics  of  p r o g r a m m i n g  languages,  since meaningless 
expressions (such as 1/0) cannot  be forbidden by the syntax  of  programs,  a 
specific deno ta t ion  has to  be in t roduced to  modelize these expressions; 

- if one uses a software tool  to reason abou t  pieces of  p rog ram or specification 
which m a y  include meaningless expressions, the tool  has to handle  such 
expressions. 

But  how to deal with meaningless expressions? In part icular ,  wha t  is the 
t ru th-value  of  a predicate  including meaningless  expressions? Is 1/0 = 1/0  really 
t rue? W h a t  abou t  1 /0  < 2/0?)  One way to  tackle this problem is to  in t roduce a 
th i rd  value, besides true and false, to  denote  a predicate  for which you d o n ' t  know 
whether  it is t rue  or false, and to extend the  logic to  reason about  specifications 

1 Such expressions appear as soon as a partial operator or function is used out of its 
domain, e.g. 1/0. 
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and programs with meaningless expressions. The  Logic for Partial Functions of 
VDM is an example of a three-valued logic. 

For the developer, the drawback of this type of approach is to complicate 
the proofs with a logic that  may appear unnatural  (in particular the deduction 
rule and the law of the excluded middle do not hold in LPF; in other three- 
valued logics, conjunction and disjunction are not commutative).  We are all the 
more concerned with this problem as, in our industrial context, we cannot ask 
developers to be expert in sophisticated mathematics.  

The alternative approach we have experimented and formalized at Matra 
Transport International for several years is quite different. The idea is: before 
proving any other property on a formal model, first make sure that  the model is 
well-defined (free from meaningless expressions). This is achieved, in the context 
of the B method,  by producing well-definedness lemmas from the models; these 
lemmas are proved in the usual two-valued set theory logic with a restriction: you 
may only introduce well-defined expressions during proofs (when a hypothesis is 
added and when a quantifier is instantiated). 

In other words, in the chain of validation of formal models, we add a step 
before the classic proof obligations: the well-definedness of models. 

validation step technique used 
syntax automatic checking 

type automatic checking 
Well definedness proof 

proof obligation of the method proof 

The aim of this paper is to formalize this approach and to outline its advantages: 
how it fully addresses the problem of meaningless expressions keeping as close 
as possible to the usual two-valued logic framework, and, as a by-product, how 
it simplifies and strengthens the proof mechanisms. 

In section 2, a three-valued semantics is provided for B: an extension of 
the first order logic with partial functions is introduced; the semantics is then 
defined, with the support of the A e operator which returns whether a term is 
well-defined or not. 

In section 3, a well-definedness operator on predicates (Ap) is used to define 
a deduction system; we then give the main result of the paper: the deduction 
system is consistent and complete if, before proving a predicate, you first prove 
that  it is well-defined. 

In section 4, we restrict Ap (from Kleene to Mc Carthy) to ease the defini- 
tion and the implementation of the well-definedness of B components (machines, 
refinements and implementations) and the well-definedness operator on B sub- 
stitutions As is introduced. We finally define the A operator on a B component 
that  gives lemmas sufficient to establish the well-definedness of the component.  

In section 5, we focus on practical benefits on the proof mechanisms, in 
particular at the B0 level. 
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2 The B Language: A Three-Valued Semantics 

2.1 Syntax 

The language signature S is defined by a set V of variable symbols, a set F of 
function symbols and a set P of total  predicate symbols. 

D e f i n i t i o n  1. T~, the set of S- terms is inductively defined by: 
each variable of V is a term; 
/f  f E F ,  ar i ty( f )  = n and el , . . . ,  en are terms, then f ( e l , . . . ,  en) is a term. 

Example I. Let F be {succ, pred, zero, one} then, 
pred(zero) is a term of T~ but it is ill-defined: intuitively, a term is ill-defined 
if it contains a function that  is called out of its domain; 
succ(pred(zero)) is also ill-defined because it contains an ill-defined subterm. 

D e f i n i t i o n  2. We inductively define F:c, the set of S-formulas: 

p(el, ...,en) 
True 
False 

~V~P 
~: :Vr  

Vx.~ 
3x.~ 

is 
iS  

IS  

SS 

SS 

lS  

SS 

ZS 

SS 

a formula i fp  E P,  arity(p) = n and el, ...,en are terms; 
a formula; 
a formula; 
a formula i f  ~ and Ib are formulas; 
a formula if ~ and r are formulas; 
a formula i f  ~o and r are formulas; 
a formula i f  ~ is a formula; 
a formula if x E V and ~a is a formula; 
a formula i f  x E V and ~ is a formula. 

Since all predicates are total, ill-definedness only comes from terms. 

Example 2. Let P be {equal} then, 
Vx.equal ( succ(pred( x ) ), x) is ill-defined; 
Vx.-~equal(x, zero) ~ equal(suce(pred(x)),x) is well-defined because the ill- 
defined subformula is guarded by a formula that  ensures the well-definedness 
of the global formula; 
equal(pred(zero), zero) ~ equal(suee(zero), one) is well-defined or ill-defined 
depending of the definition of well-definedness. 

These notions of well-definedness are defined in the next paragraph. 

2.2 Semantics 

We define a model and then an interpretation of terms and formulas. We in- 
troduce an interpretation defined by Kleene: the model and interpretation def- 
initions are unusual because we are in a three-valued logic so we do not have a 
usual interpretation as we do in first order logic. To deal with ill-definedness, we 
introduce an operator Ae that  allows to construct the interpretations. 
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M o d e l s .  Let A be a set with -I-A not belonging to A. We define A• as AI.J{_LA}. 
Let FA be a set of total functions from A~_ to A• and PA a set of total predicates 
from A~_ to {t, f ,  _t_}. We say that  < A, FA, PA > is a model for our language 
that  associates to each function of zero arity c an element CA from A, to each 
partial function of non zero arity f of F a total function fA of FA and to each 
total predicate p of P a total  predicate PA of PA. 
We have an interpretation ,7 for terms ,7 : T s  -+ A• such that:  
, 7 ( x )  = x 

Y ( c )  = ~A 

fA(`7(el),  .., `7(en)) if f is defined in el,  ..., en 
,7(f(el , . . . ,e2))  = _l_A otherwise 
We get a three-valued interpretation ,7 : F~ -+ (t,  f ,  _L} for formulas. _l_ rep- 
resents ill-definedness and t, f respectively the two well-known values: true and 
false. 

Example 3. Let A• be {0, 1, 2, .1_} then 
`7(succ(zero)) = 1, 
f l  (pred( zero) ) = _l_ 

T h e  ~ e  O p e r a t o r .  We define the Ae operator on terms, A e : T.~ -+ F.v 
assigns a well-definedness predicate to each term. A term is either well-defined 
or not: the well-definedness predicate should not be ill-defined. To do this, a 
predicate d I is associated to each function f .  d! represents the domain of the 
function. We can say that  if this predicate instantiated with el , . . . ,  en is true and 
the ei are recursively all well-defined then the term f (e l , . . . ,  e,)  is well-defined 
too. 
We inductively define Ae on T~: 
Aev = True for each variable v from V 
Aec = True for each function c from F with zero arity 

r J'~a~tel'""en) A for each function f from F with arity n 
A e f ( e l ,  

A Aeei and each terms el, . . . ,e ,  
i=1 

d! corresponds to the side-conditions defined in Abr96 for each operator. To 
ensure well-definedness of the well-definedness predicate, this predicate should 
only contain total predicates and functions. 

Example 4. Let dpred be -~(equal(x, zero) and ds,,cc be True then 
Ae(sUcc(zero) ) = True, 
3e(~ed(zero) ) = ~(equal(zero, zero)). 

I n t e r p r e t a t i o n .  We now present a formula interpretation called Kleene's in- 
terpretation, denoted `7. This interpretation is as close as possible to the classic 
interpretation. 
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, 7 (False )  = f 
, 7 (True )  = t 

f 

, 7 ( p ( e l , . . . ,  e~)) = 

 
,7(~ ^ r 

n 

t i f p A ( J ( e l ) ,  ..., `7(en)) = t and A._ ,7 (Aee i )  = t 

f i f p A ( J ( e l ) ,  . . . , f f (e~))  = f and A J ( A e e i )  = t 
i = 1  

J- otherwise 
t if i f (p )  = t and ,7(r  = t 

= f i f , 7 (~ )  = f or ,7(r  = f 
_L otherwise 

t if J(e) = t or J(r = t 
J(e v r = f if J(e) = f and J(r = f 

_I_ otherwise 

t if `7(~) = f or ,7(r = 
f f (~  =~ ~b) = f if f l (~)  = t and ,7(r  = f 

_1_ otherwise 

t if ,7(p) = f 
fl(-~qa) = f if f l (~)  = t 

_1_ otherwise 

t if for all a in A, `7(~)x ~ a = * 
fl(V~.~) = f if there exists an a in A such that  f l (~)z  +-- a = f 

_1_ otherwise 

t if there exists an a in A such that  f l (~)x  +- a = t 
f f (~x.~)  ---- f if for all a in A, `7(~)x ~-- a = f 

.1_ otherwise 

Remark  1. This interpretation is close to the usual interpretation because if we 
erase the lines _1_ otherwise, we get the usual interpretation of operators. 

Example 5. To ease the reading, we shall use the notation a = b instead of 
equal(a, b): 
`7(Vz.(-~(pred(z)  = zero)))  = f 
, 7 ( p r e d ( z e r o )  = p r e d ( z e r o ) )  = J_ 

, 7 ( x  = one ~ p r e d ( x )  = zero )  = t 

, 7 ( p r e d ( z e r o )  = z e r o  ~ s u c c ( z e r o )  = zero)  = J_ 

, 7 ( p r e d ( z e r o )  = z e r o  ~ s u c c ( z e r o )  = one)  = t 

J ( s u c c ( z e r o )  = z e r o  ~ p r e d ( z e r o )  = zero)  = t 

The interpretation permits to have an ill-defined subformula in a well-defined 
formula if the context contains the subformula well-definedness. In the third 
formula of the previous example, pred(z )  = zero is an ill-defined subformula 
but  the negative occurrence of the implication (x = one) ensures the global 
formula well-definedness. Also, the fifth formula of the previous example is well- 
defined even though the subformula pred(zero)  = zero is ill-defined, because the 
positive occurrence is obviously true. 
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3 D e d u c t i o n  S y s t e m s  a n d  W e l l  D e f i n e d n e s s  O p e r a t o r  

3.1 W e a k  S t r o n g  V a l i d i t y  Notion 

In a three-valued logic, unlike in a two-valued logic, different validity notions may 
be defined. The validity notion depends on the way ill-definedness is treated. The 
different consequence relations (and consequently validity notions) are described 
in GL90. So we have to choose a validity notion for the B language. 

Definit ion 3. F ~ to i f  and only i f  for  every interpretation y ,  
y ( r )  = f or y ( ~ )  = t 

The validity notion that  we choose, is like the interpretation, as close as 
possible to the usual validity notion. It is completely described in Owe93. If we 
look at the previous definition, we could believe that  it is the same as the usual 
validity notion but  we should note that ,  here, the negation of t is not f but  f 
or _l_. In fact we can give an equivalent definition which would be: 

Proposit ion 1. F ~ ~ i f  and only i f  for  every interpretation y ,  
f l y ( F )  = t or f l ( r )  = 3_ then f l (~ )  = t 

Example 6. Let us look at the validity of the formulas in the previous example : 
Vx.(-~(pred(x) = zero)) 
pred(zero) = pred(zero) 

x = one ~ pred(x)  = zero 
p r e d ( z e r o )  = zero  ~ suee(zero)  = zero  
p red ( ze ro )  = zero  ~ suee(zero)  = one 
succ(zero) = zero ~ pred(zero) = zero 

K O p e r a t o r  3.2 T h e  ~ p  

To construct a sound and complete deduction system, we have to define the 
operator A K. 

A K assigns a well-definedness predicate to each predicate, like term well-defi- 
nedness predicates the formula well-definedness predicates are well-defined. 

Definit ion 4.  A K : FE -+ FE is defined as 

t i f  for  all y ,  J( to)  = t or f 
~ = f if  for  all Y ,  Y ( ~ )  = • 

Proposit ion 2. We can give an inductive definition too, this definition is equiv- 
alent to the precedent : 

~(p(el ,  ..., en)) = / ~  ao(e,) 
i----1 

A K T r u e  = True  

AK False  = True  
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a~(v v r 
= ( ~  A ~ r  v ( ~  A -~) v ( ~ r  A -~r 
= ( a ~  A a~r v ( ~ v  ^ ~) v ( ~ r  A r 
= ( ~  ^ a~r v ( ~  A -~) v (a~r A r 
--- A ~ o  

= v x . a ~  v 3 ~ . ( ~  ^-~)  
= w . a ~  v 3 x . ( a ~  ^ ~) 

Example 7. Aft(wed(zero) --  p r e d ( z e r o )  ) --  F a l s e  

Agp(X = one  =~ p r e d ( x )  = z e r o )  = T r u e  

A g ( p r e d ( z e r o )  --  z e r o  ~ s u e c ( z e r o )  = z e r o )  "- F a l s e  

3 ~  ( p r e d ( z e r o )  = z e r o  ~ s u e t ( z e r o )  = one)  = T r u e  

A g ( s u c c ( z e r o )  = z e r o  =~ p r e d ( z e r o )  = z e r o )  = T r u e  

3.3 T w o  P r o o f s  For O n e  

F F P  
axiom weakening 

F, P F P  F, Q F P  

F, P, P F Q  

F, P F Q  
contraction 

F~, P, Q, F~F R 

F~, Q, P, F2F R 
permutation 

F, P F Q  

F F P ~ Q  
-right 

F F P  F, Q F R  

F, P @ Q F R  
-left 

F P P  F P Q  

F F P A Q  
A -right 

F , P ,  Q F R  

P A Q F R  
A -left 

F I - P  

F F P V Q  
V - right 

F F Q  

F F  P v Q  
v -right 

F, P F  R F, QF  R 

F, P v Q F  R 
v -left 

F, P ~- False 

F F ~ P  
-~ -right 

F ~ P  

F, - . P F Q  
-~ -left 

F, False F P 
False -left 

F ~ - P  

F F V x  P 
V -right if x \ F 

F, P F Q  

F, 3x.P F Q 
3 -left if  x \ F 

F F  ZI~'P F F  P F, P I - Q  

F ~ Q  
cut 

F, Px ~- t F Q F F zSet 

F, Vx.P F Q 
V -left 

F ~- Px e- t F k zSet 

FI- Bx P 
B -right 

Fig. 1. B-Logic 
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We define (fig. 1) the B-Logic. The logic is close to the classic sequent calculus, 
only the cut , V -  lef t  and 3 - right rules have been changed because they can 
introduce ill-defined formulas. 

These three rules are the only rules tha t  introduce formulas or terms. The 
cut rule gets a new antecedent tha t  represents the new formula 's  well-definedness 
proof. The V - l e f t  and 3 -  right rules get a new antecedent too which represents 
the introduced t e rm ' s  well-definedness proof. These rules are difficult to use in an 
au tomat ic  prover, because it has to find a new term, however they are useful in 
an interactive prover. It  means tha t  when new terms are introduced in a manual  
proof, their well-definedness has to be proved. 

The  following theorem means that  this logic is sound and complete with the 
validity notion tha t  we defined if we make two proofs for one formula. 

T h e o r e m  1. Given a set of formula F and a formula ~, 
F~- ~ and b A K ( F  ::~ ~) if and only if F ~ ~o 

We call the first l emma validation l e m m a  and the second well-definedness 
lemma.  

We could have constructed a deduction system in which one proof  would 
have been sufficient but  it would have been much less efficient while the axiom 
rule would not have been sound. So we prefer to prove two lemmas  in an efficient 
deduction system rather  than one l emma  in a less efficient one. 

When one proves a lemma,  rather  than  proving the well-definedness at the 
leaves of the proof  tree (at the axiom rules), the well-definedness of the l emma  
is proved at the beginning of the proof and the well-definedness of introduced 
terms is also checked. 

We will see in the next section tha t  the well-definedness lemmas associated to 
each B proof  obligations will not be really proved. Instead they will be factorised 
in new lemmas  defined directly from machines: we will call them delta lemmas.  

4 W e l l  D e f i n e d  P r o o f  O b l i g a t i o n s  a n d  P r o o f  O b l i g a t i o n s  

o f  W e l l  D e f i n e d n e s s  

Our a im is to apply the previous result to the proof  obligations of B. The  first 
idea is to really discharge proof obligations and their associated well-definedness 
lemmas in our deduction system. But we consider that  the well-definedness lem- 
mas of the proof  obligations of a given machine could be factorised in what  we 
call delta lemmas.  

We first define the proof  obligations of machines, refinements and implemen- 
tat ions and then we define the lemmas tha t  are sufficient to be proved to ensure 
the well-definedness of these proof  obligations. To do this we have to define what  
is a well-defined substitution. Moreover we define a weaker Ap K operator .  

4.1 A W e a k e r  A 

First, we define a new A Me operator  for all formulas of the B language, we use 

a delta defined by Mc Carthy tha t  is a weaker version of the A K operator .  We 
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use Ap Mc because it produces predicates that  are simpler and easier to prove 
automatically than Ap K. 

D e f i n i t i o n  5. We define weil-definedness of formulas: 

AMCp(p => Q) 
z i y c ( p  A Q) 
A~,C(-~P) 
A~c(vx .P)  
AyC(a --" b) 
a ~C(a ~ s) 
A C(p V Q) 
A 4C(P r Q) 
AVC(sx.P) 
A~C(True) 
A~C(Ealse) 
ayc(~ c t) 
n y c ( s  c t) 

AyC(n <_ m) 
a y c ( . >  m) 
~yC(n >_ "9 

=- AMCpp A (P =:~ AMCpQ) 
AMCp A (P =~ AIMCQ) 
A ~ C p  

=__ Vx.AMC p 

= A~a A A~b 
=-- Aea A AeS 
-- AMCp A (~P ==~ AMCQ) 
=__A~pCpAAMCQ 
= Vx.AMCp 
=_ True 
=_ True 
= A e s  A Act 
=-- Aes A Act 

A en A ,diem 
= Aen A Z~em 
= A e n  A Aem 

z~en A Z~em 

Proposition 3. Given a formula P, if ApMCp is true then Aff P is also true. 

Checking Mc Carthy 's  delta is sufficient to ensure Kleene's delta, so the next 
proposition may be deduced from theorem 1. 

Proposition 4. G i v e n  a set of formula F and a formula ~, 
if F ~ ~ andF ziMC(F ::~ ~) then F ~ 

This proposition is weaker than the theorem 1; with Mc Carthy's  delta, we 
lose the completeness but  the soundness is preserved. 

Remark 2. Notice that  AMC(pAQ) may be true whereas ApMC(QAP) may not. 
It does not mean that  the conjunction is not commutat ive any more, but  only 
that  one has to use the right order when writing models. No order is required 
during proofs. Exactly the same constraint exists for the type checking in B: 
x E BI A z < 1 is well-typed whereas x < 1 A x E BI is not. 

Example 8. z = zero V pred(x) = pred(x) is still well-defined but  
pred ( z )  = pred(x)  V z = zero  is no more well-defined. 

In the remainder of the text,  we shall write Ap instead of A Mc. 
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4.2 Well  Def ined  P r o o f  Obl iga t ions  

We give in this section the different proof obligations and their well-definedness 
lemmas. We distinguish machines, refinements and implementations because 
they do not have the same validation lemmas but we will show that, because a 
formula and its negation have the same well-definedness, the delta lemmas are 
quite similar for the three abstract machine types. We call V L ( M ) ,  the validation 
lemmas of the abstract machine M. 

Def in i t ion  6. An abstract machine M is well-defined i f  and only if  its proof 
obligations are well-defined i.e. if  and only if  there exists a proofS- A o ( V L ( M ) ) .  

This definition of machine well-definedness does not care about ill-defined 
terms that do not occur in any of proof obligations. 
In order to clarify the definitions, we only present abstract machines without 
parameters and constraints. 

Machine Proof  Obligations. 

Definit ion 7. We remind the validation lemmas of a machine as defined in 
Abrg@ 

I MACHINE M 
CONSTANTS c 
PROPERTIES P 
VARIABLES v 
INVARIANT I 
ASSERTIONS J 

VL INITIALISATION U 
OPERATIONS 

u ~ -  O ( w )  = 

PRE Q 
THEN V 
END 

END 

P =a UI 

- P A I = C , J  

P A I A J A Q =*. VI 

Applying the definition of a well-defined machine, we obtain the next propo- 
sition. 

P r o p o s i t i o n  5. The machine M is well-defined i f  an only if  
~- Ap((P ::r UI) A (P A I =r J) A (P A I A J A O =r VI)) 

Applying the definition of Mc Carthy's Delta, we obtain this sufficient defi- 
nition of a well-defined machine. 

A machine is well-defined if its properties, invariant, assertions, preconditions 
are well-defined, if the initialisation applied to the invariant gives a well-defined 
formula and for each operation, if the precondition is well defined and the formula 
resulting from the application of the substitution to the invariant is well-defined. 
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P r o p o s i t i o n  6. The machine M is well-defined if 
t- A p p  and 
~- P ~ Ap(UI) and 
~- P ::~ ApI  and 
I- P A I ::r A p J  and 
~- P A I A J ::C, ApQ and 
P P A I A J A Q ~ A p ( V I )  

Refinement Proof Obligations. 

Defini t ion  8. 
Abr96: 

REFINEMENT Mr 
REFINES M 
CONSTANTS c~ 
PROPERTIES P~ 
VARIABLES vr 
INVARIANT I~ 

VL INITIALISATION /Jr 
OPERATIONS 

u e -  O(,~) = 
PRE Qr 
THEN Vr 
END 

END 

We remind the validation lemmas of a refinement as defined in 

P APr  ~ U~~U~I~ 

P A P ~ A I A I , . A J A Q ~ Q ~  

P A P , . A I  A I , . A J  A Q A Q ~  
=~ v~-,v-~ 

Proposition 7. The refinement Mr is well-defined if 
the machine M that it refines is well-defined and if 
I- P :~ ApPr and 
I- P APr  :~ Ap(U,--,U--,I~) and 
P P APr ~ Aplr and 
F P A P,. A I A I~ A J A Q ::~. ApQ~ and 
~ P ^ P~ ^ r ^ t~ ^ j ^ Q ^ Q~ ~/xp(v~-~v-~I~)  and 

I m p l e m e n t a t i o n  P r o o f  Obl igat ions .  

Def ini t ion 9. We remind the validation lemmas of an implementation as de- 
fined in Abr96: 
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VL 

' IMPLEMENTATION Mi 
REFINES Mr 
CONSTANTS ei 
PROPERTIES Pi 
VALUES ci = di 
VARIABLES vi 
INVARIANT Ii 
INITIALISATION Ui 
OPERATIONS 

u ~ O(,1,)  = 

PRE Qi 
THEN t~ 
END 

END 

P APr A Pi ::~ Ui'~Ur'-'h 

 P A P r A P i A I A I r A h A  
J J AQAQr:=-':~Qi 

=-- P A P r A P i A I A I r A h A  
1 J A Q A Q ~ A Q i  

I => V~-V,.~I, 

 3(c, cr).(ci :---- di(P APr A Pi)) 

P r o p o s i t i o n  8. The implementation Mi is well-defined if 
the abstract machines that it refines are well-defined and if 
~- P APr ~ ApPi and 
F P ^ Pr ^ P~ ~ Ap(U~-~Ur-~I~) and 
I- P A Pr A Pi A I A J A Ir ~ Apli and 
~- P A P~ A Pi A I A J A Ir A Ii A Q A Q~ =:~ ApQi and 
t- P A Pr A Pi A I A J A Ir A Ii A Q A Qr A Qi => Ap(V}-~V~-~Ii) and 
t- V(c, c~).Ap(Ci := di(P A P~ A P{)) 

Remark 3. The lemmas from propositions 7,8 are close to the machine proof 
obligations of well-definedness (proposition 6); except for the hypothesis, we 
have almost the same lemmas. 

4.3 Wel l -Def inedness  o f  Genera l i sed  S u b s t i t u t i o n s  

In propositions 6,7,8 we have to prove predicates like Ap(SP). For this, we 
define the As operator  that  assigns a well-definedness predicate to each substi- 
tution such that  the following theorem holds. 

T h e o r e m  2. ApI  A AsS ~ Ap(SI) 

This theorem means that  if a substitution is well-defined then it transforms 
a well-defined predicate into a well-defined predicate. 

Def in i t ion  10. We define the well-definedness of substitutions: 
A s ( x  : =  E )  - -  AeE 
As(skip) = True {App A 
As(P  S) = p ~ A s S  

{A~SI A 
z a s ( S l l l S 2 )  - A s S 2  



41 

(Z~pP A 
,%(P ~ S) - P ~ ,SsS 

z~s(@x.S) = Vx.z~sS 

ASS1 A 
a s ( s ~ l l s 2 )  - AsS2 

z~s INVARIANT I = 
VARIANT V 
END 

{AeE A 
zls((x := E);T)  - x := EAsT 

I as(Sl;T) ^ As((SIIIS2);T ) -  A s ( S 2 ; T )  

Vx.ApI A 
Vx,(I ::~ App) A 
Vx.(I ~ AeV ) A 
Vx.(I A P ~ AsS) 

where x is the list of 
the variables modified 
in the body of the loop 

WHILE P ) { Vx.z2pI A 

DO S Vx.(I ~ App) A where x is the list of 
As INVARIANT I 

VARIANT V - Vx.(I :=~ AeV) A the variables modified 
Vx.(I A P =V AsS) A in the body of loop 

END; Vx.(I A --P :=~ z3sT) 
T 

This definition is sufficient to ensure the previous theorem. We can remark 
that the well-definedness of substitution mainly depends on the well-definedness 
of affected terms and conditions. 

The well-definedness of a sequence of two substitutions cannot be defined 
using only the well-definedness of the two substitutions. We choose to define 
it by induction on the first substitution, finally we get only three definitions 
(for assignment, parallel and loop), since sequencing operator distributes on the 
other operators. 

The well-definedness of proof obligations does not ensure the well-definedness 
of the source. For example, the proof obligation generated by the substitution 
x := 1/0;x := 1 does not contain the term 1/0. So we could have defined 
A,(x := E; x := F) to be A~F and the theorem 2 would still have been valid. 

In fact, our definition of A~ ensures that all the terms of a substitution are 
well defined. So the A - lemmas that we define in the next section ensure not 
only that the proof obligations are well defined, but also that the source does 
not contain any ill-defined term. 

4 .4  P r o o f  O b l i g a t i o n s  o f  W e l l  D e f i n e d n e s s :  A _ l e m m a s  

Finally, we define the z~ - lemmas associated to machines, refinements and imple- 
mentations. These lemmas are sufficient to ensure the well-definedness of proof 
obligations. Formally, we define the Z3m operator that assigns lemmas to abstract 
machines, so that the next proposition holds. 
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P r o p o s i t i o n  9. A m correctness : 

1. Am(M) ~ Ap(VL(M)) 
2. Am(M) A Am(Mr) ~ Ap(VL(Mr)) 
3. Am(M) A Am(Mr) A Am(M/) =:~ Ap(Vi(Ui)) 

Def in i t ion  11. We define well-definedness of machine, refinement and imple- 
mentation: 

Am 

( MACHINE M 
CONSTANTS e 
PROPERTIES P 
VARIABLES v 
INVARIANT I 
INITIALISATION U 
OPERATIONS 

+- O(w) = 

PRE Q 
THEN V 
END 

END 

A p p  

P ~ ApI  

P ~ AsU 

P A I ::r ApQ 

P A I A Q ~ A s V  

Am 

( REFINEMENT Mr 
REFINES M 
CONSTANTS cr 
PROPERTIES Pr 
VARIABLES vr 
INVARIANT I~ 
INITIALISATION Ur 
OPERATIONS 

u +-- O(w) = 
PRE Q~ 
THEN V~ 
END 

END 

P ::$. ApP r 

P A Pr ~ Aplr 

P A Pr ~ AsUr 

P A P r A I A I r  A Q  ~ ApQr 

P A P r A I A I r A Q A Q r  =v A~V~ 

Remark 4. As A p ~ p  is equivalent to App,  the double negation of proof obliga- 
tions does not influence the well-definedness lemma; if we know that the substi- 
tutions of machine operations preserve well-definedness, we just have to check 
that the substitutions of refinement operations have the same property, i.e. this 
ProP~Y hold,: ~apP ^ ,~,S ^ ,~,T :* Ap(T-,S-,t) 
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Am 

( IMPLEMENTATION 
Mi 

REFINES Mr 
CONSTANTS ci 
PROPERTIES Pi 
VALUES ci = di 
VARIABLES vi 
INVARIANT Ii 
INITIALISATION 

Ui 
OPERATIONS 

u +- O(w) = 
PRE Qi 
THEN Vi 
END 

END 

P A Pr A Pi A I A Ir A IiA 

z~di  

P A Pr ::~ Appi 

P A Pr A Pi A I A Ir =~ Apl i  

P A Pr A Pi A I A Ir =~ AsUi 

P A P r  A P i  A I A I r  A I i  A Q A Q ~  ==~ ApQi 

We see that  we do not check the A-lemmas due to the values lemmas because 
the well-definedness of the properties is checked in the machines and refinements. 

5 Repercus ions  

5.1 C o n s e q u e n c e s  o n  t h e  ru les  

As we have seen in section 3, the proof of each lemma is divided into two parts. 
The first one is the proof of the well-definedness of the lemma, and the second 
one is the proof of the lemma itself, assuming its well-definedness. This hypoth- 
esis allows to simplify the demonstration and especially the rules used for this 
demonstration. Indeed, assuming that  the lemma is well defined, the rules need 
no more be protected against ill-defined expressions. 

For example the following backward and rewriting rules can be simplified as 
shown in the table: 

R1 
R2 

R3 

Initial rule Simplified rule 
c --/= 0 A a -- b =~ a/c = b/c a = b ==~ a/c = b/c. 
c = a ::~ {a ~ b}(e) = ' -  b {a ~ b}(c) = =  b 

s # ~ ^ s e FIN(~Z)  
=~ min(s)  < max(s)  min(s)  < max(s)  

x e dom( f )A  
R4! f E dom(f)+~ ran( f )  A f - 1  e ran ( f ) -~  dora(f) 

==~ f - l ( f ( x ) )  = =  x 
f - 1  ( f (x))  = -  x 

This simplification of the rule base has two advantages. First of all, the 
rules are easier to write, to understand and to validate. Secondly, it improves 
significantly the speed of the tool and the number of the lemmas proved, as we 
had noticed in 1992 on our automatic prover based on such a simplified rule 
base. 
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5.2 C o n s e q u e n c e s  o n  t h e  m e t h o d  

In B, the arithmetic symbols have a dual interpretation: in machines (or re- 
finements) they denote the mathematical  operator, whereas in implementations, 
they also denote the corresponding function of the programming language into 
which the implementations are to be translated. 

Consequently, in the machines the domain of each operator  is the one given 
by the mathematical  theory (Cf. Abr96) whereas in the implementations it is 
the more restrictive (the intersection) between the one given by the theory and 
the one given by the programming language 2. In order to take into account the 
inherent partialness of the arithmetic operator in programming languages, the 
B-method limits drastically the use of these operators in the implementations 
(Cf. Abr96 12.1.11. Allowed Constructs in an Implementation). For example, 
the operators / ,  + and - are syntaxically forbidden in IF and WItILE condi- 
tions (the source : IF (a+l  < 2) THEN . . .  is not allowed in implementations), 
because their evaluation could overflow at run time. In this restrictive way, the B- 
method guarantees tha t  all the expressions in implementations can be correctly 
evaluated. 

These limitations on the expressivity of B in implementations could be re- 
moved by using the notion of well-defined model introduced previously. Indeed, 
the definition of A that  we have chosen (Cf. 4) guarantees that  if the well de- 
finedness lemmas are proved, then there is no ill-defined term in the source. In 
other words it means that  programming operators are used in their domain and 
then that  the computer  can evaluate them. 

We just  have to notice that  the definition of Ar for the arithmetic operators 
is not the same in machines and in implementations because we have to take into 
account the duality of the arithmetic symbols in implementations. In machines 
the definition of Ar is based on the mathematical  domain whereas in implementa- 
tions it is based on the domain of the corresponding function in the programming 
language. For example, in machine, Z~e_mch(X "4- y) ~ Ae_mchX /~ Ae_mchY but in 
implementation, Z~e_imp (X -~- y) -- AeimpX/~ Ae..impY k (X "4- y E minint . .maxint )  
which means that  the result must be in the range of the language (supposed to 
be minint . .maxint  ). 

6 C o n c l u s i o n  

How to deal with the meaningless expressions that  may occur in formal mod- 
els without disturbing engineers which unnecessary mathematical  complexities? 
This paper answers, in the context of the B method, by an original approach in 
which new proofs obligations, the A-lemmas, have to be discharged before the 
proof obligations of the method.  All the proofs can be done in the usual two- 
valued framework if you check the well-definedness of the terms you introduce 
during the proofs. 

2 to be more precise we should also take into account the compiler and the hardware. 
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This technique was first prototyped at Matra Transport in 1992: an extension 
of the proof obligation generator of the B-Toolkit was developed internally to 
produce the A-lemmas. A major benefit was to simplify and to improve signif- 
icantly the performances of the automatic prover we were developing at that 
time. 

It is now currently being implemented in the Atelier B. This article provides 
the specification of the tool and formally establishes the results upon which the 
specification is built. 
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A b s t r a c t .  In this paper, we propose a framework to study refinement 
of abstract machines in the B-method. It allows us to properly deal with 
shared variables, possibly introduced by composition primitives SEES and 
IMPORTS. We exhibit local conditions on components which are sufficient 
to ensure global correctness of a software system. Finally, we show how 
restrictions on the architecture of software systems may guarantee these 
conditions. 

1 Introduction 

Modularity is pointed out as a principle allowing to master the complexity of 
software development or maintenance. A modular  method must help designers to 
produce software systems from autonomous components. Modularity must be of- 
fered at each level of software development: programming as well as specification 
and design. 

In the framework of formal methods, modules or components correspond to 
syntactic entities which can be combined by composition primitives. If a method 
offers stepwise refinement, adding modulari ty requires to precisely define com- 
position primitives and how they interact with the process of refinement. Mod- 
ularity and refinement has been widely studied in the framework of algebraic 
specifications ST88. In the framework of model oriented specifications, some 
methods offer a concept of modulari ty (for instance B Abr96, VDM Gro94) 
but problems appear when combining refinement and composition. 

The work presented in this paper was initially motivated by an example 
communicated by P. Behm, from Matra Transport  International. This exam- 
ple exhibits an incorrect B-development in which each component refinement 
is locally correct. We aimed to extend the architectural conditions given in the 
B-book (transitivity and circularity, p. 583), in order to detect such pathologi- 
cal examples. So we developped a framework to define refinement of structured 
components,  in order to prove their correctness. This paper presents a simplified 
version of this framework. 

Section 2 presents the B-clauses which allows designers to build structured 
development (in particular SEES and IMPORTS clauses), and we give a paradig- 
matic  example, illustrating the problem due to refinement composition (section 
2.4). In section 3, we propose a semantics for structured components, in terms 
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of fiat components. From this definition, we show that the proofs obligations 
relative to each refinement step of structured components, as defined by the 
B-method, are correct. Then, we introduce a notion of code component and we 
exhibit sufficient conditions to prove its correctness. This amounts to study how 
monotonicity and transitivity of the refinement relation interact. By a top-down 
approach we propose several sufficient conditions. The last one is presented in 
section 4. It is based on the dependency graph between components and it cor- 
rects the conditions proposed in the B-Book. 

1.1 Compos i t ion  Primit ives  

Designing appropriate composition primitives for a specification language or 
method is a non-trivial task. During the various phases of the software life cycle, 
expected characteristics can differ. For instance, at the stage of system specifica- 
tion, composition primitives must allow to easily combine pieces of specifications 
and, if possible, their properties. At the architectural design stage, major sys- 
tem components and their inter-relationships must be identified. So composition 
primitives must favour the independence of coding activity. This duality is il- 
lustrated by the open-closed principle Mey88. The open view means building 
larger components by extension. The closed view means making a component 
available for blind use by others components. 

So a method should offer several styles of composition primitives, suitable 
for the stages of specification, design or programming. 

1.2 Compos i t ion  and Refinement 

In a method which offers stepwise refinement, the relationship between different 
levels of specification is defined by a refinement relation. When specifications 
use composition primitives, a way to refine such structured specifications must 
be included. At the specification level, some structured specifications can be 
interpreted as new "flattened" specifications. In this case, the new resulting 
specification can be refined in any way. Otherwise, if the structure is inherent in 
the specification, the refinement must preserve the global structure. For instance, 
in the Z notation Spi88, a reference to a schema is interpreted as a local copy of 
the schema text and the new schema may be refined in an independent way. On 
the contrary, in the programming language Ada, links between packages which 
are introduced at the specification level, are implicitly preserved in the body. 

At the level of architectural design, the final structure of the system is elab- 
orated and components will be implemented separately. This structure must be 
kept by the latter steps of refinement. This is the property of compositional 
refinement (also referenced as the property of horizontal refinement), which per- 
mits to compose refinements to form a large composite refinement architecture. 

Refinement composition abilities naturally depend on the relations between 
components (see for instance discussions about inheritance in the object-oriented 
approach LW94). Several cases can be considered: 
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1. Refinement composition is always valid. This is the case for instance if the 
refinement relation is proved to be monotonic BW90, for such compositions. 

2. Global correctness depends on the semantics of the involved components. 
In this case, a case-by-case proof is mandatory. For instance, if a specifica- 
tion is built as an extension of another specification, the compositionality of 
refinement depends on the form of this extension. 

3. Global correctness depends on the global structure of the system. This is 
generally the case when sharing is allowed. 

Sharing occurs when the same object is used into several modules. In that 
case, two main problems arise. First, semantics of sharing must be preserved 
by the refinement process. For instance, if an abstract data type is duplicated, 
conversion between the different representations must be insured. Secondly, cor- 
rectness of each independent development does not necessarily guarantee cor- 
rectness of the composition. Some possible interferences relative to the shared 
part can break down refinement. This is the classical problem about aliasing 
and side effects. This point is crucial in the method/language dealing with with 
states, as we will see. 

2 C o m p o n e n t ,  C o m p o s i t i o n  a n d  R e f i n e m e n t  in  B 

2.1 B-Components  

In the B-method, there are three kinds of component: abstract machines, refine- 
ments and implementations. Abstract machines are the visible part of specifi- 
cations. In particular, all composition primitives connect components with ab- 
stract machines. Refinements are intermediary steps between interface (abstract 
machines) and executable code (implementations). These components can be 
seen as traces of a development. Implementations are the last level of a devel- 
opment. Implementations are particular refinements in which substitutions are 
executable, so they can be translated into code. Moreover, either variables are 
concrete ones, or they come from other abstract machines, so they must be used 
via operation calls. 

The introduction of several kinds of component, linked to the different steps 
of the development process, is a particularity of the B-method. In other languages 
or methods, there is generally only one kind of component, and some syntactic 
restrictions characterize implementations. This distinction in the B-method is 
based on the following arguments: 

1. Refinements and implementations are not only specifications, but they also 
contain information about the refinement (the gluing invariant, describing 
the change of variables). 

2. Each kind of components has specific syntactic restrictions. For instance, 
sequencing cannot occur in an abstract machine, in order to favour the ab- 
straction at the first level of a development. 

3. The target of composition primitives is always an abstract machine. This 
restriction favours the decomposition/composition criterion which permits 
to develop pieces of specification in an independent way. 
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2.2 B C o m p o s i t i o n  P r i m i t i v e s  

The B-method offers, at present, four composition primitives. Two of them (IN- 
CLUDES and IMPORTS) exclude possibility of sharing and two of them (USES and 
SEES) allow a controlled form of sharing. 

Includes/Imports. The INCLUDES primitive links abstract machines or refine- 
ments to abstract machines. This primitive can be seen as a schema inclusion in 
Z, without possibility of sharing: this primitive is interpreted as a local copy of 
the included machines. Due to some syntactic restrictions, the INCLUDES primi- 
tive permits to extend an abstract machine (enforcing and adding variables state, 
adding and hiding operations). 

The IMPORTS primitive links implementations to abstract machines. This 
primitive corresponds to classical component primitives of programming lan- 
guages. It allows to build a layered software. This primitive can be seen as the 
closed version of the INCLUDES primitive: use of IMPORTS encapsulates the state 
of the imported abstract machines. 

Implementions are not refinable in the B-method, so the IMPORTS primitive 
is a final composition primitive. A composition using INCLUDES primitive, with 
its copy semantics, is not necessarily preserved during the refinement process. If 
an abstract machine M is included in a component C, being either an abstract 
machine or a refinement, there are two possibilities: 

1. C is refined by its proper structure. In this case, the abstract machine M 
will be implemented only if it is imported in another implementation. 

2. C is implemented using a IMPORTS primitive on M. This possibility is not 
directly supported by the method, because refinement does not exploit the 
preservation of this kind of structure. 

I I 

M 
inc 

Fig. 1. If a component C includes a machine M, an implementation I of C may or 
may not import M. 

U s e s / S e e s .  The USES primitive introduces a form of sharing between abstract 
machines. In the B-method, sharing is introduced by a link on a component 



50 

entity. The  use of this primit ive permits  to extend an abst ract  machine in mul- 
tiple ways. A final abstract  machine must  include all shared machines and their 
extensions. For more explanations about  this construction, see BPR96. 

The SEES primitive can appear  in abstract  machines, refinements or imple- 
mentat ions.  The use of this pr imit ive allows to share sets, definitions and vari- 
ables in a very limited way: variables must  not be modified by the seing compo- 
nents, in any way. From the refinement point of view, there are some restrictions: 

1. abstract  machines containing a uses  primitive are not considered as refinable 
specifications. 

2. if a SEES primitive is introduced at a given level of a development,  this pr im- 
itive must  be preserved in the lowest levels of the development,  to guarantee 
the unicity of the implementa t ion of the shared part .  

C1 s M2 

Fig. 2. A SEES primitive must be preserved in a refinement. 

The  USES and INCLUDES primitives are only syntactic facilities. So in the 
s tudy of refinement composition, only the SEES and IMPORTS primit ives have to 
be considered. 

C o m p a r i s o n  b e t w e e n  Sees  a n d  I m p o r t s .  The SEES and IMPORTS primitives 
differ in their use, due to their proper restrictions, whose a im is to l imit  inter- 
ference between local refinements. Some restrictions fall on local use of these 
primitives and some of them are relative to a development,  taken as a whole. 

Local Restrictions. When an IMPORTS primitive is used, values of variables 
are accessible only by operation calls. This restriction guarantees the invariant 
preservation. Moreover, impor ted  variables can occur in the invariant part .  This 
possibility allows designers to constrain imported variables and use them to 
represent abstract  variables. In this way, a layered software is produced. When 
a SEES primitive is used, variables can be consulted (directly or via operat ion 
calls), but  cannot be modified. Variables of the seen machine are not visible in 
the invariant part  of the seeing component .  As a result, seen variables cannot  be 
used in a refinement to represent abstract  variables. 

Global Restrictions. Abstract  machines which are seen by other ones must  
be impor ted  once, and only once, in the development.  Abstract  machines can be 
impor ted  at most  once in a development,  so variables cannot  be shared by this 
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way (if necessary, renaming, which produces a new copy of a machine, can be 
used). Another important  property is the absence of cycle: an abstract machine 
cannot see or import  itself, directly or indirectly. 

2.3 Ref inement  o f  a Single B - C o m p o n e n t  

Refinement relates an "abstract" model of a B-component to a more "concrete" 
one. In the B-method, it is based on observational substitutivity: any behaviour 
of the refined specification is one of the possible behaviours of the initial specifica- 
tion. More specifically, B-refinement allows designers to reduce non-determinism 
of operations, to weaken their preconditions, and to change the variable space. 

In the following, we recall some results on B-refinement (chapter 11 of the 
B-book). 

Ref inement  C o m p o n e n t .  A refinement component is defined as a differential 
to be added to a component.  A refinement component can have proper variables 
which are linked to variables of the refined component by a gluing invariant. 
Moreover, refined operations must be stated on the new variables. 

MACHINE 

MI 
VARIABLES 

U1 

INVARIANT 

L1 
INITIALISATION 

U1 
OPERATIONS 

o p  ----- 

PRE 

P1 
THEN 

$1 
END 

END 

R E F I N E M E N T  

R2 
REFINES 

M1 
VARIABLES 

t~2 

INVARIANT 

L2 
INITIALISATION 

U2 
OPERATIONS 

o p  ~--- 

P RE  

P~ 
T H E N  

S2 
END 

END 

MACHINE 

M2 
VARIABLES 

t~2 

INVARIANT 

3vl.(L1 A L2) 
INITIALISATION 

U2 
OPERATIONS 

o p  ---- 

PRE 

P2^ 
3vl.( L1 ^ L2 A P1) 

THEN 

S2 
END 

END 

Fig. 3. Refinement R2 of M1, seen as an independant machine M2. 

P r o o f  O b l i g a t i o n s .  The proof obligations for refinement R2 of Fig. 3 are, 
provided that  there are no common variables (B-book, p. 530): 
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1. Initialisation: U2',U1",L2 
2. Operat ion op: L1 A L2 A 1:'1 ~ P2 A $2~$1~L2 

In the most  general case, there is a chain of refinements Mx, R2,. �9 Rn to 
be considered. The proof obligation for an operat ion of Rn is, provided tha t  M1 
and its refinements have no common variables: 

L1 A L2 A . . .  A Ln A t:'1 A . . .  A P,.,-x =r Pn A S n - ~ S . - 1 - ~ L n  �9 

2.4 C o m p o s i t i o n a l  R e f i n e m e n t  

In languages based on states, a ma jo r  difficulty is relative to the sharing of states. 
In presence of sharing, we must  prove tha t  some local reasoning about  values of 
variables are always valid in a global system. Such a problem appears in the B 
refinement process. 

E x a m p l e  1. Let A, B, C be the following abstract  machines: 

M A C H I N E  

A 
V A R I A B L E S  

X a  

I N V A H I A N T  

xa : 0 . . 1  

I N I T I A L I S A T I O N  

Xa := 0 

OPERATIONS 

I T  ~-- v a l . . x a  - -  I T  :~-  x a  ; 

mod_xa = xa := 1 - xa 

END 

M A C H I N E  

B 

O P E R A T I O N S  

opb = 
skip 

E N D  

M A C H I N E  

C 
O P E R A T I O N S  

I T  /---- o p c  = 

I T  :---- T R U E  

E N D  

Now, let CI be the following implementa t ion of C: 

IMPLEMENTATION CI REFINES C IMPORTS B SEES A 

OPERATIONS 

IT <-- opc = 
V A R  V l ,  V2 IN  

vl ~-- val_xa; oph; v2 ~-- vaLxa; IT := bool(vl=v2) 
E N D  

E N D  

This refinement is valid. Using B-definitions on substitutions, we have to 
prove that  WRUE=bool(xa=xa), which is true. Now machine B is implemented,  
with the help of D and DI, by BI: 



53 

I 
IMPLEMENTATION 

BI 
REFINES 

B 
SEES 

D 
OPERATIONS 

opb = opd 
END 

MACHINE 

D 
OPERATIONS 

opd = skip 
END 

IMPLEMENTATION 

DI 
REFINES 

D 
IMPORTS 

A 
OPERATIONS 

opd = mod_xa 
END 

These two refinements are also valid. But,  despite the fact that  proof  obli- 
gations proposed by the B-method can be discharged, the code of the operation 
opc is not correct (see below). 

rr <--- opc = 
VAR v l ,  V2 IN 

v l  : = x a ;  x a : =  1 - x a ;  v 2 : = x a ;  r r : = b o o l ( v l = v 2 )  
END 

The resulting substi tution is bool(xa=(1-xa)) ,  which is FALSE. Where is the 
flaw? When implementing the abstract  machine C, we implicitly suppose that  
the operat ion opd of the machine D does not affect the variable xa. But  this 
hypothesis is broken by the implementat ion DI (see Fig. 4). 

The B-method  imposes conditions on architecture to eliminate some incorrect 
cases (B-book, p. 583): it is not possible for a machine, a refinement or an 
implementat ion to see a machine that  is one of its ancestors or descendants 
through a chain of IMPORTS primitives. But  the architecture of our example 
does not fit this condition, because A is impor ted  through a SEES primitive. 

C 

B A \ /  
D 

Fig. 4. Architecture of Example 1. 

The  problem comes from two different views on abstract  machines. When 
abstract  machines are combined, only modifications described in the abstract  
definition of operations are observable. So, we implicitly suppose that  abstract  
machines, and a fortiori their code, do not modify anything else. When abstract  
machines are refined, new variables can be introduced. So we implicitly suppose 
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that  operations can alter other variables, in a way compatible with the refinement 
invariant. 

If variables introduced by a refinement are local to this refinement, the com- 
position is valid. But if these variables can be referenced in other abstract ma- 
chines by composition, these two views can become inconsistent and some un- 
pleasant side effects can appear. New conditions are necessary to simultaneously 
adopt these two points of view. 

2.5 Notat ion,  Operat ions  and Propert ies  on Ref inements  

In this paper, in order to highlight the essential part  of a proof obligation, the 
notation EL will be used, and gluing invariants of intermediate refinements, 
as well as preconditions of their operations, will be omit ted and considered as 
hidden hypotheses. We will also assume that  the precondition of the refining 
operation is already proved. So, in such an implicit  context, the proof obligation 
of an operation op, refined in a chain of refinements R1, . . . ,  Rn, will be written 
Ln =~ oPR._I E L .  opR. ,  where Ln is the gluing invariant of Rn. 

Definit ion 1. Ref inement  Relat ion E L .  
Let L be a predicate, opl -- PIlS1 and op2 = P2IS2 be two operations with 

the same signature. Then: 

Opl EL 092 ~- S2~S1 ~ L  �9 

Definit ion 2. Notat ion var and free. 

1. var(C)  is the set of variables of the component C, in the VARIABLES clause. 
2. free(L)  is the set of free variables of the predicate L. 

R e n a m i n g  C o m m o n  Var i ab l e s .  When a B-component C and its immediate 
refinement R, with gluing invariant L, share some variables v, a renaming must 
be introduced, in order to properly deal with proof obligations. Let C be a set 
of fresh variables, related to v. Then v will be renamed by C in R (and in the 
chain of refinements beginning with R), so the proof obligation for an operation 
op becomes: 

L A v = v' =:~ o p t  E_L^v=,,, v := v'opR . 

Translating a B-Ref inement  into an  I n d e p e n d a n t  M a c h i n e .  This oper- 
ation takes a refinement Rn in a chain M1, R~, . . . ,  Rn, and delivers the corre- 
sponding independant abstract machine Mn, which looks like abstract machine 
Ms of Fig. 3. Main characteristic of this translation is that  intermediate vari- 
ables are hidden by existential quantification. Notice that  renaming of common 
variables is prerequisite. Invariant of the resulting machine is: 

3 X l ,  �9 �9 - ,  X n - 1  " (L1 A L2 A . . .  A Ln) 

and the precondition of an operation is: 

Pn A 3 X l , . . . , x n - 1  " ( L 1 A L 2  A . . . A L n  A P t  A . . .  A Pn-1) �9 
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R e d u c i n g  a Cha in  of  Ref inemen t s .  Reducing a chain of refinements M1, 
R2, . . . ,  P,~ consists in defining a direct refinement R~ of abstract machine M1. 
Let Mn be the independant abstract machine, corresponding with R,~. Then R~n 
is the differential to be added to M1, in order to build Mn. Notice that renaming 
of common variables is prerequisite. Gluing invariant between M1 and R~ is: 

3x2, . . . ,  x,~-i �9 (L2 A . . .  A L,,) 

and the precondition of an operation of R~ is: 

P~ A3xl , . . . , xn_1  �9 (LI A . . .A  L,~ A/ ' I  A . . . A  P,~-I) �9 

Invar iant  Spl i t t ing.  In the following, the invariant splitting property will be 
used to establish sufficient conditions for a proof obligation of a refinement, when 
its gluing invariant L takes the form L1 A L2. 

L e m m a  1. Let S be a substitution and P, Q be two predicates, such that S 
does not modify the free variables of Q. We have: 

Q A "-S-~P ::~ ~S'-(P A Q). 

Proof: by structural induction on substitutions. 

L e m m a  2, Let $1 and S~ be two substitutions, and A, B two predicates, such 
that $1 does not modify the free variables of B. We have: 

SllB A S2",SI~A :~ S2~Sll",(A h B) 

Notice that in general, we cannot deduce S2-,S1-,(A A B) from the hy- 
potheses S2-~S1-',A and S2-',S1-,B. 

Proof: by lemma 1, we have B A -,S1-,A ::> -,S1-~(A A B). By monotonic- 
ity of substitutions through implication (B-Book, p. 287), we obtain $2 (B A 
-,S1--A) :~ S2-,S1"~(A A B). The property is then established by distributiv- 
ity of substitutions through conjunction (B-Book, p. 287). 

Property 1. Invariant splitting. 
Let C be a B-component, R a refinement of C, L =_ L1 A L2 the gluing 

invariant of R, and opc an operation of C, whose refinement is opn. Property 
opt EL opn holds if: 

1. opc does not modify the free variables of L2, 
2. opnL2, 
3. opt U_L1 opn. 

Proof: direct application of lemma 2. 
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3 A Framework for Compositional Refinement 

We call B-component a B-entity: an abstract  machine, a refinement or an im- 
plementation.  A B-component  is flat if it includes neither SEES nor IMPORTS 
primitive. Otherwise it is structured. 

First, we propose a semantics for structured components.  Following the work 
presented in BPR96, the chosen semantics consists in interpreting such compo- 
nents as new "flattened" components.  Thus refinement of structured components  
can be reduced to refinement of flat components.  Finally, we use this framework 
to define the last step of a development: how the code of an abstract  machine 
is elaborated. Studying the correctness of this code comes down to s tudy the 
monotonici ty of the refinement relation with respect to the structural  SEES and 
IMPORTS primitives. This form of monotonici ty is not always valid (recall exam- 
ple 1), and some sufficient conditions will be pointed out. 

3.1 F l a t t e n i n g  S t r u c t u r e d  B - C o m p o n e n t s  

We define a flattening operation, denoted by ~-, which produces a new flat 
component ,  in which all SEES and IMPORTS primitives are expanded. In such 
a flat component ,  the keywords MACHINE, REFINEMENT, IMPLEMENTATION are 
replaced with COMPONENT. I f  no REFINES clause appears  in a component ,  it 
comes from an abstract  machine. Otherwise, it comes f rom a refinement or an 
implementat ion.  This change of keyword is done to underline tha t  there is no 
syntactic restriction on the allowed substitutions in our components.  

In the flattening operation, we only consider variables and clauses related 
to variables (initialisation, invariant and operations), because problems of re- 
finement composit ion come from variables. The SEES and IMPORTS primitives 
will be treated in the same way, because they have the same semantics (call of 
operations on an encapsulated state).  The difference lays on the possibility of 
sharing for the SEES primitive: in this case some components  5(Mi) can have 
some variables in common,  coming from seen machines. 

Definition 3. The Flattening Operation. 
Let C be a B-component .  I f C  is stand-alone, then ~ ( C )  is C, with the header 

"COMPONENT .~(C)". Otherwise, C has some SEES or IMPORTS primitives on 
machines M1, . . . ,  M , .  The flat component  ~ ' (C)  is defined as follows: 

1. Header of :T(C) is "COMPONENT .T'(C)". 
2. I f  C refines a B-component  C ' ,  then a clause "REFINES .~'(C')" is introduced. 
3. Variables of .T(C)  are variables of C, 2 " ( M 1 ) , . . . ,  ~- (M,) .  Because variables 

of C, /1//1, . . . ,  Mn are distinct (a restriction imposed by the B-method),  
common variables may  only come from the machines which are seen (several 
times) and impor ted  (almost once). 

4. Invariant  of ~ ' (C)  is the conjunction of invariant of C and invariants of 
~-(M1), . . . ,  ~-(Mn). For the same reason as above, invariants on shared 
variables are necessarily identical. 
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5. Initialisation of IT(C) is the substitution ((UI |  | Un) ;U), where each 
Ui is the initialisation of the component T (Mi )  and U is the initialisation 
of M. The operator N is the extension of the operator II when variables are 
shared (see BPR96 for more explanations). 

6. Operations of Y ( C )  are expanded operations of C. Expansion consists in 
replacing the calls to operations with their bodies, where formal parameters 
are replace with effective parameters (B-book, page 314). We suppose here 
that  operations are not recursive. 

P r o p e r t y  2. Invariant Preservation by an Operation Call. 
Let M be a component corresponding abstract machine and I be its invariant. 

It can be proved that  I is preserved by a substitution S, calling operations of M, 
if these operations are called into their precondition. Such a condition is imposed 
by the B-method. In consequence, for a component C, seeing or importing a 
component M, each operation of IT(C) preserves the invariant of M. 

E x a m p l e  2. The flat component associated with implementation D I  of Exam- 
ple 1 is: 

C O M P O N E N T  }r(DI) REFINES  . ~ ' ( D )  

VARIABLES x ~  

INVARIANT x a  : 0 . . 1  

INITIALISATION x a  :~-~ 0 

OPERATIONS opd ---- xa := 1 - xa 
END 

3.2 S t r u c t u r e d  R e f i n e m e n t  

Let C be a B-component,  seeing abstract machines M : , . . . ,  Mh, and let R be a 
B-refinement of C, seeing the same machines, and possibly seeing or importing 
other machines Mk+l, �9 �9 Mn. We suppose here that  common variables between 
IT(C) and IT(R) only come from seen machines, i.e. M I , . . . ,  Mk (other common 
variables can be renamed, if necessary). 

To prove the correctness of this refinement, we have to prove that  IT(C) is 
refined by IT(R): 

1. By the flattening operation, invariant of IT(R) is L A L 1 . . .  A Ln, where L is 
the gluing invariant between C and R and each Li is the invariant of Y ( M i ) .  

2. Because 9c(C) and Y ( R )  have some common variables (variables of M:,  . . . ,  
Mk), renaming must be done and the gluing invariant must be strengthened. 

' be a set of corresponding fresh variables. Let v, be this set of variables and v s 
We rename vs by v~ in the component IT(R) and the new invariant becomes 
L A L 1 .  �9 �9 A Ln A v, = v'~. Thus we must establish, for each operation of C: 

L ^ LI . . .  ^ Ln ^ v, = v', ~ opj,(c) E_I.^L,...^L.^~.=~, V, := v',opT(n) 
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3. Two applications of the splitting invariant property will simplify this for- 
mula: 

and L A Lk+l A . . . A  Ln. (a) Splitting into L1 A . . .  A Lk A vs = v8 
i. variables v~ i. opy(c) does not modify variables of L1A...ALaAvs = v s. 

are fresh variables, and, for variables vs, only consulting operations 
can be called in opy(c). 

ii. With similar arguments about opj:(R), v8 := v~sop:r(R)(L1 A . . .  A 
which belongs Lk A vs = v~s) can be reduced to L1A. . .ALkAvs  = v~, 

to hypotheses. 
- - -  I ut. So it remains to prove L A L1 A . . .  A L,~ A vs = vs ::~ 

opy(c) EL^Lk+I^-.^L. V~ := V~,opy(R), which is equivalent to L A 
L1 A . . .  A Ln :=~ op:r(e) ~L^Lk+I^...^L~ opy(R) (proof by structural 
induction on substitutions). 

(b) Splitting into L and Lk+l A . . .  A Ln. 

i. The operations opy(c) do not modify variables of Lk+l . . . .  , Ln be- 
cause variables of these machines are not accessible from C. 

ii. By property 2, L A L1 A . . .  A Ln =~ op:r(R)Li holds for each i. 
iii. So it remains to prove L A L1 A . . .  A L ,  ::V opj:(c) EL opT(R). 

In conclusion, the final condition is L A L1 A . . .  A L,~ ::~ opy(c) EL opT(R), 
which is the one proposed by Atelier-B AtB 1 in presence of SEES or IMPORTS 
primitives. 

3.3 C o d e  C o m p o n e n t s  

In this section, we introduce the notion of code component,  in order to build the 
code attached to abstract machines. Code components are flat components in 
which references to abstract machines, introduced by SEES or IMPORTS clauses, 
are replaced by the code associated with these abstract machines. In the follow- 
ing, we define two kinds of code component:  

1. C(I) is the code component refining .T(I),  if I is an implementation. 
2. C(M) is the code component refining : T ( / ) ,  if M is an abstract machine. It 

is obtained from C(I) by reducing the refinement chain 5 ( U ) ,  :T(I), C(I). 

For simplicity reasons, we suppose that  variables of an implementation can 
only come from seen and imported machines (dealing with local concrete vari- 
ables should not be a problem). 

D e f i n i t i o n  4. Code Component Operation C. 

1. Let I be a B-implementation and let I ~ be I, without its gluing invariant 
and with the clause "REPINES Y ( I ) " .  

(a) If  has neither SEES nor IMPORTS primitive, I has no variables (see 
above), and C(I) is I ~. 
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(b) If I is a structured B-implementation with SEES or IMPORTS primitives 
on components M1,...,  M,~, C(I) is obtained by flattening together I '  
and the code components C(Mt ) , . . .C (Mn) .  The resulting invariant of 
C(I) is L1 A . . .  A L , ,  where each Li is the invariant of C(M/). 

2. Let M be a B-abstract machine. 
(a) If M is a basic machine, C(M) is obtained from :T(M) by adding the 

clause "REFINES .T'(M)", by renaming its variables v with fresh variables 
v', then by adding to its invariant the gluing invariant v -- v'. Recall that  
a basic machine has no B-implementation. 

(b) If M has the implementation I, C(M) is obtained by reducing the re- 
'finement chain Y(M) ,  Jr(I),  C(I), as defined in section 2.5. 

P r o p e r t y  3. Code Component Variables. 

1. Let C be a B-component,  then variables of its code C(C) only come from the 
code of basic machines: var(C(C)) C_ (J{var(C(i)): M is a basic machine}. 

2. Let I a B-implementation. Since variables of the code of basic machines are 
fresh variables, var(Y(I)) fl var(C(I)) = O. 

P r o p e r t y  4. Variables of Gluing Invariants of Code Components. Let L be the 
gluing invariant of a code component C(M), where M is an abstract machine; 
we have: free(L) = var(Y(U)) U var(C(U)). 

E x a m p l e  3. We suppose here that  the abstract machine A of example 1 is a 
basic machine. So the code components C(D) and C(DI), respectively associated 
with components Y(D) and Y(DI) are: 

C O M P O N E N T  

C(D) 
R E F I N E S  

~'(D) 
V A R I A B L E S  

x a  ~ 

I N V A R I A N T  

3 xa . (xa : 0..1 A xa' : 0..1 A xa = xa') 
I N I T I A L I S A T I O N  

x a  ~ :~ 0 

OPERATIONS 

opd = 
x a ' : =  1 - x a '  

END 

C O M P O N E N T  

C(DO 
R E F I N E S  

•(DI) 
V A R I A B L E S  

x a  ~ 

I N V A R I A N T  

x a '  : 0 . . 1  A x a  = X a '  

I N I T I A L I S A T I O N  

x a '  : =  0 

O P E R A T I O N S  

opd = 
xa' := 1 - xa' 

END 

3.4 C o d e  C o r r e c t n e s s  

Now we have to prove that  Y(I )  is refined by C(I). If I has neither SEES nor 
IMPORTS primitive, the proof is obvious. Otherwise, the condition is: 
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C o n d i t i o n  1. A Compositional Proof Obligation. 
If Y(1) has been obtained from a structured B-implementation with some 

SEES or IMPORTS primitives on components M 1 , . . . ,  i n ,  it suffices to prove : 

ILIA.. .ALn=~OPgz(I)  E_L1A...AL. OpC(,)I 

where each Li denotes the invariant of C(Mi), i.e. the gluing invariant between 
C(M~) and 3:(Mi). 

3.5 A Suff ic ient  C o n d i t i o n  

Condition 1 cannot be directly reduced using the splitting invariant property, so 
we now inspect the structure of operations. 

This analysis only works when SEES primitives only occur at the level of 
implementations. In this case, we have var(3:(M)) = var(M), for any machine 
M. A complete analysis, giving the same results, will be published later. 

1. Because operations in Y(I)  and C(I) only differ in the expansion of the 
operations which are called in I,  the property of monotonicity of refinement 
can be used (B-Book, p. 504). Thus, operations of C(I) refine operations of 
3:(1) if we can prove that,  for each i, L1 A . . .  A Ln ~ opT(M,) ELI^...^L, 
opC(M,). This use of monotonicity amounts to prove that  gluing invariants 
Lj are also verified by operations opM, and their refinements. 

2. Now the invariant splitting property can be used: 
(a) Operations op3:(M,) cannot modify variables in free(Lj) for i r j ,  be- 

cause, by property 4, free(Lj) = var(Y(Mj)) U var(C(Mj)): variables of 
abstract machines are supposed to be disjoint (after renaming if nec- 
essary), variables of a code are fresh variables, and opM, can only call 
consulting operations. 

(b) L1 A . . .  A Ln ::~ op:r(M,) EL, opt(M,) is a consequence of the refinement 
proof obligation on Mi, which is Li ~ opy(M,) EL, opt(M,). 

(c) Then it suffices to prove LI A . . .  A L~ ~ opc(M.)(Aj#i Lj). 
3. Using distributivity of substitution through conjonction, we obtain the fol- 

lowing sufficient condition: 

C o n d i t i o n  2. A sufficient condition. 
If Y(I)  has been obtained from a structured B-implementation with some 

S E E S  o r  I M P O R T S  primitives on components M 1 , . . . ,  Ms, a sufficient condition 
is, for each i and j with i r j :  

ILl A . . . A Ln ==~ OpC(M,)Lj  

where each Li denotes the invariant of C(Mi), i.e. the gluing invariant between 
C(M~) and 3:(M~). 
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4 A n  A r c h i t e c t u r a l  C o n d i t i o n  

The sufficient condition stated above preserves, in some sense, the composition 
of refinement because proof obligations of each local refinement are reused. But 
new proofs are necessary. Less fine sufficient conditions can be stated on the 
architecture of developments, in order to guarantee that  no potentially incorrect 
configuration appears. For that  purpose, first we define some dependency rela- 
tions between abstract machines. Secondly a finer analysis of gluing invariants of 
code components is proposed, using a restriction on the SEES primitive. Finally, 
we examine the sufficient condition in terms of easily checkable conditions on 
dependencies. 

Defini t ion 5. Dependency relations. 

1. M1 sees Ms iff the implementation of M1 sees the machine Ms. 
2. M1 imports Ms iff the implementation of M1 imports the machine Ms. 
3. M1 depends_on Ms iff the code of M1 is built by using Ms: depends_on = 

(sees U imports) + . 
4. M1 can_consult Ms iff the code of M1 can consult the variables of the code 

of Ms: can_consult = (depends_on*; sees). 
5. M1 can_alter M2 iff the code of M1 can modify the variables of the code of 

Ms: can_alter = (depends_on*; imports). 

Relational notation is the one of the B-method: transitive closure (+), reflex- 
ive and transitive closure (*) and composition (;). 

4.1 Variables and D e p e n d e n c y  Relat ions  

To ensure the sufficient condition opc(M,)Lj in terms of dependency relations, a 
condition is the following: variables which both appear in opC(M,) and in Lj can- 
not be modified by opc(M,). To state this condition, vat(C), the set of variables 
of a component C must be analyzed, in the case of a code component.  

P r o p e r t y  5. Variables of Code Components. 

1. For a basic machine M, var(g(M)) is the set of variables obtained from 
var(M) by renaming variables v by v'. 

2. For a non-basic machine M, var(g(M)) is the set of the variables of the 
code of an abstract machine which is in the dependency graph of C(M), i.e.: 
var(g(M)) = U{var(g(N)) : Y E depends_on{M}}. 

Now we come back to the sufficient condition. Variables of opt(M,) which can 
be modified come from code of machines in the set can_alter{Mi}. On the other 
hand, by properties 4 and 5, free variables of Lj come from machines or their 
code in the set {Mj} U depends_on{Mj}. Because {Mj} C_ depends_on �9 {Mj}, 
condition 2 is ensured if for each i and j ,  with j # i: 

can_alter { M, } n depends_on* { } : 0 �9 
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This structural condition is too restrictive, because it rejects too many ar- 
chitectures. For instance, architecture of Fig. 5 does not fit this condition but  
can be proved correct if refinements are locally correct: 

MI 

M4 

Fig. 5. A correct architecture. 

4.2  U s i n g  R e s t r i c t i o n s  o n  C l a u s e s  

In this section, a finer analysis of the gluing invariant of code components is 
made, using a restriction specific to the SEES primitive: variables coming from a 
seen machine cannot be referenced into gluing invariants of seing components. 
In consequence, a continuous chain of IMPORTS primitives is needed to alter 
variables of an abstract machine: it explains why architecture of Fig. 5 is correct. 

P r o p e r t y  6. Form of the Gluing Invariant of Code Components. 
Let L be the gluing invariant of C(M), where M is an abstract machine with 

no sEES primitive, then L takes the form A A B, with: 

1. free(A) = U{var(C(N{)) : Ni �9 can_consult{M}}. In this case, A - h A i ,  
where each Ai is the invariant of the independant abstract machine corre- 
sponding to C(Ni) (section 2.5). 

2. If M is a basic machine free(B) = var(M) U var(C(M)). 
3. Otherwise free(B) = var(:7:(M)) U U{var(e(N)) : N �9 imports+{M}}. 

Proof by induction. In the case of a basic machine M, A is true and B is the 
gluing invariant of C(M). 

Now we analyse the inductive step on a simplified case (with no loss of 
generality). Let M be an abstract machine and I be its implementation, seeing 
a machine Ms and importing a machine Mi. Then we have: 

1. Invariant of C(Ms) takes the form As A Bs. 
2. Invariant of C(Mi) takes the form Ai A Bi. 
3. As and Ai are conjuctions of invariants of independant machines. 
4. imports+lM} = {Ui} U imports+{Mi}. 
5. can_consult + {M} = {Ms} U can_consult + {Ui } U can_consult + { Ms}. 
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6. Invariant of C(M), as defined in section 3.3, is: 

3vs,vi. (L AAs A Bs A Ai A Bi A Ls A Li) 

where L is the gluing invariant between ~r(I) and Jr(M), Ls is the invariant 
of Ms, and Li is the invariant of Mi. 

7. (a) vs ~ free(L) because a seen variable cannot occur into gluing invariants. 
(b) vs ~ free(Ai A Bi) and vi ~ free(As A Bs), thanks to property 5. 
(c) Vs ~ free(Li) and vi ~ ree(L~) because machines have disjoint variables 

(after renaming if necessary). 
(d) vs ~ free(As) and vi ~ free(Ai), by inductive hypothesis. 
(e) So invariant of C(M) becomes, after putting some subformulae out of 

the scope of the quantifiers: 

3vs �9 (As A Bs A Ls) A Ai A 3vi �9 (L A Bi A Li) . 

8. A -- 3vs. (As A Bs A Ls) A Ai and 3vs. (As A Bs A Ls) is the invariant of the 
independant machine corresponding to C(Ms). 

9. B ---~ 3vi �9 (L A Bi A Li). 

4.3 An Arch i t ec tu ra l  Sufficient Cond i t i on  

Recall that we want to ensure condition opc(M,)Lj for each i and j,  with i # j, 
where M1, . . . ,  Mn are seen or imported in the implementation I of machine M, 
and L1, . . . ,  Ln are respectively the gluing invariants of opc(M1), . . . ,  opc(M,). 
We suppose that M has no SEES primitive. 

1. Using property 6 and distributivity of substitution through conjonction, Lj 
takes the form Aj A Bj and condition 2 becomes: 
(a) L 1 . . .  A Ln =~ opc(M,)Aj 
(b) L1.. .  A L,~ => opc(M,)Bj 
First formula holds, due to property 2 and to the fact that Aj is a conjonction 
of invariants of independant machines. So a sufficient condition is second 
formula. 

2. By property 6, free variables of Bj come from machines or their code in 
the set {M/} U imports+{Mj}. So it suffices to prove that opt(M,) cannot 
modify variables of Bj: 

can_alter{Ui} N ({Mj} O imports+{Uj}) = O �9 

3. Using the fact that an abstract machine is imported once only, we obtain: 

can_olterlMi} n {Mj} = 0 �9 

4. Next step consists in stating this condition in terms of machine M. 
(a) If Mj is imported by I then Mi cannot import Mj, so condition holds. 
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(b) The remaining case is when Mi is seen by I. So condition becomes: 

can_alter { M }  N sees{ M }  = 0 . 

5. Now, considering the global architecture of developments, we obtain: 

C o n d i t i o n  3. An Architectural Condition. 
An architecture of developpements, where SEES primitives only occur at the 

level of implementations, is correct if all components are proved and if: 

c a n - a l t e r N s e e s = ~  I 

The B-Book (p. 583) and the Atelier-B (up to version 3.2) propose architec- 
tural conditions which can be translated, in terms of our relations, into: 

(imports + W (sees; imports+)) fq sees = ~ . 

This condition is not sufficient, because it does not consider can_alter. So the in- 
correct architecture of example 1, which does not respect condition 3, is accepted 
by the B-method. 

5 C o n c l u s i o n  

A practical issue of our work results in a set of conditions to guarantee the 
correctness of refinements in the presence of SEES and IMPORTS primitives, when 
SEES primitives only occur at the level of implementations 

1. Translation of SEES and IMPORTS primitives in terms of flat components 
has given condition 1 which consists in proving that  refinements can be 
combined. 

2. Use of monotonicity has given stronger condition 2, which exploits the fact 
that  a SEES primitive only allows calls of consulting operations. This condi- 
tion is simpler to verify than condition 1. 

3. Proper restrictions on the clauses SEES and IMPORTS, which can be seen as 
the impossibility to represent two independent abstract states on the same 
implementation, have given the final condition 3 on the dependency graph. 

A complete analysis, with no restriction on SEES primitive, is under develop- 
ment and it will be published later. Under reasonable assumptions about  chains 
of SEES primitives, it gives the same sufficient conditions. 

Under this analysis, it is possible to consider several levels of checkings. For 
instance, if condition 3 is not valid, we can try to verify condition 2 or 1, be- 
fore reconsidering the global development, in order to eliminate the undesirable 
sharing. 

The second issue is, following BPR96, a framework for dealing with struc- 
tured components in the B-method, in order to study how proofs of invariant 
properties and proofs of refinement can be combined. Within this framework, 
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extensions of B-method primitives can be proposed. Structural clauses offered 
by the B-method have some restricting conditions which could be removed. If 
semantics of new structural clauses can be defined in terms of flat components, 
then a proper analysis of their properties of compositional refinement can be 
done in a rigourous way. For instance, the compositionality of some forms of 
INCLUDES or USES can be studied, resulting in a more flexible form of sharing. 
Following MQR95, it seems to us tha t  sharing must be introduced at the spec- 
ification level and must be strictly controlled in the refinement process. In that  
case, fine reasoning about sharing is possible. The problem met in the B-method 
comes from the fact that  reasoning is done at the level of abstract machines, in 
which sharing is not always specified. 
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A b s t r a c t .  We describe a semantic embedding of the basic concepts of 
the B language in the higher-order logic instance of the generic theorem 
prover Isabelle (Isabelle/HOL). This work aims at a foundation to for- 
malise the full abstract machine notation, in order to produce a formally 
checked proof obligation generator. The formalisation is based on the 
B-Book. First we present an encoding of the mathematical basis. Then 
we formalise generalised substitutions by the before-after model and we 
prove the equivalence with the weakest precondition axiomatic model. 
Finally we define operations and abstract machines. 

1 I n t r o d u c t i o n  

Formal methods are mostly used in safety-critical domains to produce high qual- 
ity software or hardware. For industrial use (for large programs), the use of formal 
methods by hand is long, complex and error-prone. Tools have been developed 
to put  formal methods into practice. Are these tools safety-critical systems? Of 
course it depends on the degree of safety we require. But the question is not 
irrelevant: if it is difficult to apply formal methods by hand, we do not see why 
it would be easier to construct "by hand" tools to this task. Thus ultimately, 
the application of formal methods should be checked by ormally verified tools 
to reach the highest degree of safety. 

It  would certainly be very ambitious to develop such tools by, say, the for- 
mal method they intend to implement. However formal methods rely on logical 
foundations which can be embedded in a logical system. So an implementation 
of tools within a theorem prover seems promising for establishing their sound- 
ness as well as providing a unified framework to develop and prove programs. 
Indeed following Gordon 4, embeddings of simple imperative programming lan- 
guages have been done in HOL 7 and in Isabelle/HOL 9. These works enable 
us to generate and prove verification conditions about programs in a unified 
framework, and more important,  in a sound way relative to the logical system 
they use. The specification language Z 11 has been encoded in several theorem 
provers too (see 3 or 8 for a summary of such works). Refinement technology 
for modular programs has been developed in HOL 12, 13 and has been used 
among other things to verify a proof-checker formally. 
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These successful works give us motivation to follow a similar approach with 
the B language 1. B alms at developing a whole system architecture, from 
formal specification to implementation. The B-Book serves us as a guide. We 
found some inspiration too for the long term goal, in the paper of Bert  et al. 2. 

Our aim in this paper is to develop foundations to  make a full formalisation 
of B possible. We mean a formalisation of abstract  machine theory which would 
enable us to formally check the consistency of proof obligations of the abstract  
machine notation, and thus obtain the equivalent of a formally verified proof 
obligation generator. 

We suppose the reader familiar with B but  we give a short presentation of 
Isabelle/HOL in the next section. In Sect. 3 we describe the encoding of the math- 
ematical basis necessary to construct generalised substitutions in the following 
section. We end with the formalisation of operations and abstract  machines. 

2 I s a b e l l e / H O L  

Isabelle 10 is a generic interactive theorem prover whose soundness is ensured 
by an LCF approach 6. Isabelle/HOL implements the higher-order logic of 
Church which is very close to Gordon's HOL system 5. In the rest of the paper 
HOL stands for Isabelle/HOL. 

We describe here some features of Isabelle and the syntax we have used 
from HOL. Readers can skip this section and come back when they encounter 
notations they want to make precise. 

M e t a - l e v e l  logic  Isabelle's meta-logic is higher-order, based on the simply 
typed h-calculus. It is used to express axioms, rules and definitions. ==V 
and A denote meta  implication and meta universal quantification respec- 
tively, the nested implication P1 :=~ ( . . .  (Pn - -~  Q) . . . )  is abbreviated as 
 P1 ; . . .  ; Pn  ~ Q. - is the meta  equality to express definition. 

T h e o r i e s  Declarations are organised in theories, inside which we can define con- 
stants (cons ts ) ,  non-recursive definitions (defs) ,  primitive recursive defini- 
tions ( p r i m r e c )  and inductive definitions ( induc t ive ) .  The latter specifies 
the least set closed under given rules. 

T y p e s  The type of formulae is bool. =~ is the function constructor. Greek letters 
denote type variables. Type constraints axe written x :: t (the type of x is t). 
We can introduce type synonyms ( t ypes )  and type definitions ( t y p ed e f ) .  
The latter introduces a new type T in a safe way from some subset S. It 
adds the function Abs_T from S to T and the converse function Rep_T with 
the axioms Abs_T(Rep_T(x)) = x and x : S ==~ Rep_T(Abs_T(x)) = x. 

Log ica l  c o n n e c t i v e s  Classical notations -~, A, V, >, V, 3. The equivalence 
is simply = since we are in a higher-order logic. We use > and = instead 
of B notation (=~ and r e is Hilbert 's description operator  (equivalent of 
a choice operator):  (ex. P) denotes some x satisfying P if P is satisfiable, an 
arbi t rary value otherwise. It  is used to define a polymorphic arbitrary value: 
arb i t ra ry  - -  ~x. False. 
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Sets  Classical notations U (union), N (intersection) . . .  UNIV denotes the uni- 
versal set of a certain type (all the elements of this type). 

Lists We use HOL notations instead of B ones, except for the concatenation 
of two lists writ ten as x~y.  { x ~ denotes the set of elements of the list x. 
map(jr)(/) is the list of images of elements of the list l through f .  

All the definitions below have been implemented in HOL, and whenever we 
speak of a theorem, a property or a result, tha t  means a theorem formally proved 
in HOL. 

3 M a t h e m a t i c a l  B a s i s  

In this paper we focus on generalised substi tution and abstract machines. We 
do not want to formalise all the mathematical  background presented in Par t  I 
of the B-Book. Of course we need to manipulate predicates, expressions and 
substitution over them, but  we shall not define the syntax of predicates and 
expressions. Instead we encapsulate them in a HOL abstract  type which captures 
the essential properties we need. We then define substitutions on predicates and 
expressions. 

3.1 P r e d i c a t e s  a n d  Express ions  

First, we define an abstract  type name to denote variable names. We let expres- 
sions be undefined, so their type is just value, another  abstract  type. For example 
in practical use, name could be instantiated by string. If we want to be very close 
to B,  it is a little more complicated for value, since we need to define a recursive 
data type containing the integers, the powerset and the cartesian product  con- 
structors, and a corresponding type-checker. All this is possible but  outside the 
scope of this paper. 

From these basic types we define a state as a mapping from variable names to 
values, and represent a predicate (resp. expression) depending on free variables 
by a function from state to boo (resp. value). Tha t  corresponds to the following 
declarations in HOL: 

types  name 
value 
s t a t e  ---- n a m e  =~ va lue  

pred - -  s ta te  =~ bool 
expr  - -  s ta te  =~ va lue  

This semantic representation of predicates and expressions is classical, but  it 
gives us some undesirable functions. Indeed the definitions of pred and expr admit  
functions depending on an infinite set of free variables, which obviously we do 
not need in practice, and which would cause problems for the generation of fresh 
variables for alpha-conversion (renaming of bound variables). 

Normally we should deduce the finiteness of the set of free variables of a 
predicate or an expression from its structural definition. Because we do not have 
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such a definition, we need to constrain the s tate  functions from the "outside". 
We want to consider functions which only depend on a finite subset of images of 
a state. Tha t  is, there exists a finite name set D such tha t  the image of a s tate  
s through a function f does not depend on the values of s outside D (but f can 
depend on the values of s on a strict subset of D): 1 

~D. finiteD A (Vst .  s ~ D  t > jr(s) = f ( t ) )  (1) 

To abbreviate  this proper ty  and because we shall reuse this concept later, we 
introduce the constant  depend u and define the type  constructor  Sfun: 

defs  depend( / ) (D)  - Ys t. s ~ D  t ---+ I ( s )  = I ( t )  

t y p e d e f  aSfun  = {(jr :: state =~ c~). 3D.f ini teD A depend(jr)(D)} 

Obviously all constant functions are members  of Sfun set, which guarantees tha t  
the new type is not empty. The  construct t y p e d e f  ensures tha t  for all F of type 
a Sfun, its concrete representat ion satisfies (1). Predicates and expressions are 
instances of Sfun: 

t y p e s  Pred = bool Sfun 
Expr = value Sfun 

Application and abstract ion are denoted by F~s and ()~s. f ) .  For convenience, 
we lift the logical connectives from bool (in normal  font) to Pred (in bold font) 
such that:  

( -~P) ' s  = -~P's 
(P(DQ) 's  =- P ' s @ Q ' s  @ stands for A, V, > , =  

( •x .  P ) ' s  = | P ' sv /x  | stands for V and 3 

The definition of --- is polymorphic as in HOL: tha t  is P~s and Q~s must  simply 
have the same type, bool or value, sv/x denotes the assignment of v to  x in the 
s tate  s, tha t  is: 

de f s  sir~x - ~y. if y = x then v else s(y)  

Finally we use $x to denote the expression tha t  returns the value of the variable 
whose name is x: $x 's  - s(x) .  We establish the injectivity of $, 

= $y)  = (x  = y) ,  (2) 

with the help of a supplementary axiom about  the abs t rac t  type value which 
states tha t  there are at least two distinct elements of type  value (obvious for an 
interesting use): 3(a :: value) b. a r b 

1 ~ is an equality on restricted functions, defined by s ~D t = Vx E D. s(x) = t(x) 
2 In fact depend is overloaded to be used later with substitution or several elements at 

the same time. At this point it is extended to cartesian product by depend(f, g)(D) =. 
depend(jf)(D) A depend(g)(D), list by depend()(D) = True A depend(f#G)(D) = 
(depend(f)(D) A depend(G)(D)), name set by depend(N)(D) -- N C D and Sfun 
(after its definition below) by depend(F) = depend()~s. F's) ,  . 
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An impor tant  result for a Sfun elements is the extensionnality proper ty  

( A  s. F 's  = G's) ==~ F = G 

which comes directly from the extensionnality axiom for functions. 

(3) 

3 .2 S u b s t i t u t i o n  

We now define substi tution on predicates and expressions. By substi tut ion we 
mean here only substi tut ion of variables by expressions (or other variables) in 
predicates or expressions. To avoid the use of explicit type constraints with an 
overloaded operator ,  we use x := EF for substitution, and we reserve S to 
denote the weakest precondition operator  defined by the generalised substi tu- 
tion S. Abrial defines the subst i tut ion syntactically, but  this requires a syntactic 
definition of predicates and expressions. Since we consider these from the se- 
mantic  view, we give a semantic definition using the assignment function. Later  
we shall define substi tution on generalised substitutions (to be able to define 
operat ion calls), so tha t  the opera tor  subst is defined for a polymorphic type  ~. 
The definition for fl = a Sfun follows: 

c o n s t s  subst :: name, Expr, f~ =~ j3 ("_ := __") 
de f s  x := EF - As. f ' sE ' s /x  

Variable renaming is a part icular  case of subst where the expression is $y for 
some y. We can easily establish some results like 

x := E$x= E 

x := E(P(~Q) = (x := EP ~ x := EQ) 

But to go further (to deal with bound variables and multiple substitution),  
we need to make precise what  is a fresh variable: a variable which has no free 
occurrence in a predicate or an expression. In fact the non-freeness side-condition 
is the dual of the constant depend introduced earlier: "the variables of v are not 
free in F" (v\F) is equivalent to " F  depends only on the variables in ~,,3. Then 
". \ ."  is just  an abbreviat ion and in the rest of the paper  we use alternatively 
".\ ." or depend, depending on which is more "intuitive". 

s y n t a x  v \ F  - depend(F)(~) 

Since we use set-theoretic notation,  it is a little different to B notation. 
For example to express tha t  variable x is not free in F ,  we write {x} \F .  The 
advantage is tha t  we can speak of any set of variables, even an infinite one. We 
are able to prove the following theorems: 

v \ $ x  = x r v 

(v - { x } ) \ P  ~ v\( |  P) 

3 ~ is the complement of v. 
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{*}\P 
{x}\P 

{.}\($u, F) 
{y}\P 

{y}\($x,E) 

= : = ~ x . P =  P 

==~ x := EP = P 

x := y := FEy := FP = y := Fx := EP (4) 

==~ {~y. x := $yP = @x. P (5) 

==~ x := E(| P) = {~y. x :-- EIP (6) 

We can always apply (6) with the renaming of the bound variable (5) when 
necessary to satisfy the side-condition by exhibiting a y such that  {y}\(P, $x, E). 
The existence of such a y is a consequence of the property which defines Sfun (1) 
and of an axiom that  states the infiniteness of variable names: -~finite (UNIV :: 
name set). Notice that  the formal proof of (4) points to an omission in Abrial's 
corresponding axiom 1, p. 35, axiom SUB 11: the side-condition {x}\$y (or 
x \y  in B parlance). 

With ". \ ."  we can define the multiple substitution in the same way tha t  
Abrial does. We use the HOL list type to represent lists of variables and lists of 
expressions 4. Then we have to provide two rules: an obvious one for the "empty" 
multiple substitution, and one for the "real" multiple substitution (we keep HOL 
syntax for lists, thus x # Y  corresponds to x, Y in the B-Book): 

r u l e s  / := F = F (7) 

 {x}\$Y; {z}\(F, $Y,D)  (8) 
x # Y  := c#DF = z := c~  := Dx := $zF 

We have removed the side-condition z\($x, c), which is pointless. We do not say 
what happens if the lengths of the list of variables and the list of expressions 
are different. Tha t  means we always need an hypothesis of equality on these 
lengths to prove general properties about  multiple substitutions. Here too, the 
property which defines Sfun (1) is essential to prove general properties about  
multiple substitution like distributivity over logical connectives, since we can 
always exhibit a fresh variable z verifying the non-freeness property of (8). 

To simplify proofs about multiple substitution (to avoid too much interactiv- 
ity during proof due to non-freeness side-conditions and inductions on lists) we 
introduce a multiple assignment on states and prove that  multiple substitution 
is equivalent to, first evaluating all the expressions involved and then, assigning 
(in any order) each obtained value to the corresponding variable, provided the 
variables are distinct 5 and the lengths of the lists are the same 6. This is the 
theorem: 

distinctX; X le__, E  ~ X := ElF  = (,ks. F'smap()~e.e's)(E)/X) 

The multiple assignment is defined by primitive recursion on the list of variable 
names (we keep the same notat ion as simple assignment to avoid too much 
different syntax): 

4 For this purpose $ is extended to lists of names: SX - map(op $)(X). 
a The operator distinct is defined by primitive recursion on list. 
6 IQa x = y is short for length(x) = length(y). 



72 

primrec assign list 
sV/ = (case Y of  =~ s I v#w ~ arbitrary) 
s V / x # Y  = (case Y of  =r arbitrary J v # W  =~ sv/xW/Y) 

At this point, all axioms about  non-freeness and substi tution (series NF and SUB 
of 1, Appendix El) tha t  we can express in our framework, can be established. 

4 G e n e r a l i s e d  S u b s t i t u t i o n  

Abrial defines the language of generalised substi tutions (for short GSL) from a 
weakest precondition axiomatic system. Then he shows the equivalence of this 
system with the before-after model. Finally he links them to two set-theoretic 
models: the set t ransformer model and the relational model which corresponds 
directly to the before-after model with sets instead predicates. 

Of these constructions, we eliminate the set-theoretic models because of their 
typing rigidity which, perhaps,  simplifies reasoning at the level of substi tutions 
in a single machine, but  which is not suitable for reasoning about  machine ar- 
chitectures. Finally, we choose the before-after model because we find it easier 
to formalise in our framework. However, to be close to the B-Book, we show the 
equivalence with the axiomatic model. 

4.1 Before-After Model 

As stated by the normalised form theorem 1, Theorem 6.1.1, for all generalised 
substitutions S working on the variable x there exists two predicates P and Q 
such that z: 

S = P I @x'. Q : ,x  := x' 

Such a P is unique, but  not Q. More precisely any Q~, such tha t  P ~ Vx~.Q = 
Q~ defines the same generalised subst i tut ion as Q. However there is only one Q 
such tha t  (Vx. ~ P  ~ Vx ~. Q). Of course, as we will prove later, P and Q are 
exactly the terminat ion predicate t rm(S)  and the before-after predicate prd~ (S). 

Obviously, the variable x on which the substi tution works is also character-  
istic. In fact, Q also depends on another  variable denoted by priming the former 
one: x ~, which denotes the after-value of x. The  priming is only a convention; 
what  is important  is tha t  x ~ is fresh, t ha t  is, is distinct of x. 

Then formally, a substi tution is a 4-tuple ( P , Q , x , x  ~) where P and Q are 
predicates, and x and x ~ are lists of variable names all distinct and of the same 
length. To derive the injectivity proper ty  of the weakest-precondition opera tor  s 
(16), any generalised substi tution needs to have a unique representation. For P 

v Readers familiar with HOL should notice that we use ~ for the unbounded choice 
operator of B, instead of Hilbert's choice operator denoted e in this paper. 

s Two generalised substitutions are equal if they establish the same post-conditions. 
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and Q it suffices they verify (Vx. -~P ~ Vx'. Q). Lists of variables are not suit- 
able since the repetition and the order of variables are irrelevant: (x, x :-- e, f )  
is not well-formed, and (x, y := e, f )  and (y, x := f ,  e) are equal. Furthermore 
the explicitness of x'  is artificial since a substitution does not depend at all on 
the particular names chosen for x ~. 

So we use of a finite set instead of a list to denote variables involved in 
a substitution. We bypass the last point by making Q dependent on two pa- 
rameters instead of one: the before-state and the after-state. Since we want the 
only relevant values of the after-state to be those of the variables x, we have 
a non-freeness condition on the second parameter  of the before-after predicate 
(expressed with depend). With these properties we define the type of generalised 
substitutions: 

typedef Sub = {(P :: Pred, Q :: Pred Sfun,D :: name set). f inite(D) A 
(Vs. depend(Q's)(D))  A (Vs.-~P~s ) (Vs'. Q~s's'))} 

We add some syntax for convenience. (PD : Q) is used as concrete syntax 
for the substitution abstracted from the 3-tuple (P,)~s s'. P ' s  --+ Q's~s ', D).  
Conversely trm, prd, dom map a substitution to its three components 9. dora(S) 
is the set of variables which S may modify, intuitively those are the variables 
which appear on the left-hand side of substitutions. Initially trm and prd are 
just considered as syntactic features to retrieve the characteristic predicates of 
an element of Sub, but they indeed correspond to what we expect, as proved 
after the next definition. 

The formalisation of generalised substitutions is completed with the seman- 
tics of the weakest precondition of a postcondition R w.r.t, a substitution S 
(classically denoted by wp(S, R), but  we follow Abrial's notation SR): 

SR -- ,~s. trm(S)'s A (Vs'. prd(S) 's 's '  A s ~do-'g'~(s) s' ~ R 's ' )  

The condition s ~do--g~(s) s' tells us that  the variables not involved in the substi- 

tution are not modified. 
We are now able to justify the choice of trm and prd by the proof of the 

following theorems: 

trm(S) = S()~s. True) 

prd(S) = )~s s'.-~S()~s. ~ s' ~gom(S) s)'s) 

They are exactly Abrial's definitions in our formalism. (,ks. True) stands for the 
predicate x = x, and (,ks. -~ s' ~dom(s) s) 's)  for -~ x'  -- x. 

9 The use of (As s ~. P ' s  ~ Q~s's ~) instead of simply Q guarantees the condition 
(Vs. -~P~s ---+ (Vs'. Q~s~s')) and does not change the semantics of the substi- 
tution. P, Q and D must verify the properties of Sub to obtain the equalities 
trrn(P ID:Q)  -- P, prd(PID:Q)  = Q, and dorn(P ID:Q)  = D. The notation 
(P I D : Q) is reminiscent of the standard B notation. 
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This foundation lets us define the operators of the GSL easily: 

skip -- (As. True 0 : As s'. True) (9) 
x := E = (As. True I {x}:  As s'. s ' (x)  = E ' s )  (10) 

P I S - ( P  A trm(S)  dom(S):  prd(S)) (11) 

P :- S - (P  ) trrn(S) I dora(S) : As s'. P ' s  A prd(S) 's 's ' )  

S D T -- (trm(S) A trm(T)  dom(S) U dom(T) : (12) 

As s'. (prd(S) 's 's '  A s ~dom(T)--dom(S) S') V 
(prd(T) 's 's '  A s ~dom(S)-dom(T) S') ) 

@x. S - (Vx.  t rm(S)  I dom(S ) - { x }  :Ass'. 3vv'. prd(S)'svlx's'v'/x) 
S ll T - ( trm(S) ^ t r m ( T )  I dom(S) U dorn(T) : (13) 

Ass ' .  prd(S) 's 's '  A prd(T) 's 's ' )  

Apart  from the unusual look of the before-after predicate due to its functional 
representation, certain definitions merit some comments. According to us, this 
definition of skip (9) is more intuitive than x := x since it does not involve any 
variable at all. With (10) we can establish the expected relation between the sim- 
ple substitution of GSL and the semantic substitution developed in the previous 
section: x := ER = x := ER. We just  use prd(S) instead of P ) prd(S) 
in (11) according to the note 9. The only definition which is perhaps a little 
surprising is the choice operator  (12). Indeed following the substitution which is 
chosen in S N T, say S, we have to specify that  the variables involved in T are 
not modified except if they are involved in S, that  is s ~dom(T)--dom(S) S t, con- 
versely for T. Our definition of the parallel operator l~ (13) is more general than 
Abrial's, since it allows S and T to work on common variables. When domains 
of S and T are disjoint it is exactly Abrial's definition. We could have defined 
it as (if dom(S) I"1 dom(T) = O then . . .  else arbitrary) but  that  is needlessly 
complex. In fact, because of the normalisation form theorem, we can write this 
generalised substitution anyway with or without the domain condition. So we 
think this condition would be bet ter  placed as a limitation on the GSL we can 
use for abstract machines, as the use of composition and loop substitutions is 
forbidden at the abstract level, and the use of the specification statement (x : P)  
is forbidden at the implementation level. 

4 . 2  A x i o m a t i c  M o d e l  

In this section we establish the equivalence between the before-after model we 
developed above and the axiomatic model from which Abrial starts. 

First, from the definitions above we derive the axioms of GSL (the results 
about skip and D could be derived from the three others with a definition based 
on the normalised form of substitutions, but  we follow Abrial's presentation): 

skipR = R 

lO Bert et al. introduce this definition in 2 but for another specific need. 
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P I Sn = P A SR 

P '.. SIR = P > SI R 

S ~ TIR = SIR A TIR 

{ . } \ n  ~ ~.. SlR = Vx. SIR (14) 

Conversely, we show that  every substitution as we defined them (element of 
Sub type) can be expressed in a normal form using only the precondition, the 
guarded substitution, the unbounded choice and the (multiple) simple substitu- 
tion, that  is 

VS. 3P  D D' Q. S = P I (@D'. Q ~- D := D') (15) 

The proof is relatively easy ff S involves only a single variable (i.e. the domain of 
S is a singleton). To do the general proof we need to deal with lists of variables. 
So we extend by primitive recursion the binding operators V, 3, and @: 

primrec "op ~"  list 
| n = n 
|  R = | | R 

We extend the simple substitution to the multiple substitution when it makes 
sense (that is when the variables involved axe distinct and when there is the 
same number of expressions as variables): 

defs  
len 

X := E = i f  distinct(X) A E = X 

then ()~s. True l {  X ~ :)~s s'. map(s')(X) = map(Ae, e's)(E)) 
else arbitrary 

The general proof of (15) is not really complicated but needs several specific 
properties of operators on lists. The correct P is found automatically by Isabelle, 
it is of course trm(S). The others are instantiated by hand. For D we take any 
list such that  its elements are distinct and are those of dorn(S) 11 . For D' we need 
distinct fresh variables in the same number as D. At last Q is prd(S) where the 
relevant after-values are mapped to the fresh variables D'. 

P = trm(S) 

D = (eD. ~ D ~ = dora(S) A distinct(D)) 

D' = (eD'. ~ D' }\S A distinct(D') A D' le_n D) 

Q = (As. prd(S)'s'smap(s)(D')/D) 

The obtained result is just formal, and is not used in practice. More use- 
ful is the injectivity property of the weakest precondition operator ".." which 
states that  two substitutions are equal if they have the same domain and if they 

11 It is possible since dora(S) is finite. 
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establish exactly the same postconditions. Its proof uses the injectivity of the 
encoding of Sub and the extensionnality property of c~ Sfun (3): 

 dora(S) = dora(T); VR. SIR =TR  ==~ S = T (16) 

Equipped with this theorem and the axioms of GSL, we can forget the heavy 
definitions in terms of trm, prd and dora of the operators of GSL, and prove 
almost automatically 12 all the various properties which mix different substitution 
operators. For properties involving the parallel operator  we need to prove 

 dom(S) M dom(T) = 0; dom(S)\Q;  d o m ( T ) \ P ;  

SIP; TQ  ==~ IS 11T(P A Q) 

4.3  S u b s t i t u t e d  S u b s t i t u t i o n  

We close the section on GSL by extending the non-freeness and the substitution 
to generalised substitutions, which we need to define operation calls in the next 
section. 

The variables manipulated by a generalised substitution S are the variables 
of trm(S),  and the before- and after-variables of prd(S). By the definition of 
the Sub type, the after-variables are included in dora(S). The extension of the 
non-freeness condition is defined through the extension of depend (see note 2): 

de fs  depend(S) -- depend(trm(S),prd(S) ,dom(S))  

At this point we can derive the theorem {x} \S  ~ @x. S = S. 
The substi tuted substitution is less easy to define because it is only partial: 

x := E(x := F) is only defined when E is itself a variable. More generally, to 
define a substi tuted substitution x := ES, we have to consider two cases: 

- The substi tuted variable x is in the domain of S. Then the substi tuted 
substitution makes sense only when there exists y such that  E = $y. The 
injectivity of $ (2) guarantees that ,  i it exists, such a y is unique. The 
domain of the substituted substitution is obtained by replacing x by y, that  
is {y} U (dora(S) - {x}), x is replaced by y in trm(S) and in prd(S) where 
we also replace x' by y' (As. x := Sy(x := $y(prd(S))'s)). 

- The substi tuted variable x is not in the domain of S. In this case the sub- 
st i tuted substitution is defined for all E ,  and its domain is dora(S). 

We split the definition of a substituted substitution in two rules: 

r u l e s  x E dom(S) ~ x := $yS = (x := $y(trm(S)) 1 
{y} O (dom(S) - {x}) :  As. x := $y(x := $y(prd(S))'s)) 

x r dom(S) Ix := E S  = 

(x := E(trm(S)) I dora(S):  x := El(prd(S))) 

12 In general, with a single call to Isabelle's classical reasoner 10. 
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Note that we do not need to redefine the multiple substituted substitution, since 
(7) and (8) were defined in terms of simple substitution. 

We prove various distributivity properties on (multiple) substituted substi- 
tution. Two useful results are 

{y}\S ~ (~y. = := $yS) = (~x. S) 

and  Y ten x; distinct(x); ~x~ C_ dom(S); 
len 

e = z; distinct(z); ~z~ Ndom(S) = $  

: =  s y - e ( p  IS) = :=  sy- P I :=  

The former enables us to rename a variable under the unbounded choice, in 
practice to apply the axiom of @ (14) when the non-freeness condition about 
x is not realised. The latter is connected with operation calls. It distributes 
the replacement of formal parameters (output x, input z) by actual parameters 
(output y, input e) over the basic shape of an operation (a precondition P and 
a generalised substitution S). 

5 A b s t r a c t  M a c h i n e  

In this section we formalise the abstract machine theory. We characterise basic 
machines, i.e. the elements of abstract machine notation which start by MACHINE 
and do not contain any assembly clause (INCLUDES, EXTENDS, USES or SEES). 
First we define operations and then abstract machines; we end with the combi- 
nation of operations (in a generalised substitution) in order to give an idea of 
our future work. 

5.1  O p e r a t i o n  

An operation is characterised by a 5-tuple (N, i, o, P, S): N is the name, i and 
o are respectively the list of input and output parameters, P is the explicit 
precondition of the operation, and S is the substitution performed when the 
operation is called. There are constraints to obtain a well-formed operation: the 
names of lists i and o must be all distinct, o must not be free in P, i must not 
be modified by S, and conversely o must be in dora(S). We define the type 0p 

t y p e d e f  0 p  = { ( N  :: name, i :: name list, o :: name list, P :: Pred, S :: Sub). 

distinct(i) A distinct(o) A ~oD\P A 
 il} n dom(S) = ^ {lol} c dom(S)}  

We explicitly separate the precondition from the substitution of the operation 
since it plays a particular r61e in the axioms of abstract machines. 

The operators name, in, out, pre and body map an operation to its internal 
components. We define an operator to denote the local variables of an operation 
and a predicate to control the set of readable variables: 

defs local(O) _= dom(body(O)) - out(O) 
read(O)(V) ~ depend(pre(O),trm(body(O)),prd(body(O)))(V) 
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An operat ion call o ~-- O(i)  is simply the generalised substi tut ion (pre I body) 
where the formal parameters  in and out have been replaced by the actual  pa- 
rameters  (o :: name list) and (i :: Expr list). Of  course we need a side-condition 
to say tha t  such a call is well-formed: the actual  output  variables o are distinct, 
o and i have the same length than  their corresponding formal parameters ,  and o 
is different from the local variables of O. Finally we define preserve which states 
tha t  an operat ion preserves a predicate. 

de f s  o ~- O(i)  

preserve(O)(/) 

-- ou t (O)~ in (O)  := $o~i(pre(O) I body(O)) 
len len 

-- distinct(o) A o = out(O) A i = in(O)A 
~o~} n local(O) = 0 

-- As. Vio.  wfcall(O)(i)(o) 
) ( I  A/ i n (O )  := ipre(O) 

o o(01I)'8) 

5.2 A b s t r a c t  M a c h i n e  

We have now all the necessary concepts to define abs t rac t  machines. However 
in this paper  we simplify some features: we do not include the clauses SETS, 
(ABSTRACT_)CONSTANTS and PROPERTIES, and we do not distinguish between 
CONCRETE_VARIABLES and VARIABLES, since for the moment  our formalisation 
does not go far enough to exploit these concepts. 

An abs t rac t  machine is a 7-tuple (N, X,  C, V, I ,  U, O) where N is the name, 
X the list of formal parameters ,  C the constraints on these parameters ,  V the 
set of variables, I the invariant, U the initialisation and O the set of operations. 
The machine is well-formed when X and V are distinct, C depends on X only, 
if there is no pa ramete r  13 (X = ) then C = (As. True), V is finite, I depends 
on X and V only, U works on V and depends on X only, O is finite and for each 
element of O their local variables are equal to V 14 and they can only read their 
input parameters ,  V and X .  The  type Mch is then 

t y p e d e f  Mch = { ( N  :: name, X :: name list, C :: Pred,V :: name set, 

I :: Pred, U :: Sub, 0 :: Op set). 

distinct(X) A ~ X  ~ I"1V = • A depend(C)(~X ~) A 

( X  =  > C = ()~s. True)) A 

f in i te(V) A depend(1)(~X D U V)  A 

dora(U) = V A depend(U)(~X~}) A f inite(O) A 

(VB e O. local(B) = V A read(B)(in(B) U V U ~X~) A 
(VA E O. name(A) = name(B) > A = B)  )} 

13 In this case there is no CONSTRAINTS clause in B. However, to have a unified type 
for abstract machine, we take this view, consistent with abstract machine axioms. 

14 In general the local variables of an operation just have to be included in the variables 
of a machine, but we can always extend the domain of a substitution S (then of an 
operation) with x by S I I x := x to obtain that equality. 
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As previously, we provide selector functions name, prm, ctr, var, inv, ini and 
ops, to access to components of Mch. The axioms of abstract machines are ex- 
pressed in the definition of the consistency predicate: initialisation establishes 
the invariant under the constraints, and all the operations preserve the invariant 
under the constraints. 

defs consistent(M) - (Vs. (ctr(M) ~ ini(M)(inv(M)) )'s) A 
(VB e ops(M). Vs. (c t r (M) �9 

preserve(B)(inv(M)) )'s) 

At this point we can develop and prove single machines. The encapsulation 
of operations and machines in abstract types guarantees that all the conditions 
about non-freeness, dependence, distinctness etc. are formally verified. 

5.3 Combining Operations 

In this section we look at the use of operations in generalised substitutions (as in 
bodies of operations of including machines). Such generalised substitutions (we 
call them commands) are defined with operation calls combined with generalised 
substitutions on variables other than the local one of the operations (following 
the hiding principle). First we give a precise definition of which combinations 
are accepted, and then we prove a theorem which ensures the soundness of the 
proof obligations for the INCLUDES clause. 

We need to define hidden, which collects all the local variables of a set of 
operations (hidden(O) - {n. BU �9 O. n �9 local(U)}). 

cmd(O), the set of commands constructed on the set of operations O, is 
defined inductively. The first two cases introduce operation calls and generalised 
substitutions on variables other than hidden(O). The next four rules authorise 
the GSL basic operators. Finally, the parallel operator is permitted for disjoint 
substitutions. 

inductive cmd(O) 

 U �9 O; wfcall(U)(i)(o); hidden(O)\o  ~ o ~- V(i) E cmd(O) 
hidden(O)\dom(S) 

S �9 cmd(O) 

S �9 cmd(O) 

 S e cmd(O); T E cmd(O)  

 x • hidden(O); S �9 cmd(O)  

S E cmd(O) 

==v (P l  S) e cmd(O) 

(P '. S) e cmd(O) 
(S~T) �9 cmd(O) 
(@x. S) �9 cmd(O) 

S E cmd(O); T E cmd(O); dom(S) n dom(T) = 0  
(Sll T) c cmd(O) 

For example, the well-formed operations for a machine M which includes 
the machines M1 and M2 are exactly cmd(ops(M1) O ops(M2)), provided that 
var(M1) and var(M2) are disjoint. 

The INCLUDES mechanism enables us to prove separately the proof obliga- 
tions of the included and the including machines. The theorem below ensures 
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that the operations of the including machine indeed preserve the invariant of the 
included machines. That is, with the example above, for all operations C of M, 
C preserves inv(M1) and inu(M2). 

 C E crnd(O); 

VU E O. VV E O. local(U) = local(V) V local(U) n local(V) = q}; (17) 

3U E O. depend(I)(Iocal(U)); (18) 

VU E O. Vs. preserve(U)(I)'s  (19) 

Vs. (I A trm(C) > CI)'s 

This general theorem does not refer to abstract machines. However the link 
with the INCLUDES mechanism is straightforward: O is a set of operations (the 
union of the operations of the included machines), I is a predicate (the invariant 
of an included machine), C is a command constructed from O (the body of an 
operation of the including machine). 

Note the side-conditions (realised in the case of an INCLUDES clause) which 
state, (17) that the local variables of the operations form a partition of all the 
hidden variables (as it must be the case for operations coming from different 
machines included in the same machine), (18) that the invariant depends only 
on local variables of some operation (we suppose that all the operations of a same 
machine have the same local variables, see note 14), and (19) that the invariant 
is preserved by all the operations (which is trivial for the operations from other 
included machines than the one of the invariant, because of the partition of 
hidden variables). 

This theorem is the key to prove the consistency of the proof obligations of 
an including machine. That is informally: 

proof_obligation(MACHINE M INCLUDES N . . .  END) 

consistent(abstract_machine(MACHiNE M INCLUDES N . . .  END)) 

where prooLobIigation and abstract_machine map a B component to respectively 
its proof obligations and the corresponding element of type Mch. 

6 C o n c l u s i o n  

In this paper we have started a formalisation of B in Isabelle/HOL. We have 
bypassed the encoding of the syntax of predicates and expressions by taking 
a semantic view, to focus on generalised substitutions and abstract machines. 
Then we have formalised generalised substitutions by the before-after model, and 
proved the equivalence with the weakest precondition axiomatic model. Finally 
we have formalised abstract machines. 

The construction enables us to define single abstract machines and to prove 
their consistency inside HOL. This encoding of B basic concepts in HOL is also 
promising for the formalisation of the whole abstract machine notation, as our 
current exploration with the INCLUDES clause and the refinement of generalised 
substitutions shows us. 
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This outlines our future work. First we have to define machines assembly 
clauses in term of abstract machines as described in this paper. Then we could 
formally establish rules (proof obligations) for proving the consistency of these 
constructs. We follow the same process for the refinement of abstract machines. 

Apart from interesting theoretical concepts (generalised substitutions, ab- 
stract machines, refinement... ), we also tried to define and use formally the 
non-freeness conditions. These hypotheses seem generally obvious and tedious 
for people, but they are necessary to construct practical tools. Our experiments 
with assembly clauses emphasise their importance and show they do not really 
complicate proofs. Indeed proof scripts are rather short (a few lines of Isabelle's 
tactics), except for theorems involving lists which require more interactivity. 

The main advantage of using HOL is its static type-checking system. It avoids 
to "pollute" formulae with side-conditions to ensure the well-formedness of ex- 
pressions 15. This would not be the case in a flattened universe like Isabelle/ZF 
(the ZF set theory instance of Isabelle). We are peculiarly satisfied with the 
t y p e d e f  construct which encapsulates the properties characterising a new type. 
By hiding these properties it enables us to write very readable and concise the- 
orems. This is specially valuable in case of rewriting rules because the less side- 
conditions there are, the more efficient is Isabelle's simplifier. In addition the 
proof guidance provided by types certainly improves the work of Isabelle's au- 
tomatic tools. 

Obviously this work provides a sort of validation of some B concepts. It also 
leads to a formally developed proof obligation generator for abstract machine 
notation. This tool is valuable in itself. More interesting perhaps, could be its 
use to check existing proof obligation generators (Atelier B, B-toolkit). From the 
theoretical point of view, it is a framework which enables us to check formally 
the soundness of extensions and/or modifications of the B language. 

Finally the work would be complete with an encoding of the syntax of predi- 
cates and expressions. With an appropriate type-checker, the whole construction 
would provide a unified framework to write and prove B programs. 
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A b s t r a c t .  In B, the expression of dynamic constraints is notoriously 
missing. In this paper, we make various proposals for introducing them. 
They all express, in different complementary ways, how a system is al- 
lowed to evolve. Such descriptions are independent of the proposed evolu- 
tions of the system, which are defined, as usual, by means of a number of 
operations. Some proof obligations are thus proposed in order to recon- 
cile the two points of view. We have been very careful to ensure that these 
proposals are compatible with refinement. They are illustrated by several 
little examples, and a larger one. In a series of small appendices, we also 
give some theoretical foundations to our approach. In writing this paper, 
we have been heavily influenced by the pioneering works of Z. Manna 
and A. Pnueli 11, L. Lamport 10, R. Back 5 and M. Butler 6. 

1 I n t r o d u c t i o n  

Background 

This paper is the continuation of a study 2 that  appeared in the First B Con- 
ference, where we showed how B could be used for specifying and designing 
distributed systems. Since then, we have explained, by means of a rather de- 
tailed case study 3, how the concepts introduced in 2 could be handled in 
practice and proved correct with A t e l i e r  B 13. These two studies also showed 
that B could be used "as it is", at least to a certain extent. 

Previous Work 

The main idea conveyed in the mentioned papers is that  B abstract machines, 
normally used to specify and develop software modules, might also be used to 
model the evolution of certain "global" situations. For instance, the state of 
such a "machine" might be a complete network. And its "operations" might be 
simple, so called, events, which may occur "spontaneously" rather than being 
invoked, as is the case with a normal abstract machine operation. For instance, 
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such an event might be a specific action involved in a communication proto- 
col executed by an agent that  is situated somewhere in the mentioned network. 
Rather than being pre-conditioned, each event is guarded by a certain predi- 
cate, which states precisely the condition under which the event can be enabled. 
Finally, new events, which were not explicitly present in an abstraction, _might 
be introduced in a refinement. Such events are all supposed to refine the non- 
event (that modifies nothing) of the abstraction. The gradual introduction of 
new events in successive refinement steps makes it possible to slowly develop a 
system by starting from a non-distributed abstraction (describing, say, in one 
shot, the main goal of a certain protocol) and ending eventually in a completely 
distributed concrete realization. 

Purpose of Paper 

As we became more and more familiar with the problems raised by the speci- 
fication and design of such distributed systems, it clearly appeared that  some 
of their requirements were sometimes elegantly presented informally in terms 
of certain "dynamic constraints" that  are rather difficult to express, prove and 
refine with B "as it is". The purpose of this paper is thus the following: (1) to 
present some simple extensions to B able to handle such constraints, (2) to show 
them at work on some examples, (3) to present their theoretical foundations. In 
doing so, we shall always keep in mind that  such extensions must be easily im- 
plementable on A t e l i e r  B. 

Dynamic Constraints 

Dynamic constraints have been popular among researchers for quite a long time. 
They have been studied intensively for many years (an excellent survey can be 
found in 12). They appear in the literature under different names such as: 
temporal  logic constraints, liveness constraints, eventuality properties, fairness, 
deadlock, livelock etc. Unlike a static constraint (an invariant), which expresses 
that a certain property involving the state variables of a system must hold when 
the system is in a steady state, a dynamic constraint is a law expressing how the 
system is allowed to evolve. 

Handling Dynamic Constraints in B 

Our idea is to practically handle dynamic constraints in B in exactly the same 
way as we have handled so far static constraints. Let us thus recall in what 
follows the way we handle static constraints in B. As we know, it is possible 
to express a number of static properties of a system (in the INVARIANT clause 
of an abstract machine), and also to define a number of named operations (in 
the OPERATIONS clause) whose rSle is to describe the evolution of the system 
(possibly in a very abstract way, which is to be refined later). Once this is 
done, we are required to prove that  the proposed evolution of the system is 
compatible with the (independently proposed) static properties: these are the 
so called "proof obligations". As can be seen, our main philosophy is one of 
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separation of concern. Notice that  in a specification language such as Z 8, the 
invariant has not to be proved to be maintained, it is automatically incorporated 
in the before-after expressions defining the dynamics of the specified system. 

It seems then that  everything has been said, that  there is no room for further 
properties to be defined. The purpose of this paper is to say, no, everything has 
not been said: in the same way as we have defined some static properties of the 
system independently of the operations describing its evolution, we might also 
define a number of dynamic properties independently of the proposed operations. 
And, as seen above in the case of the static constraints, it will then be required 
to prove that  the proposed operations of the system are compatible with such 
dynamic constraints. In other words, we want to be sure that  the system indeed 
evolves as it has been allowed to. Notice that  in a specification language such as 
T L A  10 (like in Z for the invariant, as we have noticed above), the dynamic 
constraints have not to be proved to be satisfied, they are automatically incor- 
porated in the before-after expressions defining the dynamics of the specified 
system. 

Short Examples 

A classical generic example of a dynamic constraint, which can be defined for a 
system, expresses that ,  under some conditions, which hold now, a certain state 
of affair will certainly be reached in the future. In a system involving the control 
of some requests together with the handling of the corresponding services (such 
a system is thus modeled with at least two events, one introducing some new 
request and another honoring some pending request), we might require, as a 
dynamic constraint, tha t  any pending request will not be pending for ever, that  
it will be honored eventually. And, again, we are then required to prove that  
the proposed events gently handle such a dynamic constraint. For instance, we 
might require of a lift system that  any request for a lift at a certain floor will be 
satisfied in the future. Likewise, we might require that  an automatic  maintenance 
system eventually succeeds in repairing what it is supposed to repair at a given 
moment or explain why it cannot do so. We want to exclude the possibility for 
the system to do nothing and never report anything. 

Another classical situation is one where, in a system, we require that  once 
a certain property holds it then holds "for ever": that  any further evolution of 
the system will not destroy the property in question. For instance, in a system 
recording historical information, we might require that  a piece of da ta  stays in 
it for ever once it has been entered. 

2 T h e  P r o p o s a l  

None of the proposals we present in what follows is new. They are just  new 
in B and, perhaps, in the way each of them is packaged and integrated in a 
single language. We have been inspired by the ideas of various researchers on 
different systems. Certainly the work by Z. Manna and A. Pnueli 11, and that  
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of L. Lamport  10. But  clearly, the work of M. Butler as it is presented in 6 
has been fundamental  to us. 

Our proposal is made of five parts. (1) We first introduce a general notion 
of abstract system (complementary to that  of abstract machine). (2) Then we 
present the idea of a variant in an abstract system refinement, whose r61e is 
to limit the possibilities for new events, introduced in that  refinement, to take 
control for ever. (3) We then define the concept of a dynamic invariant expressing 
how data  are allowed to evolve in an abstract system. (4) The important  notion 
of modali ty is then developed, which states how the repeated occurrences of 
certain events can lead to certain wishful situations. (5) Finally, we give some 
rules concerning the problem of deadlock. 

Each of these concepts will more or less be introduced in the same systematic 
fashion. First, we shall present the concept (sometimes with a short background) 
together with its linguistic representation in B. Then we shall give (if any) 
the corresponding proof rules. At this point, we might present a little example 
illustrating the concept and its proof rules (the proof rules will be recognizable 
immediately as they will be boxed in a special way). Finally, we shall explain 
how the concept is influenced by refinement. 

The latter point is fundamental. We have always to keep in mind that  any 
technique for expressing some (dynamic) properties in the development of a 
system has to be compatible with some further refinements. Once you have 
stated a certain property at some point in the construction of a system, you 
demand that  that  property is maintained in further refinements. This is certainly 
part  of the very definition of what refining means (the abstract promises should 
be honored), but  dually, this is also part of the semantical definition of any 
wishful property you want to express. In fact, this gives a primary criterion for 
considering a property: again, it should be maintained by refinement. 

2.1 A b s t r a c t  S y s t e m s  

Description 

In order to make a clear distinction between an "ordinary" abstract machine and 
one that  is used to model a global situation driven by some events, we do not 
call the latter an abstract MACHINE any more, but  rather an abstract SYSTEM. 
Likewise, the OPERATIONS clause of such a system is now called the EVENTS 
clause. The other clauses are left unchanged. 

A Short Example 

As a toy example, next is a little system with two events: 
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SYSTEM 
toy 

VARIABLES 
x , y  

INVARIANT 
x, y E l ~ x N  

INITIALIZATION 
x, y := 0, 0 

EVENTS 
evt_x ~ x : = x + l ;  
evt_y ~ y : = y + l  

END 

No Hidden Fairness Assumptions 

In such a description, there is no hidden assumptions concerning the firing of 
the events: what you get, is only what  you read. And what  we can read is the 
following: when the system moves (notice that  the "willingness" of the system 
to move is not our concern), any occurrences of the two events evt_x and evt_y 
may  take place. However, there is no implicit "fairness" assumptions saying that  
both  events must  occur infinitely often (as is the case in U N I T Y  7). On the 
contrary, here it is quite possible tha t  the event evt_x never occur, or occur just  
once, or many  times, and similarly with the event evt_y. In fact, besides the abil- 
ity of observing any of the two events, we have no extra  knowledge concerning 
the possible sequences of observation we will be able to make. 

Abstract Scheduler 

If  a more specific behavior is needed, it has to be specified explicitly. For instance, 
if we want to be sure tha t  no event can occur indefinitely without  letting the 
other occur from t ime to time, and vice versa, we have to "implement" this 
explicitly (and we shall also see in section 2.4 how to s tate  this, so tha t  we will 
be able to prove our " implementat ion") .  Such an implementa t ion is called an 
abstract scheduler (a variety of such abstract  schedulers is discussed in 4). 

As will be seen, such an abstract  scheduler can be so abstract  tha t  it does 
not commit ourselves to a specific pohcy. As a consequence, any kind of more 
specific policy can be realized in a refinement. There are various possibilities 
for defining such abstract  schedulers, including one consisting in introducing an 
explicit scheduler event. 

An Abstract Scheduler Example 

In what  follows, we propose to distribute an abstract  (fair) scheduler among the 
two events evt_x and evt_y incrementing the state variables x and y respectively: 
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SYSTEM 
toy_with_scheduler 

VARIABLES 
x, y, c, d 

INVARIANT 
x,y,c,  d E N x N x N x N  A ( c > O V d > O )  

INITIALIZATION 
x, y := 0, 0 {I c, d : E N 1  x N 1  

EVENTS 
evt_x  ~ SELECT c > 0 THEN x ,  c :---- x -}- 1, c - -  1 {I d :E I~1 END ; 

evt_y ~ SELECT d > 0 THEN y, d := y + 1, d -  1 II c :E N1 END 
END 

As can be seen, the firing of the event evt_x depends on the positive value of 
a certain variable e. The value of this variable represents, in a given state, the 
m a x i m u m  number  of t ime evt_x can be enabled without evt_y being itself exe- 
cuted. Such a variable is decreased by evt_x and, at the same time, evt_x chooses 
non-deterministically a positive value for a certain variable d handled similarly 
by the event evt_y. The invariant c > 0 V d > 0 ensures that  the system never 
deadlocks. In section 2.4, it will be shown how to express (and indeed prove) 
formally that  each of these two events is "fair" to the other. 

Abstract System and Refinement 

We shall postpone the discussion on the effect of refinement on an abstract  
system until the next section and section 2.5 (where this question will be studied 
in details). Let us just  say for the momen t  that  what  is "promised" by an abstract  
system should not be destroyed by refinement. And what is promised is a number  
of events which can happen freely within certain (guarded) conditions. We do 
not want refinement to offer less concerning the occurrence of the events in 
question. To take the terminology of C S P  9 and also that  of A c t i o n  S y s t e m s  
as presented by Butler in 6, we do not want to restrict in any way the external 
non-determinism that  is offered by an abstract  system at the top level. 

2.2 Ref in ing  an Abstract  Sys tem:  t h e  VARIANT Clause 

Description 

For refining a SYSTEM, we use a REFINEMENT component  whose OPERATIONS 
clause is also, of course, replaced by an EVENTS clause. This is also the case for 
a refinement refining a refinement refining itself an abstract  system, and so on. 

Besides the events of its abstraction, such a refinement may  introduce some 
new events that  are not present in the abstraction. Such new events are all sup- 
posed to refine a "virtual" event of the abstract ion that  does nothing (skip). 
This is amply  described and justified in 2 and 3 (this has already been intro- 
duced for a long t ime in T L A  10 as the "stuttering steps" and also in A c t i o n  
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S y s t e m s  5 as the "internal actions"). However, as such a "virtual" skip might, 
in principle, take control for ever, which is certainly not desirable, we have to 
assume that  the corresponding new event only refines a bounded skip. In order 
to ensure this limitation, we introduce a new clause: the VARIANT clause. Such 
a clause contains a natural number expression. A corresponding proof obligation 
states that  each new event decreases that  quantity, so that  the old events can- 
not be postponed for ever. Notice that the variant could also be an expression 
denoting a natural number sequence, in which case each new event is supposed 
to decrease that  quantity lexicographically. 

Proof Obligations 

Let 7~ be a new event introduced in a refinement. Suppose that  the variant ex- 
pression stated in the VARIANT clause is V. We have then to prove the following 
(where v denotes a fresh variable): 

V E N  

v := v (v  < v) 
(PO_I) 

Such a proof has to be done, as usual, under the assumptions of the various 
invariants we depend on in this refinement. 

A Short Example 

Next is another little system, in which the unique event evt_l non-deterministicMly 
chooses a number x and assign it to both variables a and b: 

SYSTEM 
another_toy_O 

VARIABLES 
a,b 

INVARIANT 
a 6 N  A b E N  A b : a  

INITIALIZATION 
a,b : :  0,0 

EVENTS 
evt_l ~- ANY x WHERE X E 1~ THEN a, b :---~ x, x END 

END 

The idea is to now refine this system as follows: the concrete event evt_l only 
assigns x to a. The variable b ~, the refined version of b, is set to 0. This new 
version of evt_l is only enabled when b ~ is equal to a. A new event, named evt_2, 
gradually transports the content of a to b' by incrementing b ~ while it is strictly 
smaller than a. The gluing invariant (b' = a) ~ (b' = b) precisely states at 



90 

which moment  the abstract  b and the concrete b' do agree: this is indeed when 
the value of b' has reached tha t  of a. 

REFINEMENT 
another_toy_l 

REFINES 
another_toy_O 

VARIABLES 
a ,  b ! 

INVARIANT 
b ' E ( 0 . . a )  A ( b ' = a  =~ b ' = b )  

VARIANT 
a - -  b I 

INITIALIZATION 
a,  b I :-- 0, 0 

EVENTS 
evt_l ~ A N Y  X W H E R E  x E I~ /N b' = a T H E N  a ,  b' := x, 0 E N D  ; 

evt_2 ----~ SELECT b' < a THEN b' := b' + 1 END 

It  is not difficult to prove tha t  the new version of evt_l refines its abstract  
counterpart ,  and tha t  evt_2 refines skip. The proof  obligations concerning the 
VARIANT clause reduce to the following, which holds trivially: 

a E N  A b ' E ( 0 . . a )  :=r a-b 'E l~I  
a E l ~  A b ' E  ( 0 . . a )  A b '<a  :=~ a - ( b ' + l ) < a - b '  

The VARIANT Clause and Refinement 

Another way to look at the above proof obligation is to consider that  the new 
event 7/ refines a generalized substitution defined by the before-after predicate 
V' < V, where V'  denotes the expression V with each state variable x replaced 
by its after-value x' .  In other words, 7/refines a certain non-deterministic substi- 
tution tha t  strictly decreases the quanti ty V. Since refinement is transitive, we 
can then conclude tha t  any refinement ofT/s t i l l  refines the before-after predicate 
V' < V. In conclusion, the VARIANT clause is compatible with refinement. 

2.3 D y n a m i c  I n v a r i a n t :  t h e  DYNAMICS C l a u s e  

Description 

A dynamic invariant is a rule stat ing how certain variables are allowed to evolve. 
For instance, it might  be the case that  we are sure tha t  a certain numerical 
variable cannot be decreased: this is part  of what  we mean by this variable. 
It  might  then be useful to state this explicitly in our specification (subjected, 
of course, to a proof  obligation expressing that  each event indeed satisfies this 
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property).  We know that ,  in a sense, this is redundant  with the events (hence 
the proof obligation) but  we feel it impor tan t  to express such redundancies in a 
specification. 

Such dynamic invariants are defined in a special clause called DYNAMICS. 
It  can be introduced in an abstract  system or in any of its refinements. Such a 
clause contains a number  of conjuncted before-after predicates involving certain 
(before) variables and also some "primed" (after) variables. Each of these before- 
after predicates expresses how variables are allowed to evolve when modified 
by the events. For instance, given a natural  number  variable x, the dynamic 
invariant x < x ~ states tha t  the variable x is not allowed to decrease, only to 
increase or stay unchanged. 

Proof Obligation 

Of course, a proof  obligation has to be generated in order to ensure tha t  each 
event is indeed consistent with the contents of the dynamic  invariant. For in- 
stance, an event with the substi tution x := x + 1 satisfies the dynamic  invariant 
x < x ~ while the substi tut ion x : -  x - 1 does not. 

In general, given an event E and a dynamic invariant of the form P(x, x') 
(where x denotes the variables of the considered abstract  system),  the shape of 
the proof obligation is the following, where prd, (g)  is the before-after predicate 
associated with the event g (this is described in the B-Book 1 in section 6.3.1): 

(PO_2) 

This has to be proved under the invariant of the abstract  system. It  exactly says 
what is meant  by the dynamic  invariant. Namely, if x and x ~ are related by the 
before-after predicate corresponding to the event g then the dynamic invariant 
should also hold between these variables. 

A Short Example 

In what follows it is shown how the system toy of section 2.1 can be equipped 
with a dynamic invariant. 
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SYSTEM 
toy_with_dynamics 

VARIABLES 
x ,y  

INVARIANT 
x, y E N •  

DYNAMICS 
x<_x I A y<_yl 

INITIALIZATION 
x, y := 0, 0 

EVENTS 
evt_x -~ x : = x + l  ; 

evt_y & y : = y + l  
END 

As, clearly, the before-after predicate of evt_x is x ~ = x + 1 A y~ = y, and that  
of evt_y is y~ = y + 1 A x ~ = x, we are led to prove the following which holds 
trivially: 

x, y E N x N  A x ~ = x + l  A y ~ = y  ::~ x ~ x  ~ A y~_y~ 
x, y E N x N  A y ~ = y +  l A x ~ = x  ::~ x<_x ~ A y<_y~ 

Dynamic Invariant and Refinement 

As for the case of the VARIANT clause in the preceding section, we can consider 
that ,  in the proof  obligation (PO_2), the event S refines a generalized substi tution 
defined by the before-after predicate P(x,  x~). And, again, since refinement is 
transitive, we can then conclude that  any refinement of s will still refine the 
before-after predicate P(x,  x~). In conclusion the DYNAMICS clause is compatible 
with refinement. 

2.4 M o d a l i t y  P r o p e r t i e s :  t h e  MODALITIES C l a u s e  

Background 

A variety of t empora l  operators have been introduced in the li terature 11 for 
reasoning about  the way systems can behave dynamically. The most  classical 
are  (always), ~ (eventually), ~ (leadsto) and until. In what follows, we shall 
give a brief informal description of each of them. 

Given a certain predicate P defined on the state variables of an evolving 
system, then :P means that  P always holds whatever the evolution of the 
system. In other words, this clearly means that  P is invariant in our terminology. 

Given a certain predicate P ,  the s ta tement  ~ P  means that  P holds at system 
star t  up or tha t  it will certainly hold after system start  up whatever the evolution 
of the system. Notice that ,  once it holds, there is no guarantee that  P holds 
for ever. This operator  is rarely used on its own, but  rather  together with the 
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operator  , as in the s ta tement  o O P .  This s ta tement  means tha t  it is always 
the case tha t  P holds eventually: in other words, if P does not hold in a certain 
state then it will certainly hold in some other s tate  that  is reachable f rom the 
former whatever the evolution of the system. 

Given two predicates P and Q, the s ta tement  P ~,~ Q (pronounced P leads 
to Q) means tha t  it is always the case tha t  once P holds then Q holds eventually. 
Notice that ,  once the very process, by which some progress is made towards Q, 
has started, then P is not required to hold any more (P  is only required to hold 
at the initialization of this process). The s ta tement  P ~.z Q can be defined by 
the following combinat ion of the two previous operators: 

p~.~ Q ~ D(P  ~ OQ) 

As can be seen, the s ta tement   OQ is clearly a special case of P ~ Q. 
Given two predicates P and Q, the s ta tement  P until Q means two different 

things: (1) tha t  P leads to Q, and (2) that  P holds as long as Q does not. Notice 
that  it is not required tha t  P still holds when Q just  holds. Up to the last evo- 
lution, we can say tha t  P is a "local invariant",  which holds during the active 
par t  of the process by which P "leads to" Q. 

Introducing modalities in B 

It  seems that  a combination of the two operators -~  and until covers most  of 
the "modalities" that  one may  encounter in practice. In both  cases, as we have 
already mentioned, there is an implicit usage of a certain process tha t  is effec- 
tively at work in order to progress from a certain si tuation characterized by the 
predicate P to another one characterized by the predicate Q. 

Following what is done in T L A  10, we would like to make this process 
explicit. In other words, we would like to express tha t  P leads to Q only when 
certain events ~ 1 , " "  , ~ ,  do occur. 

For instance, suppose that  we would like to express tha t  a certain event evt 
in a system cannot prevent indefinitely the other events in the system to occur. 
This is clearly expressed by stat ing that  the guard G of evt leads to -~G and 
this when the only means of progress is precisely evt. If  this is the case then any 
a t t empt  for evt to take control for ever will fail. 

The "eventuality" aspect of these operators means tha t  the process in ques- 
tion must come to an end. Clearly this can be expressed as the terminat ion of a 
certain loop whose body  is made by the bounded choice of the concerned events 
and whose guard is the negation of the predicate we want to reach. 

This view of our modal i ty  as a loop terminat ion is supported by the small 
theoretical development tha t  the interested reader can consult in the appendices. 

Description: First Form 

The first form of our modal i ty  involves five distinct components  (all possibly 
defined in terms of the state variables x of our abstract  system): (1) a predicate 
P which is our "point of departure",  (2) a predicate Q which is our eventual 
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"destination", (3) a non-empty list of event names ~ i , . . -  , ~-n (possibly sepa- 
rated by the keyword oR) that  are involved by the loop in progress to go from P 
to Q (this list is optional, when it is missing then all the events of the system are 
implicitly involved), (4) an invariant predicate J that  must hold during the loop 
(this predicate is optional) and (5) a natural number expression V denoting the 
decreasing variant of our loop (alternatively, an expression denoting a sequence 
of natural numbers): 

S E L E C T  

P 
L E A D S T O  

O 
W H I L E  

Y'~ o R  . - .  o R  . r .  

I N V A R I A N T  

J 
V A R I A N T  

V 
E N D  

This construct is, in fact, a proof obligation stipulating that  a loop of the form 
below indeed terminates (where I stands for the invariant of our component): 

S E L E C T  

P 
T H E N  

W H I L E  - ' 1 Q  D o  

C H O I C E  .T" 1 O R  " ' "  O R  .Tn E N D  

I N V A R I A N T  

I A J  
V A R I A N T  

V 
END 

END 

The termination of this loop, however, may not necessarily lead to a state where 
Q holds. This is because the loop may terminate before we reach that  state. 
This is due to the fact that  the events Yl to .Tn have their own guards. In other 
words, the effective guard of the loop is not --1Q but rather the following (in the 
B-Book, the construct grd is called fis in section 6.3.2): 

-~Q ^ (g~d(7~) v . . . v  g~d(7~)) 

Consequently, when the loop terminates we have 
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Q V (-~ grd(~l) A - - .  A -1  grd(~n)) 

As we certainly do not want to terminate in a state where ( -~ grd (~'1) A --- A 
-~ grd(Jrn) ) holds whereas Q does not, we require the following condition to hold: 

-~Q ~ grd(J:l) v . . .  v grd(T.) 

When -~ Q is stronger that  the disjunction of the guards then the effective guard 
of the loop is exactly -1Q. When the loop terminates then we certainly are in a 
state where Q holds (this is justified in Appendix A7). 

How to Achieve the until Effect 

The until effect can easily be achieved by means of the following modality: 

SELECT 

P 
LEADSTO 

Q 
W H I L E  

~ ' ~  O R  . . -  OR -~'n 
INVARIANT 

J A ( P V Q )  
VARIANT 

V 
END 

Since the involved loop is, as we know, guarded by --Q, the invariance of 
P v Q means that  inside the loop (where --Q holds) then P holds, whereas at 
the end of the loop (where Q holds) P may not hold any more: it is then indeed 
the case "(1) that  P leads to Q and (2) that  P holds as long as Q does not". 

As a syntactic sugar, we can thus introduce the following construct to replace 
the special case above: 

SELECT 

P 
UNTIL 

Q 
W H I L E  

INVARIANT 

J 
VARIANT 

V 
END 
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Proof Obligation for First Form 

The following proof obligations (except the last one) constitute a direct deriva- 
tion of the loop proof rules that one may find in the B-Book in section 9.2.9. 
Notice that the third and fourth proof obligations have to be repeated for each 
concerned event. Also notice that we do not have to prove that each of the event 
maintains the invariant I of the abstract system, since this has clearly been cov- 
ered by the "standard" proof obligations. Note that the corresponding proofs 
have to be performed under the assumption of the invariant I. Finally note that 
the quantification is done on the variable z, which denotes the collection of state 
variables that are modified in the loop. 

P ~ J  

P =r V z . ( I  A J =~ V E I ~ )  

F ~ V z . ( I  A J A -~Q ~ ~iJ)  

P ~ V z . ( I  A J A -~Q ~ v :=VJ: i (Y<v) )  

P ~ V z . ( I  A J A -~Q ~ grd(.T'l) V. . .Vgrd(.Tn))  

(PO_3) 

The first of these proof obligations expresses that the extra invariant is estab- 
lished by the guarding condition P. The second proof obligation expresses that 
under the invariant and the guard of the loop the variant is indeed a natural 
number (alternatively, an expression denoting a natural number sequence). The 
third proof obligation states that the predicate J is indeed an extra "local" 
invariant of the corresponding event. The fourth proof obligation states that 
the variant decreases under the corresponding event. The final proof obligation 
states that -~ Q is the effective guard of our loop. 

Notice the importance of the universal quantification over z (the state vari- 
ables modified in the loop). This has the effect of separating the context of what 
is to be proved "dynamically" from the initial condition which does not always 
hold. 

Description: Second Form 

There exists a second form for our "leads to" property. It involves an initial 
non-deterministic choice. Clearly this second form generalizes the former. 
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ANY y WHERE 

P 
LEADSTO 

Q 

WHILE 

~ri OR - - .  OR 2"n 
INVARIANT 

J 
VARIANT 

V 
END 

And this second construct is, as the former, a proof obligation stipulating that 
a loop of the form below indeed terminates: 

ANY y WHERE 

P 
THEN 

WHILE m Q D o  

cHoicE 71 OR . . - O R  ~'n END 

INVARIANT 

IAJ 
VARIANT 

V 
END 

END 

Proof Obligation for Second Form 

By analogy with those obtained for the first form, next are the proof obligations 
for the second form of modality. As previously the third and fourth are to be 
repeated for each of the n concerned events. Notice again that these proofs have 
to be performed under the assumption of the current invariant I. 

V y . ( P  =~ J) 

V y . ( P  =~ V z . ( I  A J ~ V e l ~ ) )  

V y . ( P  ~ V z . ( I  A J A ~ q  ~ 2-iJ)) 

V y - ( P  ~ V z - ( I  A J A -~Q ~ v := Y ~'i (Y < v) ) ) 

V y . ( P  =:> V z . ( I  A J A ",Q ::~ grd(.T1) V.--Vgrd(.Tn)))  

(PO_4) 

As for the previous case, the variable z is supposed to denote those variables 
that are modified in the loop. 
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A Short Example 

As an example,  we can now state  tha t  in the system toy_with_scheduler of 
section 2.1, the event evt_x (resp. evt_y) does not keep the control for ever. We 
have just  to say that ,  provided its guard holds, then the recurrent occurrence 
of this event leads to a certain s tate  where the guard does not hold any more, 
formally: 

SYSTEM 
toy_with_scheduler_dynamics_and_modality 

VARIABLES 
x, y, c, d 

INVARIANT 
x,y,c, d E H x N x l ~ •  A ( c > 0 Y d > 0 )  

DYNAMICS 
x<_x' A y<_yl 

INITIALIZATION 
x,  y :=  0, 0 II c, d :E N1 x N 1 

EVENTS 
evt_x ~ SELECT c > 0 THEN x ,  c :----- x ~- 1, c -  1 II d :E i~1 END ; 

evt_y ~ SELECT d ~ 0 THEN y, d := y + 1, d -  1 II c :E 1~1 END 
MODALITIES 

SELECT c ~ 0 LEADSTO e ---- 0 WHILE e v t - x  VARIANT c END ; 

SELECT d > 0 LEADSTO d = 0 WHILE evt_y VARIANT d END 
END 

Notice that  since the guard of evt_x is exactly c > 0, we trivially have c > 0 ==~ 
grd(evt_x) (and the like for evt_y). We can conclude, provided the corresponding 
proofs are done, that  these two events are "fair" to each other. 

Modalities and Refinement 

For each of the two forms of modal i ty  we have introduced in this section, the four 
first proof obligations are clearly maintained by the refinements of the events: this 
is obvious for the first and second ones that  are not concerned by the events; 
in the third and fourth proof obligations the events, say ~',  are only present 
in subformulae of the form ~r R for some conditions R. Such s ta tements  are 
maintained by refinement according to the very definition of refinement, which 
says that  if an abstract ion j r  is such that  ~ R holds, and if G refines ~ then 
G-R holds. 

However, the main purpose of the proof obligations was to ensure that  the 
considered loop terminated.  The problem is that  the implicit  concrete loop now 
contains not only the refined versions of our events but  also the new events 
introduced in the refinement and supposed to refine skip. So that  the "body" of 
our refined implicit loop is now the following: 

CHOICE ~1 OR " - -  OR ~ n  OR ~'~1 OR - -"  OR ~t~rn END 
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where the Gi are supposed to be the refinements of the more abstract ~'i, and 
where the 7/j are supposed to be the new events. Fortunately, we know that ,  
thanks to the VARIANT clause introduced in section 2.2, the new events 7/j 
cannot take control for ever. It just then remains for us to be sure again that  the 
loop does not terminate before its normal abstract end (as we know, refinement 
may have the effect of strengthening the guard of an event). In fact the following 
condition, which has been proved (this was a proof obligation) 

-~Q =:~ grd(.T'l) V .-.Vgrd(.T'n) 

is now refined by the condition (to be proved under the assumption of the "glu- 
ing" invariant of the refinement): 

I -~ 0 ==~ grd(Cfil) V - - .  V grd(Gn) V grd('/'ll) V . . -  V grd(7"Lrn) 

which has no reason to be true. We thus impose the following refinement condi- 
tion (again, to be proved under the assumption of the "gluing" invariant of the 
refinement), which clearly is sufficient to ensure a correct refinement of each of 
the fifth proof obligations: 

grd(.T'1) V - - - V  grd(.T'n) 

grd(G1) V- - .  V grd(Gn) V grd(7-/1) V . - - V  grd(nm) 

(PO_5) 

This condition says that  the concrete events Gi (refining the abstract events 5i) 
together with the new events 7/j do not deadlock more often than the abstract 
events 5i .  As we shall see in the next section, this condition must be maintained 
along the complete development. This is essentially the "progress condition" 
introduced in 6. 

2.5 D e a d l o c k f r e e n e s s  

The Problem 

At the top level, an abstract system "offers" a number of events able to occur 
"spontaneously" (guard permitting of course). Following the terminology used 
in C S P  9 and in A c t i o n  S y s t e m s  5,6, such possibilities correspond to a 
certain external non-determinism that  has to be guaranteed. But, as we know, 
refinement (besides other effects) can strengthen guards, so that  it could very 
well happen that  an abstract event, say E, offered at the top level, disappears 
completely in the refinement because of the following correct refinement 

SELECT false THEN E END 
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In order to prevent this to happen, it seems sufficient to impose that  the abstract 
guard implies the concrete guard. But as the converse certainly holds (because 
of refinement), this implies that  the abstract and concrete guards are identical 
(under the gluing invariant, of course). This is certainly too drastic a rule in the 
case where the refinement introduces some new events. 

Proof Obligations 

In fact, as we know, an abstract system can be refined by another one introduc- 
ing new events. And we also know that  such events cannot take control for ever 
because of the VARIANT clause (section 2.2). The idea is to impose a certain 
"progress condition" 6 allowing us to relax the above constraint on the refine- 
ment of the guard of an event. More precisely, in the case of the first refinement 
of an abstract system, the law is the following for each abstract event .T refined 
by G and with the new events ~/1, "'" ,Ttn (this has to be proved under the 
assumption of the abstract and concrete gluing invariants): 

II grd(.T) => grd(G) Vgrd(/-/1)V---Vgrd(/-/n) (PO_5) 

Such a rule does not disallow the guard of jv to be strengthen in ~, it only gives 
a certain limitation to this strengthening: it should at least be "absorbed" by the 
new events. If we perform yet another refinement, we have to prove the following 
rule which gradually transports the progress condition along the development 
(again, this has to be proved under the relevant invariant assumptions): 

grd(~) V grd(7"ll) V-- .  V grd(7"ln) 

grd(.A~) V grd(/C1) V - . - V  grd(lCn) V grd(Z:l) V- . .  V grd(,gm) 

(POJ) 

where M is a refinement of G, each K:i is a refinement of the corresponding more 
abstract event ~/i, and the s are the new events of the refinement. A similar 
proof obligation has to be generated for each further refinement, and so on. 

Example 

It is easy to check that  the above progress condition is satisfied in the case of the 
refinement anotherztoy_l of anotherJoy_O (section 2.2). We have in the more 
abstract system 

grd (ev t_ l )  r : Ix �9 x E 1~ ~:~ true 

And in the concrete system 

grd(evt_l) ~ 3x -  (x  E N A b' = a)  r b' = a 

grd(evt_2) r b' < a 
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The progress condition reduces to the following (which holds trivially): 

b ' e ( 0 . . a )  ~ ( b ' = a )  V ( b ' < a )  

Modalities Revisited 

As we have just  done for the guard of an abstract event, the proof obligation 
presented for the disjunction of the guards of events involved in a modali ty 
(section 2.4), has to be extended for any further refinement. 

3 A Larger Example 

In this section, we present a complete example able to illustrate the proposal 
made above. 

3.1 I n f o r m a l  P r e s e n t a t i o n  

The problem consists in specifying and refining an event system concerned with 
requests and services. An agency is supposed to offer n different services (n is thus 
a positive natural  number). Clients of this agency are supposed to issue requests 
for these services. Once a request for a service is pending, that  service cannot 
be requested again. On the other hand, a pending request cannot be pending 
for ever. At this stage, we do not require any specific scheduling strategy for 
honoring the pending requests. In other words, the choice of any future correct 
strategy must be left open. Again, our only requirement concerning any future 
implemented strategy is that  there cannot be any pending request starvation. 
Although we do not specify a precise strategy, we nevertheless require a proof 
guaranteeing that  a pending request will be served "some time". 

The system is then refined in two different ways, which both concerns the 
scheduling strategy: (1) a FIFO strategy, (2) a LIFT strategy. With the FIFO 
strategy a request is supposed to be honored according to its arrival: the oldest 
the first. With the LIFT strategy the n services are supposed to correspond to 
the n floors of a building. The clients are the passengers of the lift. The requests 
are issued by clients when they push the floor buttons within the lift, thus asking 
for the lift to stop at certain floors. The lift strategy is then the following: the lift 
does not change direction unless it has no more passenger to serve within that  
direction, and, of course, within a given direction, the lift serves its passengers 
in the natural order of the requested floors. 
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3.2 Developing the Specification 

In what follows, we shall develop our formal t reatment  of the above problem 
by means of a gradual approach. Clearly, our final abstract system will have 
at least two events: one for issuing new requests, another for honoring pending 
requests. In a first phase however, we shall consider one event only, namely that  
corresponding to honoring requests. In a subsequent refinement, we shall then 
introduce the requesting event. And only at this stage shall we be able to state 
the dynamic constraint stipulating that  no pending request can be pending for 
ever. 

Phase 0 

The (very abstract) state of our abstract system at this level, essentially formal- 
izes the "history" of what has happened so far concerning the services that  have 
been honored. This state consists in a "log", named 10, recording which services 
have been honored and when. It is not our intention to formalize a notion of time 
in our future system: our point of view is just  to consider that  our model of the 
system at this stage consists in saying that  certain services have been honored 
(one at a time) and that ,  clearly, such services have been honored "at some time". 

Invariant 

Our variable l0 is then just typed as follows 

/ 0 E N - 4 - r ( 1 . . n )  I 

This typing invariant must be made a little more precise by expressing that  our 
history being the history "so far" is clearly finite. We write thus the following 
extra condition: 

dora(to) e 

If t is in the domain of 10, this means that  the service io(t) has been honored 
at "time" t. As can be seen, we have used the set of natural number to denote 
the results of time measurements. Clearly, we do not know what such a time 
measurement represents in terms of any precise output  as given by a real clock 
(in particular, we are not interested in any time unit). Our only reason for 
formalizing time measurements with 1N is a pragmatic one. By doing so, we shall 
be able to compare various time measurements, and thus easily express such 
concepts as before, after, next, and so on. 

Of course, we could have removed completely any reference to the t ime by 
just recording the services in the order in which they have been honored (that is, 
in the form of a finite sequence). However, as we shall see below, such a "trace" 
technique is not accurate enough in our case. 
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It is also convenient to have a second variable recording the time, named co, 
of the "youngest" recorded service in the log (when it exists). This variable is 
typed as follows: 

co EI~ 

together with the following invariant (notice that ,  in this invariant, max(dorn(lo)) 
is well defined in the place where it appears because dora(/0) is then a finite and 
non-empty set): 

l0 # 0 =:~ co = max(dora(/0)) 

Dynamic Invariant 

At this point, it is possible to write down a number of dynamic properties of our 
state variables, properties expressing that  such variables can only be modified 
according to certain constraints. Such properties will secure the very "raison 
d'6tre" of these variables, namely to record the history of some "past" events. 
For instance, no service can ever be removed from the log 10, and no t ime nor any 
service can be modified either. Likewise, the variable Co can only be incremented: 
this formalizes that  events are recorded in the log l0 as soon as they effectively 
take place. This results in the following simple dynamic invariant: 

to c ro 

co < C~o 

Events 

We are now ready to formalize our unique event, named serve. This event "spon- 
taneously" records in the log l0 that,  at an arbitrary t ime t, necessarily strictly 
greater than co however, some arbitrary service x has been honored. 
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serve 

ANY t ,  X WHERE 

I E I ~  A 

x �9 ( 1 . . n )  A 
co < t  

THEN 

CO := t II 
lo := l oU{ t~ -~x}  

END 

What  is impor tan t  to mention here is that  we do not know (and we are not 
interested in) the "cause" of this event. The only thing we say is that  it is 
possible to observe that ,  subjected to certain conditions, such an arbi t rary event 
does occur. Of  course, the question is now: are we able to always observe that  
event ? The answer to this question lies in the guard (the enabling condition) of 
our event, namely 

3 ( t , x ) . ( t  E I~ A x E ( 1 . . n )  A Co < t )  

As can be seen, this condition is always valid (under the invariant). This means 
that  our event, as we expect, can always be observed. In other words, our system 
is always ready to honor any service. Notice that ,  at  this point, we have not yet 
introduced any notion of request. This is precisely the subject of the next phase 
of our development where it will be clear that  honoring a service is not done in 
a way that  is as arbi t rary as it appears  in the present abstraction. It  is not diffi- 
cult to prove that  this event mainta ins  the static as well as the dynamic invariant. 

Modality 

It  is interesting to note that ,  at  this point, we can introduce the following modal-  
ity expressing that  t ime passes: any "future time" t (strictly greater than co) will 
eventually be a "past t ime" (some service will have occurred after it). 

ANY t WHERE 

co < t  
LEADSTO 

t <_co 
VARIANT 

m a x ( { O ,  t - -  e0})  

END 
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Final System 

Next  is our  comple te  SYSTEM (in subsequent  phases  we shall  not  show our  
componen t s  wi th  all there  clauses pu t  toge ther  like this): 

SYSTEM 
phase_O 

CONSTANTS 
n 

PROPERTIES 
n E N 1  

VARIABLES 
to ~ CO 

INVARIANT 
to E N ~ ( 1 . . n )  A 
dom(/o) E F(N) A 
co EI~  A 
Zo # ~ ~ co = ma• 

DYNAMICS 
l0 c l~ A 
co < c~ 

INITIALIZATION 
1o, Co := 0, 0 

EVENTS 
s e r v e  

ANY t ,X WHERE 
t E N  A 
x ~ 0 . . n )  A 

co < t  
THEN 

c o : = t  II 
lo :-- 1o U {t ,--r x} 

END 

MODALITIES 
ANY t WHERE 

co < t  
LEADSTO 

t<_ co 
VARIANT 

ma• - eo}) 
END 

END 
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Phase 1 

The purpose of this phase is to introduce a requesting event together with some 
new interesting dynamic constraints. 

Gluing Invariant 

We first introduce two variables 11 and Cl that  are just  copies of their corre- 
sponding abstractions. For the sake of readability we introduce them explicitly, 
together with the following trivial gluing invariant: 

11 = l o  

C 1 ---- C O 

lnvariant 

We now introduce a variable r l  which records the various requests that  have 
been made so far. This variable is typed as follows: 

rl ~ N - ~  (1 . .n)  

As for the log l0 above, we have the extra constraints that  r l  is finite, namely: 

I d~ E F(N)  

Dynamic Invariant 

We also have to express, as for 11 above, that  r l  records the history of the 
requests. Such an history cannot be modified, it can only be augmented. We 
have thus the following dynamic invariant: 

r l  C_ r~ 

Invariant Again 

As can be seen, the type of rl  is the same as that  of 11. Contrary to what one 
might expect however, the expression rl (t) does not denote a certain service that  
has been requested at time t. It rather denotes the "knowledge" we suppose to 
have in this abstraction of the (possibly future) time where the corresponding 
service has been (or will be) honored. In other words rl  is a log as is lt. But 
this log possibly already records a little of the future of I1 : it anticipates 11. Of 
course, it seems rather strange that  we can guess the future t ime where a pending 
request will be honored. We give ourselves the right to do so only because we 
are still in an abstraction. But,  as we shall see below, this right is precisely 
the least committed way by which we can express that  no pending request will 
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be pending for ever. The fact that  r l  anticipates 11 is clearly described in the 
following invariant: 

/ 1 ~ r l  I 

As a consequence the pending requests are exactly those requests that  are in 
r l  - 11. It is t ime now to express that  a service that  is pending cannot be 
requested until it is honored. This is formalized very easily by requiring that  the 
function rl  - 11 is injective: 

r l - l l E N ~ - ~ ( 1 . . n )  I 

It remains now for us to express that  the guessed times of service of the pending 
requests (if any) "belong to the future".  Taking into account that  Cl denotes the 
time of the youngest honored service (if any), we have thus the following extra 
invariant: 

r l -  ~1 r ~ ~ el < min(dom(rl- 11)) 

Variant 

As we shall see, we have a new event, called request. This new event must not 
have the possibility to be enabled for ever. It has thus to decrease a certain 
variant, which is, in fact, the following: 

n - -  card(r1 - / 1 )   

Events 

We are now ready to define our request event as follows 

request 
ANY t~ y WHERE 

t E 1~ -- dora(r1 --/1) A 
y E (1 . .  n) -- ran(r1 - - /1 )  
cl < t  

THEN 
rl :---- rl  U{t  ~ y} 

END 

A 

It is easy to prove that  this event maintains the static as well as the dynamic 
invariant, that  it refines skip, and that  it decreases the above variant. 

Next is the refinement of the event serve. As expected, the idea is to now 
deterministically honor the pending request (if any) whose guessed service time 
is the smallest. 
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s e r v e  

SELECT 

r l  - !1 r 
THEN 

LET t BE 

t ---- rain(dora(r1 - / t ) )  
IN 

Cl :=  t II 
l 1 : =  l 1 U {t  ~ r l ( t ) }  

END 

END 

I t  is interesting to compare this event with its abstraction: 

s e r v e  --~ 

ANY t,X WHERE 

t E N  A 
x E ( 1 . . . )  A 
c o < t  

THEN 

c o : = t  II 
lo : = i o U { t ~ x }  

END 

As can be seen the refined version is now completely deterministic. Of course, 
the guard of the refined event must  be stronger than that  of the abstraction. 
This is certainly the case since, as we have already seen, the guard of the ab- 
straction is always valid. The refinement proof  also requires that  we give some 
witness values for the arbi t rary variables t and x in the abstraction: these are 
clearly min(dom(rl - 11)) and rl(rnin(dom(rl  - / 1 ) ) ) -  

Modality 

It  finally remains for us to express that  no pending request will be pending for 
ever. We have just  to say that  if any request for the service z is in the range of 
r l  - 11 (is waiting to be honored) then, it will not stay there for ever under the 
recurrent occurrences of the two events request and serve. At some point in the 
future it should disappear (may be shortly, of course). This is done as follows: 
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ANY X W H E R E  

X e r a n ( r 1  - -  l l )  

L E A D S T O  

X ~ r a n ( r 1  - -  ll) 
VARIANT 

( ( 1 . . n )  • 1Cl} <a(rl - l l ) - X ) ( x ) -  Cl, n -  card(r1 - / 1 )  
END 

Notice that ,  in this modality, we have not mentioned any event since both events 
serve and request are concerned. Also note that  our variant is lexicographic. The 
apparent complexity of the first part  of this variant is due to the fact that  when 
z is not a member of ran(rx - -  11) (at the end of the process), the expression 
(rx -11)  -~ (x) is not defined. On the other hand, the second part  of this variant 
is a mere copy of our VARIANT clause. 

It is easy to prove that  both events are compatible with this modality. 

Deadlockfveeness 

According to the outcome of section 2.5, it remains for us to ensure deadlock- 
freeness. In other words, we have to prove that  the abstract guard of event serve 
implies the disjunction of the concrete guards. This reduces to proving: 

rl - ! 1  = 0 =r 

3 ( t , y ) - ( t E N - d o r a ( r 1 - / 1 )  A y E  ( 1 . . n ) - r a n ( r l - l l )  ^ c~ < t )  

Notice that  this also proves that  our abstract modali ty is correctly transported 
within the present refinement. 

Conclusion 

What  we have done in this refinement was not to define a particular scheduler 
that  has been, by any chance, able to satisfy our modality. By using the artifact 
of the "guessed" service time of a coming request, we have just been able to 
implement again a very abstract scheduler. As we shall see below, any policy 
that  will not be contradictory with this abstraction will be a correct policy. In 
other words, we will not have to verify any more in the coming refinements that  
our modali ty is satisfied, we will just have to implement a concrete scheduler 
that  refines this very general abstract one. 

P h a s e  2 

The second refinement is just  a technical phase consisting in throwing away 
the log 11 that  has no purpose any more. The variable ca will thus also disappear. 
In fact, we are just  going to keep the pending requests (corresponding to r l  -11) 
but  not with their guessed sewice time, only their guessed waiting time. This 
results in some drastic simplifications of the model. 
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Invariant 

T h e  new variable,  n a m e d  w2, is t yped  as follows: 

w 2 �9 (1 . . n )  ~"~ ~1  I 

Notice t h a t  w2 is injective as expected  and t h a t  the  wai t ing  t imes  are s t r ic t ly  
posi t ive as one would also expect .  

Gluing Invar=ant 

This  var iable  is glued as follows to the abs t rac t ion:  

I w2=(rz-ll)-l;minus(cl) I 
The  funct ion minus(c1) is the funct ion t h a t  sub t rac t s  cz. 

Events 

We can now propose  the following ref inement  of  the event  request: 

request 
ANY y, W WHERE 

y �9 ( 1 . .  n) -- dom(w2)  A 
W �9 I~ 1 --  r an (w2)  

THEN 
w~ : =  w2U{y~w} 

END 

It  is not  difficult to prove t ha t  it refines its abs t rac t ion  (the witness for t being 
clearly cl + w): 

request 
ANY t, y WHERE 

t E 1~ -- dorn(r l  - / 1 )  A 
y �9 ( 1 . . . )  - ran(r1 --  l l )  
cl < t  

THEN 
rl  := r l  U {t ~-~ y} 

END 

A 
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Next is the proposed refinement of the event serve: 

serve 
SELECT 

w2#~ 
THEN 

LET t BE 

t = min(ran(w2)) 
IN 

w2 := (w2 > {t}) ; minus(t) 
END 

END 

This event clearly refines its abstraction: 

serve ~-- 
SELECT 

THEN 

LET t BE 

t = min(dom(rl - 11)) 
IN 

c 1 : =  t II 

! 1 : =  l l  U { t  I--). r l ( t ) }  

END 

END 

Deadlockfreeness 

The trivial equivalence of the abstract and concrete guards of each event clearly 
implies the deadlockfreeness condition and the correct t ransportat ion of our 
modalities. 

3 . 3  T o w a r d s  s o m e  i m p l e m e n t a t i o n s  

In this section, our intention is to propose two different refinements of the above 
abstract scheduler corresponding to the FIFO and the LIFT policies respectively. 

T h e  F I F O  P o l i c y  

Invariant 

In this policy we are going to reduce the inverse of the previous variable w2 to 
a mere injective sequence q3. This yields the following typing: 

I q3 E iseq(1..n) I 
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Gluing Invariant 

We have the following gluing invariant: 

q3 ---- W21 

Notice that  we can deduce the following assertion: 

w2 :~ 0 =~ rnin(ran(w:~)) = 1 

As can be seen, the waiting t imes are now all "dense" (starting at 1): they to- 
gether form the domain of the sequence q3. 

Events 

The event request is now very simple (just the appending of the new request in 
the queue): 

req uest 
ANY y WHERE 

# E ( 1 . . n )  -- ran(q3) 
THEN 

q3 := q3 ~ Y 
END 

We can fruitfully compare  it to its abstraction: 

request --~ 
ANY y, W WHERE 

y E ( 1 . . n )  - d o r a ( w 2 )  

W E 1~1 -- ran(w2) 
THEN 

w2 :=  w2U{y~w} 
END 

A 

As can be seen, the guessed waiting "time" of the abstract ion is now completely 
determined as size(q3) + 1. I t  is precisely this determination tha t  implements  the 
FIFO policy together with the event serve. This event just  consists in removing 
the first element of the queue: 

serve 

SELECT 

q 3 #  
THEN 

q3 := tail(q3) 
END 
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Again, it can fruitfully be compared to its abstraction: 

A 
s e r v e  

SELECT 
w2 # 0  

THEN 

LET t BE 

t = min(ran(w2)) 
IN 

w2 := (w2 ~ {t}) ; minus(t) 
E N D  

E N D  

We can see how the new version simulates its abstraction: the pair with the 
smallest index, 1, is removed, and 1 is indeed subtracted from the other indices 
(this is, in fact, exactly what tail does). 

T h e  L I F T  P o l i c y  

Invariant 

As for the FIFO policy, the LIFT policy will be a refinement of our phase 2 
above. In the present case, the n services are supposed to denote the n floors of 
a building. We shall therefore suppose that  there are at least two floors (otherwise 
there is no point in having a lift at all !). 

I n>_2 

This phase will consist in making the waiting time function w2 (now renamed 
w4) more precise. We already know from phase 2 that  it should be injective from 
1 .. n to N1. We have the following trivial gluing invariant. 

I W4 -~- W 2 

We introduce to more variables. First, the lift position 14 (this is a floor) and 
second the lift direction d4 (up or down). We have thus the following typing 
invariant: 

14G1. .n  

d4 E { up, down } 

We now have an extra invariant stipulating that,  when it is at the bo t tom floor, 
the lift goes up, whereas it goes down, when it is at the top floor (here it helps 
to have at least two floors). 
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/ 4 = 1  =:> d4=up 
14 = n ~ d4 = down 

Given the position and direction of the lift, our idea is to have a pre-defined 
function yielding the waiting t ime for a coming request for floor x. It corresponds 
to the number of floors the lift has to pass (including the last one x) in order 
to reach floor x. For instance, next are the two functions corresponding to the 
lift being at floor 4 (in a building with 7 floors) and going either down or up as 

f4 = { 7~+9,  g4 = { 7~-~3, 
6 ~ 8 ,  6~+2 ,  
5~+7,  5~+ 1, 
4 ~-~ 6, ~ 4 ~-~ 6, 
3~+1,  $ 3 ~-~ 7, 
2~+2,  2 ~-~ 8, 
1~+3  } 1~-+9 } 

indicated: 

t 

Next are the formal definitions of these two functions (notice that  they are both 
injective from 1 .. n to 1~1 as required): 

f4 -~ A x . ( x ~ l . . 1 4 - 1 l l 4 - x )  tJ A x . ( x ~ 1 4 . . n l l 4 + x - 2 )  

g4 -~ A x . ( z ~ 1 4 + l . . n l x - 1 4 )  tJ ~ z . ( z ~ l . . 1 4 1 2 n - ( 1 4 + x ) )  

We put them together in a function h4 parametrized by the direction of the lift: 

I h4 -Q {down~-+f4, up~-+g4} I 

It remains for us to write our main invariant stating that  w4 is always included 
(because not all requests are present in general) in h4(d4): 

I w4 ~h4(d4) I 

It is now very simple to propose the following refinement for request 

request 
ANY y WHERE 

y E (1 . .  n ) - -  dom(w4) 
THEN 

w4 := w4 U {y  ~ h4(d4)(y) } 
END 

This can be fruitfully compared with its abstraction (clearly the witness for w 
is h4(d4)(V)): 
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request 
ANY y ~ w  W H E R E  

g E ( 1 . .  n )  -- dom(we)  

W E ~ 1  - -  ran(we) 
THEN 

we := w e U { y ~ + w }  
END 

Next is the new version of the event serve 

serve ~- 

S E L E C T  

w4 # 0  
T HE N 

L E T  t BE 

t = rain (ran (w4)) 
IN 

L E T  z BE 

Z = W 4 1 ( t )  

IN 

m := (w4 ~ {t})  ; minus(t)  II 
t4 := z II 
IF z = n V ( z # l  A 1 4 > z )  TREN 

d4 := down 
ELSE 

d4 : -  up 
END 

END 

END 

END 

It can be compared with its abstraction 

serve 
SELECT 

w e # ~  
THEN 

LET t BE 

t ---- rain(ran(we)) 
IN 

we := (we ~ { t } )  ; minus(t) 
END 

END 
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A P P E N D I C E S  

In the following Appendices, we present a formal  model of certain aspects of 
abstract  systems. The r61e of this model is essentially to formalize the concept 
of "teachability" as described in the linguistic construct LEADSTO introduced in 
section 2.4 of the main  text. In doing so, we shall be able to justify the proof  
obligations presented in the paper.  

In Appendix A1,  we recall the definition and main  properties of conjunctive 
set transformers.  In Appendix A2,  we quickly present and define the main clas- 
sical operators  applicable to conjunctive set transformers.  We recall tha t  these 
operators  mainta in  conjunctivity. In Appendix A3,  we remind the definitions 
and main properties of the fixpoints of conjunctive set transformers.  This allows 
us to introduce (in Appendix A4)  more operators  dealing with the concept of 
iteration. We show that  these operators  also mainta in  conjunctivity. We indi- 
cate how the least fixpoint of a conjunctive set t ransformer is connected with 
the "terminat ion" of the iteration. In Appendices A5  and A6  we give more 
properties of the least fixpoint, properties support ing this notion of termination.  
In Appendix A7  we define the notion of reachability of a certain set. This  is 
based on the terminat ion (fixpoint) of a certain conjunctive set transformer.  In 
Appendix A8,  we study how the "classical" refinement influences reachability. 
In Appendix A9,  we study the main assumptions concerning the new events that  
may  be introduced in the refinement of an abstract  system. Finally, in Appendix 
A10,  our s tudy culminates with the refinement of reachability in the presence 
of new events. 

A1.  C o n j u n c t i v e  Se t  T r a n s f o r m e r s  

The events of an abstract  system are formally described by means of con- 
junctive set t ransformers (see B-Book in section 6.4.2). Let F be such a set 
t ransformer built on a set s (this is the "state" of our abstract  system). We have 
thus: 

F E IF(s) -+ IF(s) (1) 

In what  follows, we shall make the frequent abuse of language consisting in 
identifying an event with its set t ransformer.  Given a subset p of s, the set F(p) 
denotes, as we know, the largest subset of s in which we have to be, in order for 
the "event" formalized by F to "terminate" in a s tate  belonging to p. 

The  conjunctivity property of our set t ransformer F is defined as follows for 
each non-empty set c~ of subsets of s: 

F ( N t ) = N F ( t  ) (2) 
t e a  t e a  

When specialized to a set cr with two elements, the above condition reduces to 
the following where p and q are two subsets of s: 

F(p M q) = F(p) M F(q) (3) 
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This means that  if we want to terminate within both sets p and q, we bet ter  start  
from within both sets F(p) and F(q). A simple consequence of this property is 
that  our set transformer is monotone. That  is, for any two subsets p and q of s, 
we have 

p C q ~ F(p) C_ F(q) (4) 

We now define the, so-called, termination set, pre(F), of F as follows (see B- 
Book, property 6.4.9): 

pre(F) ~ F(s) (5) 

According to this definition, the set pre(F) thus denotes the largest set in which 
we have to be in order for the event F to "terminate" in a state belonging to 
s. As "belonging to s" is not adding any constraints on the outcome, the set 
pre(F) then just denotes the set where we have to be for the event F to simply 
"terminate".  In what follows, we shall suppose (unless otherwise stated) that  
our termination set is always equal to s itself, that  is 

= s ( 6 )  

We now present the, so called, before-after relation, rel(F), associated with 
F (see B-Book, property 6.4.9). When a pair (x, x') belongs to this relation, this 
means that  the event F is able to transform the state x into the state x'. It is 
defined indirectly by means of the image of a subset p of s under r e l (F ) - l :  

rel(F)-lp ~ F(~) (7) 

In what follows we shall use the letter f to denote the relation rel(F). The do- 
main, dom(f) ,  of the relation f is called the guard, grd(F),  of the set transformer 
F.  We have thus: 

g,d(F) = dora(/) =/-* = (8) 

A2. O p e r a t i o n s  on  C o n j u n c t i v e  Se t  T r a n s f o r m e r s  

We now present the classical operations applicable to conjunctive set trans- 
formers. This is done in the following table, where F,  F1, F2 and Fz are con- 
junctive set transformers built on a certain set s, where p is a subset of s, and t 
is a set: 
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Identity 

Pre-conditioning 

Guarding 

Bounded choice 

Unbounded choice 

Sequencing 

skip  s 

pIF 
i 

p ~ F  

r~ I F= 

I=~=F= 

F~ ; F2 

Notice that  in the B-Book the operators ( , ~ , etc) were supposed to work 
with predicates and predicate transformers (generalized substitutions). Here they 
are rather applied to sets and set transformers. This slight shift in the notation 
leads, we think, to a certain simplification of the formal presentation. 

We have the following definitions yielding the values of the above set trans- 
former constructions for a given subset q of s: 

skips(q) 

(p I F)(q) 

(p ~ F)(q) 

(F~ I F2)(q) 

(Izit Fz)(q) 

p n F(q) 

U F(q) 

F1 (q) n (q) 

N=c~ Fz(q) 

(F1 ; F2)(q) FI(F2(q)) 
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It is easy to prove that  each of the above operation transforms conjunctive set 
transformers into other conjunctive set transformers. 

A3.  F i x p o i n t s  o f  C o n j u n c t i v e  Se t  T r a n s f o r m e r s  

As we shall use them in the sequel, we remind in this Appendix the definition 
and main properties of the fixpoints of conjunctive set transformers. Let fix(F) 
and FIX(F) be defined as follows: 

fix(F) = N { P I P  C_ s A F(p) C_C_ p} (9) 

FIX(F) = U {  p Jp c_ s A p_C F(p )}  (10) 

Since F is monotone according to (4), then these definitions indeed lead (Tarski) 
to fixpoints, that  is: 

F(f ix(F))  = fix(F) (11) 

F(FIX(F)) = FIX(F) (12) 

From (9) and (10) , we can easily deduce the following, which is valid for any 
subset p of s: 

F(p) C_ p :=~ fix(F) C_ p (13) 

p C_ F(p) =~ p C_ FIX(F) (14) 

These laws will be useful to prove certain properties involving the fixpoints. 
For instance, from them it is easy to prove that  fix(F) and FIX(F) are indeed 
respectively the least and greatest fixpoints of F.  So that  we have 

fix(F) C_ FIX(F) (15) 

A4. More  Operat ions  on  C o n j u n c t i v e  Set  Transformers:  I terates  

We are now ready to present more operations on conjunctive set transformers. 
They are all dealing with some form of iteration. This concept is important  in 
our framework since the formal behavior of an abstract system (with events) is 
intuitively formalized by all the possible iterations one is able to perform with 
these events. Such operations are introduced in the following table, where F is 
a conjunctive set transformer, and n is natural  number: 

nth iterate F n 

Closure F ~ 

Opening F ^ 
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The nth  iterate is defined recursively as follows: 

F ~ skip, 

F n+l F ; F n 

The values of the other two at the subset q of s are defined as follows: 

F~ FIX(q I F )  

F^(q) fix(q I F )  

The intuitive rationale behind these definitions will appear  in the sequel. For the 
moment ,  let us just  see what kind of property we can derive from these fixpoint 
definitions. Concerning F ~ we deduce the following, supposed to be valid for 
any subset q of s: 

F~ 

(qIF)(F~ 

q r176 

skip,(q) N (F  ; F~ 

(skip, II (F  ; F~ 

As this development could have been performed on F ^ as well, we have thus: 

F ~ = skip, ~ (F  ; F ~ (16) 

F ^ = skip, 1 (F  ; F ^) (17) 

We have obtained the classical unfolding properties. Clearly, such properties 
show the iteration at work. More precisely, by developing these equations, we 
obtain something like this: 

F ~  ~ F ~ F 2 ~ . . .  

F ^ =  skip, FI F ~ F 2 ~ . . .  

(18) 

(19) 

It  seems then that  the two are indeed the same. This would be a wrong conclusion 
in general: in fact the " . - - "  are, as usual, misleading. F ~ being defined by a 
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greatest fixpoint, denotes a kind of infinite object, whereas F ^ contains some 
finiteness requirement in its definition. In fact, the conjunctivity of F allows one 
to prove the following: 

e ~ = (20) 

F -- f ix(F)  I F~  (21) 

Equality (20) is easily shown by first proving F ~ (q) C_ F n (q) for any natural num- 
ber n. This is done by mathematical  induction. From this, F~ C_ (Dn+xFn)(q) 
follows immediately. Then the second part  of (20), namely (~ne~fFn)(q) C_ 
F~ is proved using (14) and (2). Equality (21) is essentially Theorem 9.2.1 
of the B-Book. 

As can be seen on (20), F ~ just denotes all the possible iterations without any 
direct concerns about termination. On the other hand, as can be seen on (21), 
F ^ is exactly F ~ together with the fundamental  terminatzon requirement that  
one has to start  the iterations from within fix(F). Consequently, as we shall see 
in the next Appendix, no iteration started in fix(F) can be pursued indefinitely: 
we shall necessarily reach some points where we cannot move further. 

From the definition of the termination set of a set transformer, we deduce 
easily (B-Book sections 9.1.3 and 9.2.4) the following (since F(s) = s): 

pre(F n) = s (22) 

pre(F ~ -- s (23) 

pre(F  ̂ ) = fix(F) (24) 

The set fix(F) thus represents the set from which one has to start  in order for 
the iterate F ^ to terminate. 

The before-after relation of this iterators can be calculated easily (B-Book 
sections 9.1.3 and 9.2.4). We obtain (since F(s) = s) the following: 

re,(F") = / -  (2s) 

rel(F ~ = f* (26) 

rel(F ^) -- :fix(F) x s U f* (21) 

where f* denotes the transitive and reflexive closure of f .  Notice that  in case 
fix(F) is equal to s then rel(F ̂ ) is exactly f* .  

Finally, we can prove by mathematical  induction that,  for each natural num- 
ber n, F "  is conjunctive. From this and from (20) and (21) it follows that  F ~ 
and F ^ are also conjunctive. 

A5. A Property  of  the  Least F ixpo int  o f  a Conjunct ive  Set Transformer 

We now prove that  fix(F) only contains finite chains of points related by the 
before-after relation f .  This finiteness of the chains built within fix(F) nicely 
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supports the idea that  we cannot "run" for ever by iterating F from a point of 
fix(F). The proof is by contradiction. We suppose that  there exists a non-empty 
subset c of fix(F), that  is 

c :~ 0 A c C: fix(F) (28) 

such that  each element of c participates in an infinite chain (included in c) 
relative to the before-after relation f .  Under these assumptions, we are going to 
prove now that  c is necessarily empty. This contradiction indicates that  there is 
no such set c, thus fix(F) only contains finite chains. 

By definition, for any element z of c, we are sure that  there is an element 
y of c such that  z and y are related through f .  Thus starting from x we can 
continue for ever following f while remaining in c. We have thus, by definition 

V x . ( x E c  =:~ 3y.(yEc A (x,y) Ef)) (29) 

That  is, equivalently (by set contraposition and according to (29)) 

cO_f-lie r  C_ c_ -e 

Consequently, we have (according to (13)) 

(30) 

fix(F) C ~ (31) 

According to (28), (31) and the transitivity of set inclusion, it turns out that  we 
have c  C_ ~ , t h u s c  = $. 

A6. P r o p e r t y  o f  the  Fin i te  Chains  o f  the  F i x p o i n t  

In this Appendix, we prove that  all the finite chains of fix(F) end up in 
dom(f) .  This property will be exploited in the next Appendix. 

Since fix(F) is a fixpoint, we have F(f ix(F))  = fix(F). Consequently, we also 
have fix(F) _ F(f ix(F)) .  Thus fix(F) is invariant under F .  In other words, when, 
from any point x of fix(F), we follow the before-after relation f ,  we stay within 
fix(F). 

As we have seen in Appendix AS, we have no infinite chain within fix(F). 
Tha t  is, if we start  from a point za of fix(F), choosing any point x2 of f{xl} 
(x2 is thus in fix(F)), then any point x3 in f{x~} (x3 is thus in fix(F)), and 
so on, we necessarily reach a certain point xn of fix(F) where we cannot move 
further because f{xn} is empty. In other words, we eventually reach a point 
lying outside the domain of f ,  a point of dora(f) .  In conclusion, all the chains 
of fix(F) are finite and end up in dora(f).  

In order to be sure that  an iteration F^ a!ways terminate (whatever its point 
of departure) and reaches eventually dora(f) ,  it is thus necessary and sufficient 
to prove that  fix(F) is equal to s. It is well known (see B-Book at section 9.2.8) 
that  for proving this, it is sufficient to show that  F "decreases" a certain natural 
number expression. More generally, it is sufficient to prove that  F "decreases" a 
certain quanti ty whose value belongs to a set that  is well-founded by a certain 
relation. 
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Notice tha t  F ^ not only reaches dom(f)  when it terminates  but  also the 
various elements obtained after executing skip,, F ,  F ~, and so on. In order to 
reach exactly the elements of grd(F),  it is necessary to only keep those points 
lying within grd(F).  This can be done by means of the following set transformer: 

F ^ ; (g rd(F)  ~ skip,) (32) 

This is just  Dijkstra 's  "do F od" command  and also a special form of the WHILE 

construct introduced in the B-Book in section 9.2.1. However, as far as ter- 
minat ion is concerned, both  F ^ and F ^ ; (grd(F) ~ skip,) have the same 
termination set, namely fix(F). 

AT. Reachabi l i ty  o f  any  Set  

Notice that ,  most  of the time, an abstract  system, whose events are collec- 
tively formalized by a conjunctive set t ransformer F, does not terminate. In 
general, such systems are constructed to run for ever. Resisting to failures that  
would force them to stop, is even one of their main requirements. One might  
then ask why we insisted so much in the preceding Appendices on this question 
of the termination of the iteration F ^ since, clearly, the corresponding termina-  
tion set, namely fix(F), is in general empty.  In what follows, we shall clarify this 
point. 

Since an abstract  system is supposed to run for ever, it cannot be charac- 
terized by a, so-called, final state tha t  it is supposed to reach eventually. This 
contrasts with the classical view of a computer  program supposed to deliver a 
certain final result. The validation of such a program is ensured by means of a 
proof establishing tha t  the specified outcome is indeed reached. If  such a pro- 
gram is formalized by means of a conjunctive set t ransformer S together with 
a terminat ion set p (also called the pre-condition set), and if the outcome is 
characterized by a certain subset q, then proving p C S(q) means that ,  provided 
we star t  the program within p, then we are sure to obtain the outcome charac- 
terized by q. In a sense, a terminat ing program S is entirely characterized by all 
the possible permanent outcomes (such as q) we can think of. 

By analogy with a program, an ever running system might  be entirely charac- 
terized by all the possible temporary outcomes we can think of (this is a thesis). 
In other words, reaching one of these outcomes is not synonymous with system 
stop as for a program.  Such an outcome might  be abandoned when the system 
proceeds further. But  what  must  be proved is tha t  such an outcome can be 
reached as often as possible, so that  it is not the case that  one is always outside 
it. Given a subset p of s (the temporary  outcome in question), we s tudy thus 
in this Appendix the notion of reachability of that  set. And this is where the 
concept of terminat ion will reappear.  

We are interested in characterizing the subset of s, f rom which we have to 
start ,  in order to be certain to temporar i ly  (but eventually) reach p by following 
the before-after relation f of the set t ransformer F defined as above. The idea 
is to put  (just for the reasoning) a supplementary constraint on the events F in 
the form of the extra  guard ft. We are then led to prove tha t  the set t ransformer 
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(~ ~ F)  ^ indeed terminates. In other words, allowing the system to proceed 
only when it is outside p, forces it to stop (hopefully thus in a state that  is 
within p). If we want this to be always the case then we have to prove that  the 
set fix(~ ~ F)  is equal to s. More precisely, we have to prove that  the following 
set transformer does terminate: 

(~ ===~ F) ^ ; (p ==~ skips) (33) 

This set transformer is exactly (see B-Book in section 9.2.1): 

WHILE p DO F END (34) 

This leads to the proof obligations (PO_3) and (PO_4) presented in section 2.4. 
Nothing proves however tha t  we have reached p (we only know that  we have 
stopped at points that  are outside the guard of p ~ F) .  In fact, we shall prove 
that  in order to reach p we need the extra condition: p C dam(f) .  We thus 
consider the set transformer ~ ==~ F whose definition is (for any subset q of s): 

(~ ~ F)(q) = p U F(q) (35) 

The guard of this set transformer can be calculated as follows: 

grd(p ~ F)  = (~ ~ F)(0)  = pU F(0) = pN F(0)  = p n dom(/ )  

As a consequence and according to what has been done above in Appendices A5 
and A6, the set fix(~ ::::2z F)  denotes exactly the set of points from which one 
can eventually reach the set p U dora(f) by following the before-after relation of 

~ F (this is ~ <3 f ) .  If we want to be certain to reach p, it is thus sufficient 
to require that  dora(f)  is included in p, that  is, alternatively: 

C_ dam(f) (36) 

This corresponds to the last proof obligations of (90_3) and (PO_4) obtained in 
section 2.4. 

A8. Refining the Reachabil ity Condit ion 

In this Appendix, we shall study the problem of the refinement of the reach- 
ability studied in the preceding Appendix. We shall thus consider that  the set 
transformer F ,  defined as above, is now refined to a certain set transformer G 
built on a set t, that  is: 

C �9 ~(t) -~ ~(t) (37) 

We also suppose that  the termination set of G is trivial, that  is: 

C ( t )  = t (38) 

This refinement is performed by means of a certain total refinement relation 
r f r o m t t o s :  

r � 9  A d a m ( r ) = t  (39) 
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The set transformer F is said to be refined by G by means of the refinement 
relation r when the following condition holds between their respective before- 
after relations f and g, and between their termination sets (see B-Book in section 
11.2.4) 

r-1 ;gC_f;r-1 (40) 

r-1pre(F) C_ pre(e) (41) 

Notice that  condition (41) holds trivially. This is because we supposed that  
pre(F) is equal to s (this is condition (6)), thus r-lpre(F) is equal to dom(r), 
that  is t (since r is total according to (3g)), which is certainly included in pre(G) 
since pre(G) is equal, by definition, to G(t), which was supposed to be equal to 
t (this is (38)). 

The set p whose reachability was studied in the previous Appendix is now 
transformed into the set r - l ip  (the image of p through r - i ) .  So that  the reach- 
ability of r -  1 ~v will now be ensured within the termination set of the set trans- 
former (r -lp ~ G)^. What  remains to be proved is that  the reachability of p 
in the abstraction indeed ensures that  of r-ip in the concrete world. For this, 
we first have to prove that  r -  lp ~ G is a refinement of ~ ~ F .  Formally, 
we have to prove (under the conditions (38) and (39)): 

; < g) c_ (p < / )  ; (42) 

This proof is left to the (favorite theorem prover of the) reader. A consequence of 
this refinement is that  the iterate (~ ~ F)^ is refined to the iterate (r-lip =:::# 
G) ^ (according to the monotonicity of refinement with respect to opening, see 
B-Book section 11.2.4). From this, we can deduce (again B-Book section 11.2.4) 
that  the image of the termination set of (~ ==~ F)^ is included into the termi- 
nation set of (r-lp - -~  G) ̂ , that  is 

r-1fix(~ ~ F) C_:_ fix(r-lip ~ G) (43) 

As we know (according to Appendix A6), the finite chains of fix(r-lip ~ G) 
all end up in the set r - l ip  U dom(g). In order for the concrete set r- l ip to 
be reached, we have to prove that  dora(g) is included in r- l ip,  alternatively 
r-~p C_ dora(g). In order to ensure that  this is the case, we claim that  it is 
sufficient to have the following extra condition: 

rdom(g) C_ dora(f) (44) 

It then remains for us to prove the following (notice that  we have supposed 
condition (36) stating that  the set p is indeed reached by the repeated execution 
o f p  =:=> F): 

p C_ dom(f) A rdom(g) C_ dom(f) =;> r - l i p  C_C - dorn(g) (45) 

The proof of (45) is left to the (favorite theorem prover of the) reader (you will 
notice that  the hypothesis concerning the totality of the refinement relation r is 
fundamental). 
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Condition (44) can be t ransformed equivalently as follows, by set contrapo- 
sition: 

dom(f) C rdom(g) (46) 

A9. Formal Hypotheses  and Results  concerning the  N e w  Events  

In the next Appendix,  we are going to s tudy the problem of reachability of a 
certain set p when the set t ransformer F is refined to a concrete set t ransformer 
G by means of a certain refinement relation r, as it was studied in Appendix A8,  
except that  this t ime we shall suppose that  we have some extra  events formalized 
by a set t ransformer H refining skip, and " terminat ing".  

In this Appendix, we are going to formalize the relevant hypotheses concern- 
ing such new events and establish a simple result about  them. More precisely, 
all our extra events are together formalized by means of a set t ransformer H 
defined on the set t as is G in (37): 

H E P(t)  --+ P(t)  (47) 

We also suppose, as usual that  H(t)  is equal to t. The  before-after relation 
rel(H) associated with H is h. Since H is supposed to refine skips by means of 
the refinement relation r, we have thus the following, as a special case of the 
condition (40): 

r -1 ; h C r  -1 (48) 

Moreover, we suppose tha t  H ^ always "terminates",  this is formalized by stat ing 
that  the fixpoint of H is exactly the set t: 

fix(H) = t (49) 

This is ensured in the main text  by the proof  obligation (PO_I). From this, we 
shall now prove that  H ^ indeed refines skip,. The refinement condition to be 
proved (see B-Book page 520) reduces to: 

r -1 ; h* _C r -1 (50) 

For proving this it suffices to prove the following for any natural  number  n (since 
h n h* is equal to U,~e,v )): 

r -1 ; h  n C r  -1 (51) 

This can easily be proved by mathemat ica l  induction, using (48). By extension, 
it is easy to prove that  the set t ransformer ( r - l ip  ~ H)  ^ also refines skip,. 

AIO. Refining the Reachabillty Condit ion in the Presence of  New Events 

In this Appendix, we shall prove the central result of our study. It  essen- 
tially says that ,  as far as teachability is concerned, a set t ransformer F can be 
"simulated" by the set t ransformer G ~ H where G refines F,  and where the set 
t ransformer H (as described in Appendix A9)  formalizes the new events refining 
skip,. 



127 

We have written "simulated" rather than "refined". In fact, the simple set 
transformer r- l ip  ~ (G N H) does not refine ~ ~ F .  What  we shall prove 
is that  (r-l ip ~ (G ~ H)) ^ refines (~ ==~ F)  ^. In other words, the repeated 
"execution" of ~ ~ F is refined by the repeated "execution" of r- l ip  
(G ~ H). The new events, formalized by H,  do not induce any spoiling side 
effects on the global behavior of our system. 

Let us define F ' ,  G' and H '  as follows: 

F' ~- ~ : :~  F 

G' ~ r-lp ~ G 

H I ~_ r - l ~ ~ H  

(52) 

(53) 

(54) 

that  is 
(H '^ ; G')^(H'^(a))  C (G' ~ H')^(a) 

that  is equivMently 

fix(H'^(a)  (H '^ ; G')) C fix(a I(G'   H')) (57) 

Let q be defined as follows 

q ~- fix(a I (G' I H'))  (58) 

In order to prove (57), it is sufficient to prove the following (B-Book section 
3.2.2): 

H'~(a) fq ( g  '^ ; G')(q) C q (59) 

that  is 
H'^(a) N H'^(G'(q)) C q (60) 

that  is (since H t~ is conjunctive)) 

H ' ^ ( a n G ' ( q ) )  C_ q (51) 

For this it is sufficient to prove (again B-Book section 3.2.2) 

a n C'(q) rig'(q) C q (62) 

(55) 

(56) 

We have thus to prove that  F '^ is refined by (G'NH') ^ by means of the refinement 
relation r. For this, we shall first observe that  clearly F '^ is refined by (H '^ ; 
G ~) ̂  ; H I~ by means of the refinement relation r. This is because G I refines 
F '  (Appendix A3) and H '^ refines skip~ (Appendix A4) both by means of the 
refinement relation r, and also because of the monotonicity of refinement under 
the operators ";" and "^" (see B-Book section 11.2.4). It then just remains for us 
to prove that  (H '^ ; G') ^ ; H '^ is (algorithmically) refined by (G' ~ H')  ^, since 
the transitivity of refinement thus ensures that  F '^ is refined by (G ~ N H ~) ̂ . For 
proving this, we have to show (B-Book section 11.1.2) that  for any subset a of 
t, we have: 

((H '^ ; G') ̂  ; H'^)(a) C (G' ~ H')^(a) 
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which is obvious since q = a n G'(q) fq H'(q) according to (58). 
We have eventually proved that  (~ ~ F)  ^ is refined by (r -1 19 ~, G ~ H) ^ . 

As above in Appendix AS, we now have to find the condition under which the 
set r - l ip  is reached. By an argument that  is very similar to the one developed 
in Appendix A8,  this condition is an extension of condition (45) 

dora(f) C_ rdorn(g) U dora(h) (63) 

yielding 

V ( x , y ) - ( ( y , z ) E r  =~ ( x E d o m ( f )  =~ yEdo ra (g )  V y E d o r a ( h ) ) )  (64) 

This is essentially a formal setting of the proof obligation PO_5 presented in the 
main text.  
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Abstract. Let predicate P be converted from Boolean to numeric type
by writing 〈P 〉, with 〈false〉 being 0 and 〈true〉 being 1, so that in a
degenerate sense 〈P 〉 can be regarded as ‘the probability that P holds in
the current state’. Then add explicit numbers and arithmetic operators,
to give a richer language of arithmetic formulae into which predicates
are embedded by 〈·〉.
Abrial’s generalised substitution language GSL can be applied to arith-
metic rather than Boolean formulae with little extra effort. If we add
a new operator p⊕ for probabilistic choice, it then becomes ‘pGSL’: a
smooth extension of GSL that includes random algorithms within its
scope.

Keywords: Probability, program correctness, generalised substitutions,
weakest preconditions, B, GSL.

1 Introduction

Abrial’s Generalised Substitution Language GSL [1] is a weakest-precondition
based method of describing computations and their meaning; it is complemented
by the structures of Abstract Machines, together with which it provides a frame-
work for the development of correct systems. In this paper we extend it to prob-
abilistic programs, those that implement random algorithms.

Most sequential programming languages contain a construct for ‘determin-
istic’ choice, where the program chooses from a number of alternatives in some
predictable way: for example, in

if test then this else that end (1)

the choice between this and that is determined by test and the current state.
In contrast, Dijkstra’s language of guarded commands brings nondetermin-

istic or ‘demonic’ choice to prominence, in which the program’s behaviour is not
predictable, not determined by the current state. At first [2], demonic choice was
presented as a consequence of ‘overlapping guards’, almost an accident — but

Didier Bert (Ed.): B’98, LNCS 1393, pp. 9–25, 1998.
c© Springer-Verlag Berlin Heidelberg 1998
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as its importance became more widely recognised it developed a life of its own.
Nowadays it merits an explicit operator: the construct

this [] that

chooses between the alternatives unpredictably and, as a specification, indicates
abstraction from the issue of which will be executed. The customer will be happy
with either this or that ; and the implementor may choose between them accord-
ing to his own concerns.

With the invention of ‘miracles’ [12,16,18] the two forms of choice were uni-
fied, showing demonic choice to be the more fundamental: that innovation is
exploited in GSL whenever one writes

test → this [] ¬test → that (2)

instead of the more conventional (1) above.

Early research on probabilistic semantics took a different route: demonic
choice was not regarded as fundamental — rather it was abandoned altogether,
being replaced by probabilistic choice [8,4,3,7,6]. Thus probabilistic semantics
was divorced from the contemporaneous work on specification and refinement,
because without demonic choice there is no means of abstraction.

More recently however it has been discovered [5,15] how to bring the two
topics back together, taking the more natural approach of adding probabilistic
choice, retaining demonic choice and seeing deterministic choice again as at (2).
Probabilistic choice too is a special case of demonic choice: both deterministic
and probabilistic choice refine demonic choice, but neither refines the other.

Because the probabilistic/demonic semantics is an extension of predicate
transformers, it is possible to present its main ideas in the GSL idiom, which is
what we do in this paper. The result could be called ‘pGSL’.

In Sec. 2 we give a brief and shallow overview of pGSL, somewhat informal
and concentrating on simple examples. Sec. 3 sets out the definitions and prop-
erties of pGSL systematically, and Sec. 4 treats an example of reasoning about
probabilistic loops.

An impression of pGSL can be gained by reading Sections 2 and 4, with finally
a glance over Sections 3.1 and 3.2; more thoroughly one would read Sections 2,
3.1 and 3.2, then 2 (again) and finally 4. The more theoretical Sec. 3.3 can be
skipped on first reading.

2 An impression of pGSL

Let angle brackets 〈·〉 be used to embed Boolean-valued predicates within arith-
metic formulae which, for reasons explained below, we call expectations; in this
section we allow them to range over the unit interval [0, 1]. Stipulating that 〈false〉
is 0 and 〈true〉 is 1, we make the expectation 〈P 〉 in a trivial sense the probability
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that a given predicate P holds: if false, P is said to hold with probability 0; if
true, it holds with probability 1.

For our first example, we consider the simple program

x: = −y 1
3
⊕ x: = +y , (3)

over variables x, y: Z, using a construct 1
3
⊕ which we interpret as ‘choose the

left branch x: = −y with probability 1/3, and choose the right branch with
probability 1 − 1/3’.

Recall that for any predicate P over final states, and a standard1 substitution
S, the predicate [S]P acts over initial states: it holds in those initial states from
which S is guaranteed to reach P . Now suppose S is probabilistic, as Program
(3) is; what can we say about the probability that [S]P holds in some initial
state?

It turns out that the answer is just [S] 〈P 〉, once we generalise [S] to expec-
tations instead of predicates. We begin with the two definitions

[x: = E]R =̂ ‘R with x replaced everywhere’2 by E (4)
[S p⊕ T ]R =̂ p ∗ [S]R + (1−p) ∗ [T ]R , (5)

in which R is an expectation, and for our example program we ask∣∣∣∣ what is the probability that the predicate ‘the final state will satisfy
x ≥ 0’ holds in some given initial state of the program?

∣∣∣∣
To find out, we calculate [S] 〈P 〉 in this case; that is

[x: = −y 1
3
⊕ x: = +y] 〈x ≥ 0〉

≡3 (1/3) ∗ [x: = −y] 〈x ≥ 0〉
+ (2/3) ∗ [x: = +y] 〈x ≥ 0〉

using (5)

≡ (1/3) 〈−y ≥ 0〉 + (2/3) 〈+y ≥ 0〉 using (4)
≡ 〈y < 0〉 /3 + 〈y = 0〉 + 2 〈y > 0〉 /3 . arithmetic

Our answer is the last arithmetic formula above, which we could call a ‘pre-
expectation’ — the probability we seek is found by reading off the formula’s
value for various initial values of y, getting∣∣∣∣∣∣

when y is negative, 1/3 + 0 + 2(0)/3 = 1/3
when y is zero, 0/3 + 1 + 2(0)/3 = 1
when y is positive, 0/3 + 0 + 2(1)/3 = 2/3 .

∣∣∣∣∣∣
Those results indeed correspond with our operational intuition about the effect
of 1

3
⊕.

1 Throughout we use standard to mean ‘non-probabilistic’.
2 In the usual way, we take account of free and bound variables, and if necessary

rename to avoid variable capture.
3 Later we explain the use of ‘≡’ rather than ‘=’.
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The above remarkable generalisation of sequential program correctness is
due to Kozen [8], but until recently was restricted to programs that did not
contain demonic choice []. When He et al. [5] and Morgan et al. [15] successfully
added demonic choice, it became possible to begin the long-overdue integration
of probabilistic programming and formal program development: in the latter,
demonic choice — as abstraction — plays a crucial role in specifications.

To illustrate the use of abstraction, in our second example we abstract from
probabilities: a demonic version of Program (3) is much more realistic in that we
set its probabilistic parameters only within some tolerance. We say informally
(but still with precision) that

• x: = −y is to be executed with probability at least
1/3,

• x: = +y is to be executed with probability at least
1/4 and

• it is certain that one or the other will be executed.




(6)

Equivalently we could say that alternative x: = −y is executed with probability
between 1/3 and 3/4, and that otherwise x: = +y is executed (therefore with
probability between 1/4 and 2/3).

With demonic choice we can write Specification (6) as

(x: = −y 1
3
⊕ x: = +y) [] (x: = −y 3

4
⊕ x: = +y) , (7)

because we do not know or care whether the left or right alternative of [] is
taken — and it may even vary from run to run of the program, resulting in an
‘effective’ p⊕ with p somewhere between the two extremes.4

To examine Program (7), we define the generalised substitution

[S [] T ]R =̂ [S]R min [T ]R , (8)

using min because we regard demonic behaviour as attempting to make the
achieving of R as improbable as it can. Repeating our earlier calculation (but
more briefly) gives this time

[Program (7)] 〈x ≥ 0〉

≡ 〈y ≤ 0〉 /3 + 2 〈y ≥ 0〉 /3
min 3 〈y ≤ 0〉 /4 + 〈y ≥ 0〉 /4

using (4), (5), (8)

≡ 〈y < 0〉 /3 + 〈y = 0〉 + 〈y > 0〉 /4 . arithmetic

4 A convenient notation for (7) would be based on the abbreviation

S [p,q]⊕ T =̂ S p⊕ T [] S q⊕ T ;

we would then write it x: = −y [ 13 , 3
4 ]⊕ x: = +y.
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Our interpretation is now

• When y is initially negative, the demon chooses the left branch of [] because
that branch is more likely (2/3 vs. 1/4) to execute x: = +y — the best we
can say then is that x ≥ 0 will hold with probability at least 1/3.

• When y is initially zero, the demon cannot avoid x ≥ 0 — either way the
probability of x ≥ 0 finally is 1.

• When y is initially positive, the demon chooses the right branch because
that branch is more likely to execute x: = −y — the best we can say then
is that x ≥ 0 finally with probability at least 1/4.

The same interpretation holds if we regard [] as abstraction. Suppose Pro-
gram (7) represents some mass-produced physical device and, by examining the
production method, we have determined the tolerance as above (6) on the de-
vices produced. If we were to buy one arbitrarily, all we could conclude about
its probability of establishing x ≥ 0 is just as calculated above.

Refinement is the converse of abstraction: for two substitutions S, T we define

S v T =̂ [S]RV[T ]R for all R, (9)

where we write V for ‘everywhere no more than’ (which ensures 〈false〉V 〈true〉
as expected). From (9) we see that in the special case when R is an embedded
predicate 〈P 〉, the meaning of V ensures that a refinement T of S is at least as
likely to establish P as S is. That accords with the usual definition of refinement
for standard programs — for then we know [S] 〈P 〉 is either 0 or 1, and whenever
S is certain to establish P (whenever [S] 〈P 〉 ≡ 1) we know that T also is certain
to do so (because then 1V[T ] 〈P 〉).

For our third example we prove a refinement: consider the program

x: = −y 1
2
⊕ x: = +y , (10)

which clearly satisfies Specification (6); thus it should refine Program (7). With
Definition (9), we find for any R that

[Program (10)]R
≡ ([x: = −y]R)/2 + ([x: = +y]R)/2
≡ R−/2 + R+/2 introduce abbreviations

≡ (3/5)(R−/3 + 2R+/3)
+ (2/5)(3R−/4 + R+/4)

arithmetic

W R−/3 + 2R+/3
min 3R−/4 + R+/4

any linear combination exceeds min

≡ [Program (7)]R .
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The refinement relation (9) is indeed established for the two programs.
The introduction of 3/5 and 2/5 in the third step can be understood by noting

that demonic choice [] can be implement by any probabilistic choice whatever:
in this case we used 3

5
⊕. Thus a proof of refinement at the program level might

read

Program (10)
= x: = −y 1

2
⊕ x: = +y

= (x: = −y 1
3
⊕ x: = +y)

3
5
⊕ (x: = −y 3

4
⊕ x: = +y)

arithmetic

w x: = −y 1
3
⊕ x: = +y

[] x: = −y 3
4
⊕ x: = +y

([]) v (p⊕) for any p

≡ Program (7) .

3 Presentation of probabilistic GSL

In this section we give a concise presentation of probabilistic GSL as a whole:
its definitions, how they are to be interpreted and their (healthiness) properties.

3.1 Definitions of pGSL substitutions

In pGSL, substitutions act between ‘expectations’ rather than predicates, where
an expectation is an expression over (program or state) variables that takes its
value in the non-negative reals extended with ∞.5 To retain the use of predicates,
we allow expectations of the form 〈P 〉 when P is Boolean-valued, defining 〈false〉
to be 0 and 〈true〉 to be 1.

Implication-like relations between expectations are

RVR′ =̂ R is everywhere no more than R′

R ≡ R′ =̂ R is everywhere equal to R′

RWR′ =̂ R is everywhere no less than R′.

Note that |= P ⇒ P ′ exactly when 〈P 〉 V 〈P ′〉, and so on; that is the motivation
for the symbols chosen.

The definitions of the substitutions in pGSL are given in Fig. 1.

5 This domain, more general than the [0, 1] of the previous section, makes the defi-
nitions easier. . . but perhaps makes intuition harder. In any case, the healthiness
conditions of Sec. 3.3 show that we can restrict attention to [0, 1] if we wish, as
indeed we do again in Sec. 4.
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The probabilistic generalised substitution language pGSL acts over ‘expectations’
rather than predicates: expectations take values in R≥0 ∪ {∞}.

[x: = E]R The expectation obtained after replacing all free
occurrences of x in R by E, renaming bound vari-
ables in R if necessary to avoid capture of free vari-
ables in E.

[P | S]R 〈P 〉 ∗ [S]R, where 0 ∗∞ =̂ 0.
[S [] T ]R [S]R min [T ]R
[P =⇒ S]R 1/ 〈P 〉 ∗ [S]R, where ∞∗ 0 =̂∞.
[skip]R R
[@z · S]R min z · ([S]R), where z does not occur free in R.
[S p⊕ T ]R p ∗ [S]R + (1−p) ∗ [T ]R

S v T [S]RV[T ]R for all R

• R is an expectation (possibly but not necessarily 〈P 〉 for some predicate P );
• P is a predicate (not an expectation);
• ∗ is multiplication;
• S, T are probabilistic generalised substitutions (inductively);
• p is an expression over the program variables (possibly but not necessarily a con-

stant), taking a value in [0, 1]; and
• z is a variable (or a vector of variables).

Fig. 1. pGSL — the probabilistic Generalised Substitution Language

3.2 Interpretation of pGSL expectations

In its full generality, an expectation is a function describing how much each
program state is ‘worth’.

The special case of an embedded predicate 〈P 〉 assigns to each state a worth
of 0 or of 1: states satisfying P are worth 1, and states not satisfying P are
worth 0. The more general expectations arise when one estimates, in the initial
state of a probabilistic program, what the worth of its final state will be. That
estimate , the ‘expected worth’ of the final state, is obtained by summing over
all final states

the worth of the final state multiplied by the probability the program
‘will go there’ from the initial state.

Naturally the ‘will go there’ probabilities depend on ‘from where’, and so that
expected worth is a function of the initial state.

When the worth of final states is given by 〈P 〉, the expected worth of the
initial state turns out — very nearly — to be just the probability that the
program will reach P . That is because
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expected worth of initial state

≡ (probability S reaches P )
∗ (worth of states satisfying P )

+ (probability S does not reach P )
∗ (worth of states not satisfying P )

≡ (probability S reaches P ) ∗ 1
+ (probability S does not reach P ) ∗ 0

≡ probability S reaches P ,

where matters are greatly simplified by the fact that all states satisfying P have
the same worth.

Typical analyses of programs S in practice lead to conclusions of the form

p ≡ [S] 〈P 〉

for some p and P which, given the above, we can interpret in two equivalent
ways:

1. the expected worth 〈P 〉 of the final state is at least6 the value of p in the
initial state; or

2. the probability that S will establish P is at least p.

Each interpretation is useful, and in the following example we can see them
acting together: we ask for the probability that two fair coins when flipped will
show the same face, and calculate

[
x: = H 1

2
⊕ x: = T ;

y: = H 1
2
⊕ y: = T

]
〈x = y〉

≡ 1
2
⊕, : = and sequential composition

[x: = H 1
2
⊕ x: = T ](〈x = H〉 /2 + 〈x = T 〉 /2)

≡ (1/2)(〈H = H〉 /2 + 〈H = T 〉 /2)
+ (1/2)(〈T = H〉 /2 + 〈T = T 〉 /2)

1
2
⊕ and :=

≡ (1/2)(1/2 + 0/2) + (1/2)(0/2 + 1/2) definition 〈·〉
≡ 1/2 . arithmetic

6 We must say ‘at least’ in general, because of possible demonic choice in S; and some
analyses give only the weaker pV[S] 〈P 〉 in any case.
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We can then use the second interpretation above to conclude that the faces are
the same with probability (at least7) 1/2.

But part of the above calculation involves the more general expression

[x: = H 1
2
⊕ x: = T ](〈x = H〉 /2 + 〈x = T 〉 /2) ,

and what does that mean on its own? It must be given the first interpretation,
since its post-expectation is not of the form 〈P 〉, and it means

the expected value of 〈x = H〉 /2+〈x = T 〉 /2 after executing x: = H 1
2
⊕

x: = T ,

which the calculation goes on to show is in fact 1/2. But for our overall conclu-
sions we do not need to think about the intermediate expressions — they are
only the ‘glue’ that holds the overall reasoning together.

3.3 Properties of pGSL

Recall that all GSL constructs satisfy the property of conjunctivity8 [1, Sec. 6.2]
— that is, for any GSL substitution S and post-conditions P, P ′ we have

[S](P ∧ P ′) = [S]P ∧ [S]P ′ .

That ‘healthiness property’ [2] is used to prove general properties of programs.
In pGSL the healthiness condition becomes ‘sublinearity’ [15], a generalisa-

tion of conjunctivity:∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

Let a, b, c be non-negative finite reals, and R, R′ expectations; then
all pGSL constructs S satisfy

[S](aR + bR′ 	 c) W a[S]R + b[S]R′ 	 c ,

which property of S is called sublinearity.
We have written aR for a ∗ R etc., and truncated subtraction 	 is
defined

x 	 y =̂ (x − y) max 0 ,

with syntactic precedence lower than +.

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
Although it has a strange appearance, from sublinearity we can extract a

number of very useful consequences, as we now show [15]. We begin with mono-
tonicity, feasibility and scaling.9

7 Knowing there is no demonic choice in the program, we can in fact say it is exact.
8 They satisfy monotonicity too, which is implied by conjunctivity.
9 Sublinearity characterises probabilistic and demonic substitutions. In Kozen’s orig-

inal probability-only formulation [8] the substitutions are not demonic, and there
they satisfy the much stronger property of ‘linearity’ [9].
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monotonicity: increasing a post-expectation can only increase the pre-expectation.
Suppose RVR′ for two expectations R, R′; then

[S]R′

≡ [S](R + (R′ − R))
W [S]R + [S](R′ − R) sublinearity with a, b, c =̂ 1, 1, 0
W [S]R . R′ −R well defined, hence 0V[S](R′ −R)

feasibility: pre-expectations cannot be ‘too large’. First note that

[S]0
≡ [S](2 ∗ 0)
W 2 ∗ [S]0 , sublinearity with a, b, c =̂ 2, 0, 0

so that [S]0 must be either 0 or ∞. We say that S is feasible if [S]0 ≡ 0.
Now write maxR for the maximum of R over all its variables’ values, and
assume that S is feasible; then

0
≡ [S]0 feasibility above
≡ [S](R 	 maxR) R	maxR ≡ 0
W [S]R 	 maxR , a, b, c =̂ 1, 0, maxR

where we assume for the moment that maxR is finite so that it can be used
in sublinearity. Now from 0W[S]R 	 maxR we have trivially that

[S]R V max R , (11)

which we have proved under the assumption that S is feasible and maxR is
finite — but if maxR is not finite, then (11) holds anyway.
Thus we have shown in any case that feasibility implies (11); but since (11)
implies feasibility (take R =̂ 0), it could itself be taken as the definition.10

scaling: multiplication by a non-negative constant distributes through feasi-
ble11 substitution. Note first that [S](aR)Wa[S]R directly from sublinearity.
For V we have two cases: when a is 0, trivially from feasibility

[S](0 ∗ R) ≡ [S]0 ≡ 0 ≡ 0 ∗ [S]R ;

and for the other case a 6= 0 we reason

[S](aR)
≡ a(1/a)[S](aR) a 6= 0
V a[S]((1/a)aR) sublinearity using 1/a

a[S]R ,

thus establishing [S](aR) ≡ a[S]R generally.
10 We can define fis (S) to be 〈[S]0 = 0〉.
11 The feasibility restriction is because when [S](0 ∗ R) is infinite it does not equal

0 ∗ [S]R.
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That completes monotonicity, feasibility and scaling.

The remaining property we examine is probabilistic conjunction. Since stan-
dard conjunction ∧ is not defined over numbers, we have many choices for a
probabilistic analogue & of it, requiring only that

0 & 0 = 0, 0 & 1 = 0, 1 & 0 = 0 and 1 & 1 = 1 (12)

for consistency with embedded Booleans.
Obvious possibilities for & are multiplication ∗ and minimum min, and each

of those has its uses; but neither satisfies anything like a generalisation of con-
junctivity. Instead we define

R & R′ =̂ R + R′ 	 1 , (13)

whose right-hand side is inspired by sublinearity when a, b, c =̂ 1, 1, 1. We now
establish a (sub-) distribution property for it.

While discussing conjunction we restrict our expectations to the unit interval
[0, 1], as we did earlier, and assume all our substitutions are feasible.12 In that
case infinities do not intrude, and we have from feasibility that RV1 implies

[S]R V max R V 1 ,

showing that the restricted domain [0, 1] is closed under (feasible) substitutions.
The distribution property is then a direct consequence of sublinearity.

sub-conjunctivity: the operator & subdistributes through substitutions. From
sublinearity with a, b, c =̂ 1, 1, 1 we have

[S](R & R′) W [S]R & [S]R′

for all S.

Unfortunately there does not seem to be a full (rather than sub-) conjunctivity
property.

Beyond sub-conjunctivity, we say that & generalises conjunction for several
other reasons. The first is of course that it satisfies the standard properties (12).

The second reason is that sub-conjunctivity implies ‘full’ conjunctivity for
standard programs. Standard programs, containing no probabilistic choices, take
standard 〈P 〉-style post-expectations to standard pre-expectations: they are the
embedding of GSL in pGSL, and for standard S we now show that

[S](〈P 〉 & 〈P ′〉) ≡ [S] 〈P 〉 & [S] 〈P ′〉 . (14)

First note that ‘W’ comes directly from sub-conjunctivity above, taking R, R′

to be 〈P 〉 , 〈P ′〉.
Then ‘V’ comes from monotonicity, for 〈P 〉 & 〈P ′〉 V 〈P 〉 whence [S](〈P 〉 &

〈P ′〉)V[S] 〈P 〉, and similarly for P ′. Putting those together gives
12 We could avoid the feasibility assumption by using the domain [0, 1]∪∞, but in this

presentation it is simpler not to introduce ∞.
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[S](〈P 〉 & 〈P ′〉) V [S] 〈P 〉 min [S] 〈P ′〉 ,

by elementary arithmetic properties of V. But on standard expectations —
which [S] 〈P 〉 and [S] 〈P ′〉 are, because S is standard — the operators min and
& agree.

A last attribute linking & to ∧ comes straight from elementary probability
theory. Let A and B be two events, unrelated by ⊆ and not necessarily indepen-
dent:∣∣∣∣∣∣∣∣

if the probability of A is at least p, and the probability of B is at
least q,
then the most that can be said about the joint event A∩B is that
it has probability at least p & q [19].

∣∣∣∣∣∣∣∣
The & operator also plays a crucial role in the proof (not given in this paper)

of the probabilistic loop rule presented and used in the next section [13].

4 Probabilistic invariants for loops

To show pGSL in action, we state a proof rule for probabilistic loops and apply
it to a simple example. Just as for standard loops, we can deal with invariants
and termination separately.

We continue with the restriction to feasible programs, and expectations in
[0, 1].

4.1 Probabilistic invariants

In a standard loop, the invariant holds at every iteration of the loop: it describes
a set of states from which the loop will establish the postcondition, if termination
occurs.

For a probabilistic loop we have a post-expectation rather than a postcon-
dition; but if that post-expectation is some 〈P 〉 say, then — as an aid to the
intuition — we can look for an invariant that gives a lower bound on the prob-
ability that we will establish P by (continuing to) execute the loop ‘from here’.
Often that invariant will have the form

p ∗ 〈I〉 (15)

with p a probability and I a predicate, both expressions over the state. From
the definition of 〈·〉 we know that the interpretation of (15) is

probability p if I holds, and probability 0 otherwise.

We see an example of such invariants below.
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4.2 Termination

The probability that a program will terminate generalises the usual definition:
recalling that 〈true〉 ≡ 1 we define

trm (S) =̂ [S]1 . (16)

As a simple example of termination, suppose S is the recursive program

S =̂ S p⊕ skip , (17)

in which we assume that p is some constant strictly less than 1: elementary
probability theory shows that S terminates with probability 1 (after an expected
p/(1−p) recursive calls). And by calculation based on (16) we confirm that

trm (S)
≡ [S]1
≡ p ∗ ([S]1) + (1−p) ∗ ([skip]1)
≡ p ∗ trm (S) + (1−p) ,

so that (1−p)∗ trm (S) ≡ 1−p. Since p is not 1, we can divide by 1−p to see that
trm (S) ≡ 1. That agrees with the elementary theory above, that the recursion
will terminate with probability 1 — for if p is not 1, the chance of recursing N
times is pN , which for p < 1 approaches 0 as N increases without bound.

4.3 Probabilistic correctness of loops

A loop is a least fixed point, as in the standard case [1, Sec. 9.2], which gives
easily that if 〈P 〉 ∗ IV[S]I then

IV[while P do S end](〈¬P 〉 ∗ I)

provided13 the loop terminates; indeed, for the proof one simply carries out the
standard reasoning almost without noticing that expectations rather than pred-
icates are being manipulated. Thus the notion of invariant carries over smoothly
from the standard to the probabilistic case.

When termination is taken into account we get the following rule [13].∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

For convenience write T for the termination probability of the loop,
so that

T =̂ trm (while P do S end) .

Then partial loop correctness — preservation of a loop invariant
I — implies total loop correctness if that invariant I nowhere14

exceeds T :

If 〈P 〉 ∗ IV[S]I
and IVT
then IV[while P do S end](〈¬P 〉 ∗ I) .

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
13 The precise treatment of ‘provided’ uses weakest liberal pre-expectations [13,10].
14 Note that is not the same as ‘implies total correctness in those states where I does

not exceed T ’: in fact I must not exceed T in any state, and the weaker alternative
is not sound.
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We illustrate the loop rule with a simple example. Suppose we have a machine
that is supposed to sum the elements of a sequence [1, Sec. 10.4.2], except that
the mechanism for moving along the sequence occasionally sticks, and for that
moment does not move. A program for the machine is given in Fig. 2, where the
unreliable component

k: = k + 1 c⊕ skip

sticks (fails to move along) with probability 1−c. With what probability does
the machine accurately sum the sequence, establishing

r = sum(s) (18)

on termination?
We first find the invariant: relying on our informal discussion above, we ask

during the loop’s execution, with what probability are we in a state from
which completion of the loop would establish (18)?

The answer is in the form (15) — take p to be csize(s)+1−k, and let I be the
standard invariant [1, p.459]

k ∈ 1..size(s)+1 ∧ r = sum(s ↑ (k−1)) .

pre
s ∈ seq(u)

then
var k in

r, k: = 0, 1;
while k ≤ size(s) do

r: = r + s(k);
k: = k + 1 c⊕ skip ← failure possible here

end
end

end

Fig. 2. An unreliable sequence-accumulator

Then our probabilistic invariant — call it J — is just p ∗ 〈I〉, which is to say it
is

if the standard invariant holds then csize(s)+1−k, the probability of going
on to successful termination; if it does not hold, then 0.

Having chosen a possible invariant, to check it we calculate[
r: = r + s(k);
k: = k + 1 c⊕ skip

]
J

≡ [r: = r + s(k)]
c ∗ [k: = k + 1]J + (1−c) ∗ J

; and c⊕
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W drop (1−c) ∗ J , and :=
[r: = r + s(k)]

csize(s)+1−k ∗
〈

k ∈ 0..size(s)
r = sum(s ↑ k)

〉

≡ csize(s)+1−k ∗
〈

k ∈ 0..size(s)
r + s(k) = sum(s ↑ k)

〉
: =

W 〈k ≤ size(s)〉 ∗ J ,

where in the last step the guard k ≤ size(s), and k ≥ 1 from the invariant, allow
the removal of +s(k) from both sides of the lower equality.

Now we turn to termination: we note (informally) that the loop terminates
with probability at least

csize(s)+1−k ∗ 〈k ∈ 1..size(s)+1〉 ,

which is just the probability of size(s) + 1 − k correct executions of k: = k + 1,
given that k is in the proper range to start with; hence trivially JVtrm (while),
as required by the loop rule.

That concludes reasoning about the loop itself, leaving only initialisation
and the post-expectation of the whole program. For the latter we see that on
termination of the loop we have 〈k > size(s)〉 ∗ J , which indeed ‘implies’ (is in
the relation V to) the post-expectation 〈r = sum(s)〉 as required.

Turning finally to the initialisation we finish off with

[r, k: = 0, 1]J

≡ csize(s) ∗
〈

1 ∈ 1..size(s)+1
0 = sum(s ↑ 0)

〉
≡ csize(s) ∗ 〈true〉
≡ csize(s) ,

and our overall conclusion is therefore

csize(s) V [sequence-accumulator ] 〈r = sum(s)〉 ,

just as we had hoped: the probability that the sequence is correctly summed is
at least csize(s).

Note the importance of the inequality V in our conclusion just above — it
is not true that the probability of correct operation is equal to csize(s) in general.
For it is certainly possible that r is correctly calculated in spite of the occasional
malfunction of k: = k + 1; but the exact probability, should we try to calculate
it, would depend intricately on the contents of s. (It would be 1, for example, if
s contained only zeroes, and could be very involved if s contained some mixture
of positive and negative values.) If we were forced to calculate exact results (as
in earlier work [20]), rather than just lower bounds as we did above, this method
would not be at all practical.
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Further examples of loops, and a discussion of probabilistic variant argu-
ments, are given elsewhere [13].

5 Conclusion

It seems that a little generalisation can go a long way: Kozen’s use of expecta-
tions and the definition of p⊕ as a weighted average [8] is all that is needed for a
simple probabilistic semantics, albeit one lacking abstraction. Then He’s sets of
distributions [5] and our min for demonic choice together with the fundamental
property of sublinearity [15] take us the rest of the way, allowing allowing abstrac-
tion and refinement to resume their central role — this time in a probabilistic
context. And as Sec. 4 illustrates, many of the standard reasoning principles
carry over almost unchanged.

Being able to reason formally about probabilistic programs does not of course
remove per se the complexity of the mathematics on which they rely: we do
not now expect to find astonishingly simple correctness proofs for all the large
collection of randomised algorithms that have been developed over the decades
[17]. Our contribution — at this stage — is to make it possible in principle to
locate and determine reliably what are the probabilistic/mathematical facts the
construction of a randomised algorithm needs to exploit. . . which is of course
just what standard predicate transformers do for conventional algorithms.

Finally, there is the larger issue of probabilistic abstract machines, or mod-
ules, and the associated concern of probabilistic data refinement. That is a chal-
lenging problem, with lots of surprises: using our new tools we have already seen
that probabilistic modules sometimes do not mean what they seem [11], and that
equivalence or refinement between such modules depends subtly on the power of
demonic choice and its interaction with probability.
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Abstract: It is argued that refinement, in which I/O signatures stay the same, preconditions are 
weakened and postconditions strengthened, is too restrictive to describe all but a fraction of many 
realistic developments. An alternative notion is proposed called retrenchment, which allows 
information to migrate between I/O and state aspects of operations at different levels of 
abstraction, and which allows only a fraction of the high level behavioar to be captured at the low 
level. This permits more of the informal aspects of design to be formally captured and checked. 
The details are worked out for the B-Method. 

1 Idealised and Realistic Modelling: The Inadequacy of 
Pure Refinement 

Like all good examples of  terminology, the word "refinement" is far too evocative for 
its use ever to have been confined to exactly one concept. Even within the formal meth- 
ods community, the word is used in at least two distinct senses. The first is a strict sense. 
An operation O C is a refinement of  an operation O A iff the precondition of  O C is weaker 
than the precondition of  O A and the relation of  Or is less nondeterministic than the re- 
lation of  O A . The well known refinement calculus Back (1981), Back (1988), Back 
and von Wright (1989), von Wright (1994), Morris (1987), Morgan (1990) captures 
this in a formal system within which one can calculate precisely. 

However there is a second, much less strict use of  the word. In formalisms such as Z 
or VDM Spivey (1993), Hayes (1993), Jones (1990), Jones and Shaw (1990), require- 
ments are frequently captured at a high level of  abstraction, often involving for instance 
divine natural numbers or divine real numbers 1, and neglecting whole rafts of  detail not 
appropriate to a high level view, in order that the reader of  the high level description 
"can see the wood for the trees". Such descriptions are then "refined" to lower levels 
of  abstraction where the missing details are filled in, typically yielding longer, more tor- 
tuous and much less transparent but much more realistic definitions of  the system in 
question. Indeed the complexity of  such descriptions can often be comparable to or 
greater than that of  their implementations, a fact cited by detractors of  formal methods 
as undermining the value of  formal methods themselves, though this seems to us to be 
like denigrating stereoscopic vision because the image seen by the left eye is of  compa- 
rable complexity to that seen by the fight. 

In truth the world is a complex place and developing descriptions of some part of  it in 
two distinct but reconcilable formalisms (the specification and implementation), rather 

1. By divine naturals, integers or reals, we mean the natural numbers, integers or real num- 
bers that God made, abstract and infinite, in contrast to the finite discrete approximations 
that we are able to implement on any real world system. The latter we callmundane natural 
numbers, integers or real numbers. 
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than just one, is always likely to help rather than hinder, even if the "more abstract" de- 
scription is not significantly simpler than the other. (For an entertaining example of the 
undue weight attatched to the brevity of descriptions see Fig. 16.2 of Wand and Milner 
(1996).) 

In this paper we address the main problem posed by the second use of the "refinement" 
word, namely that there is not a refinement relationship in the strict sense between the 
idealised high level specification, and the "real" but lower level specification. We will 
use the B framework throughout the paper, but will frequently pretend that B contains 
many more liberal types, h la Z or VDM, than it actually does. For instance we will 
assume available to us divine types such as D-NAT, D-INT, D-REAL as well as their 
mundane counterparts M-NAT, M-INT, M - F L O A T  ; we can identify M - N A T  with the 
normal B type of NAT. 

Let us illustrate with a small example, namely addition. In negotiating the requirement 
for a proprietary operation with a customer we might write: 

My_Div ine_Mach ine  

aa , bb , cc 

aa �9 D-NAT A bb �9 D-NAT ^ cc �9 D-NAT 

MACHINE 
VARIABLES 
INVARIANT 

OPERATIONS 
M y P l u s  cc := aa + bb ; 

In D-NAT, the + operation is the familiar one given by (say) the Peano axioms for ad- 
dition, and is an ideal and infinite operation, making M yP l u s  equally ideal, but allowing 
us to see the essence of what is required. Having assured ourselves and the customer 
that we were on the right lines, we would want to describe more precisely what we could 
achieve, writing say: 

M A C H I N E  M y _ M u n d a n e _ M a c h i n e  

VARIABLES aaa , bbb , ccc 

INVARIANT aaa e M-NAT A bbb e M-NAT A CCC �9 M-NAT 

OPERATIONS 
resp < MyPlus  

IF 

aaa + bbb < M a x N u m  

THEN 
ccc := aaa + bbb II 
resp := T R U E  

ELSE 
resp := FALSE 

E N D  ; 

M y _ M u n d a n e _ M a c h i n e  could never be a refinement of M y _ D i v i n e _ M a c h i n e .  Partly 
this is for trivial syntactic reasons, eg. we would have to write REFINEMENT 
M y _ M u n d a n e _ M a c h i n e  R E F I N E S  My_Div ine_Mach ine  . . . .  Apart from that, there are 
three further important issues. Firstly the INVARIANT of the more concrete machine 
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does not contain any refinement relation that would relate the abstract and concrete vari- 
ables. This could easily be fixed if we were to write in the concrete INVARIANT say: 

INVARIANT aaa  ~ M-NAT A b b b  ~ M-NAT A CCC ~ M-NAT A 
a a  = a a a  A b b  = b b b  A CC = CCC 

assuming the obvious theory that allowed the identification of  the mundane naturals as 
a subset of  the divine ones. Secondly the signatures of  M y P l u s  in the two machines are 
different; this is not allowed in normal notions of  refinement. Thirdly, since not all di- 
vine naturals are refined to mundane ones, the standard proof obligation of  refinement: 

PAA,  C A I N V  A A I N V  C A t r m ( M y P l u s  A)  

t r m ( M y P l u s c )  A M y P l u s  C ~ M y P I u s A  ~ I N V  C 

cannot possibly be satisfied, as t h e  a a a  + b b b  > M a x N u m  situation yields incompatible 
answers in the divine and mundane cases. (In the preceding the A and C subscripts refer 
to abstract and concrete respectively, trm(S) is the predicate under which operation S is 
guaranteed to terminate, and PAA,  C is the usual collection of  clauses about the parame- 
ters and constants o f  the two machines). 

The latter two reasons in particular show that the primary motivation for classical re- 
finement, i.e. that the user should not be able to tell the difference between using the 
abstract or concrete version of  an operation, does not hold sway here. What we are do- 
ing is adding real world detail to a description in a disciplined manner in order to aid 
understandability, not performing an implementation sleight of  hand that we do not in- 
tend the user to notice. 

Sometimes the process of  adding detail can nevertheless be captured, albeit perhaps in- 
elegantly, within the classical notion of  refinement. For example the following would 
be a valid refinement if D-NAT were a valid type in B: 

Y o u r _ D i v i n e _ M a c h i n e  

a a  , bb  , c c  

aa ~ D-NAT ^ bb  ~ D-NAT A cc  ~ D-NAT 

MACHINE 
VARIABLES 
INVARIANT 

OPERATIONS 
Y o u r P l u s  

E N D  

R E F I N E M E N T  

R E F I N E S  

VARIABLES 
INVARIANT 

OPERATIONS 
Y o u r P l u s  

IF 

cc  : = a a  + b b   s k i p  ; 

Y o u r _ M u n d a n e _ M a c h i n e  

Y o u r _ D i v i n e _ M a c h i n e  

a a a  , b b b  , c c c  

aaa  e M-NAT A b b b  ~ M-NAT A Ccc ~ M-NAT A 
a a  = a a a  A bb  = b b b  A CC = CCC 

a a a  + b b b  < M a x N u m  

THEN 
c c c  := aaa  + b b b  
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END ; 

END 

Thus as long as the extra detail is hidden at the lower level, one can conceal a certain 
amount of low level enrichment by specifying skip as the whole or an optional part of 
the higher level definition. This is frequently done in B when what one really wants to 
do is to give a detailed description at (say) the implementation level, but one neverthe- 
less needs a specification of one sort or another because the B method always demands 
a machine at the top level of a development. Under such circumstances one writes skip 
at the top level (usually omitting to define any abstract variables too), relying on the fact 
that any operation (whose effect on the concrete variables does not entail any visible 
consequences on the abstract variables via the refinement invariant) refines it. In effect 
one simply avoids the issue. 

However we argue that such uses of skip, though technically neat where they can ac- 
complish what is desired, are somewhat misleading. They mix concerns in the follow- 
ing sense. The job of the abstract specification is to set out the idealised model as 
clearly as possible. Matters are therefore not helped by occurences here and there of 
skip, whose purpose is to mediate between the abstract model and concrete model in 
order that the relationship between them should be a refinement in the strict sense. In 
fact the skip is signalling that the relationship between the abstract and concrete models 
is not one of pure refinement, but something more intricate. And thus a cleaner design 
strategy would place the data that described this relationship in an appropriate position, 
rather than clog up the abstract model with skips. 

Situations much more involved than either of the above can arise routinely in the devel- 
opment of certain types of critical system; in particular if the system in question must 
model phenomena described in the real word  by continuous mathematics. In such cas- 
es, system construction may well be founded upon a vast aggregate of conventional 
mathematics, perhaps supported by semiempirical considerations, and having an accu- 
racy requirement for calculations measured in percent rather than in terms of the exact 
embedding of M-FLOAT in D-REAL.  In such cases, the derivation of the discrete 
model actually cast in software from the original high level model, is a complex process 
of reasoning steps, some more precise than others, and all in principle belonging in the 
safety case for the implemented system, as justification for the purported validity and 
range of applicability of the low level discrete model. In these cases, current refinement 
technology cannot speak about any but the last step or two, as the premise on which it 
is founded, namely that the user should not be able to tell if it is the abstract or concrete 
version of a system that he is using, is neither applicable nor relevant to most of the jus- 
tification. 

The use of skip to circumvent the gap between levels of abstraction is even less con- 
vincing than previously when starting from a continuous model. Suppose one is mod- 
elling Newton's Second Law, which equates acceleration with force divided by mass. 
Newton did not state "a := f /m   skip" or anything similar, and the interpolation of 
skips in the statement of such continuous laws for the purposes stated is particularly un- 
attractive and intrusive. 

And yet it is very unsatisfying to say that the corroboration that formal methods can of- 
fer in critical developments should be abandoned in such cases because the nature of 
the reasoning involved is "out of scope" of the conventional notion of refinement. Rath- 
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er we should look to enrich what we might accomplish by "refinement-like" concepts 
in the hope of bringing more useful engineering within the remit of formal methods. As 
the pressure to include software in more and more critical systems increases, and the 
pressure to verify such systems mechanically against state of the art methodology in- 
creases too, the market for such enrichments can only grow. Our conclusion then is that 
there is an identifiable need to search for more flexible ways of "'refining" abstract re- 
quirements into implementable specifications. In Section 2 we introduce a liberalisa- 
tion of refinement, retrenchment, as a step in this direction. Section 3 makes the 
proposal more precise by discussing the incorporation of retrenchment in the B-Meth- 
od, while Section 4 looks at scenarios involving the passage from continuous to discrete 
mathematics, scenarios that are gaining importance in the serious application of formal 
methods to real world safety critical systems; places indeed where the notion of re- 
trenchment is particularly likely to prove useful. Section 5 concludes. 

2 Retrenchment 

A refinement as everyone knows, weakens the precondition and strengthens the post- 
condition of an operation. Since an operation is specified by a precondition/postcondi- 
tion pair, to go beyond refinement to relate an abstract operation O A and a concrete 
operation O c , either the precondition of O C must be stronger than or unrelated to the 
precondition of O A , or the postcondition of 0 C must be weaker than or unrelated to the 
postcondition of O A , or both. There are no other possibilities. 

Retrenchment is, very loosely speaking, the strengthening of the precondition and the 
weakening of the postcondition though technically it's more subtle than that. This is 
like the opposite of refinement, except that we avail ourselves of the opportunity to lib- 
eralise the connection between abstract and concrete operations even more widely. For 
instance not only will we allow changes of data type in the state component of an oper- 
ation, we will also allow flexibility in the input and output components. Thus we allow 
inputs and outputs to change representation between abstract and concrete operations, 
and moreover we allow information to drift between I/O and state aspects during a re- 
trenchment. Thus some data that was most conveniently viewed as part of  the input at 
the abstract level say, might be best recast as partly input data and partly state at a more 
concrete level, or vice versa. Similar things might occur on the output side. This greater 
flexibility in involving properties of the inputs and outputs in the relation between ver- 
sions of an operation, gives more leeway for building realistic but complex specifica- 
tions of real systems out of oversimplified but more comprehensible subsystems. 

These things go way beyond what is conceivable in refinement. Correspondingly, the 
usual way of controlling refinement, via a joint invariant, will be inadequate as a means 
of expressing the properties of this more liberal situation. We will need to split up the 
"local invariant" and "retrieve relation" in the joint invariant, and a couple of extra 
predicates per operation, one for the before-aspect and one for the after-aspect, and if it 
is necessary to relate the two in a general manner, a means of declaring logical variables 
with both of these predicates as scope. We see this in detail in the next section. 

Of course this means that the litmus test of conventional refinement, that the correspon- 
dence between states at different levels of abstraction, and the identity of the inputs and 
outputs of corresponding operation instances, can be extended to a similar correspon- 
dence for sequences of operation applications, no longer applies if information can be 
moved between the I/O and state aspects of an operation in a retrenchment. When such 
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a state of affairs holds, then there will usually be additional properties of histories of the 
two systems in question that are of interest in the overall understanding of the problem 
being solved. These sequence-oriented properties might typically include liveness and 
other fairness properties see eg. Abadi and Lamport (1991). We do not pursue these 
aspects in the present paper, any more than fairness properties are covered by conven- 
tional formal methods of the model oriented kind, though further work may reveal the 
desirability of doing so. 

It must be borne in mind that despite the similarities in the terminology in which it is 
phrased, the retrenchment technique proposed here is intended to be regarded in an en- 
tirely different light than conventional refinement. Refinement has as its objective a sort 
of black box role. The user does not need to enquire into the contents of the refinement 
black box, and the mathematical soundness of the notion of refinement guarantees that 
he is never wrong-footed by not doing so, since the observable behaviour of a refine- 
ment is always a possible behaviour of the abstraction. Retrenchment on the other hand, 
has as its objective very much a white box role. Retrenchment is a conscious decision 
to solve a different problem, and this must always be a deliberate engineering decision, 
deemed acceptable under prevailing circumstances. We envisage that the extent to 
which any particular retrenchment step can be justified on entirely self-contained math- 
ematical grounds will very much vary from application to application; we imagine most 
will not be able to be so justified without input from non-mathematically-derivable real 
world considerations. (For example, mathematics can express the fact that the mundane 
naturals are finite, but it cannot derive this fact from some convincingly self-evident ab- 
stract criteria.) 

3 Incorporating Retrenchment in the B-Method 

The B-Method Abrial (1996), Lano and Haughton (1996), Wordsworth (1996) is a se- 
mantically well founded and structurally rich methodology for full-lifecycle formal 
software development. As such it provides an ideal framework into which to embed the 
retrenchment concept, since it already provides syntactic structure for expressing the re- 
finement relation between specifications and implementations. Retrenchment will need 
a mild generalisation of this. 

MACHINE 
RETRENCHES 

INVARIANT 
RETRIEVES 

OPERATIONS 

3.1 Syntax for Retrenchment 

We propose the following outline syntax for retrenchment constructs where the square 
brackets indicate that LVAR A is optional: 

Concrete_Machine_Name ( params ) 
Abstract_Machine-or-Refinement_Name 

J 
G 

out < OpName ( in ) 
BEGIN T  LVAR A  WITHIN P CONCEDES C END;  

END 



135 

In the above, we propose that the retrenchment construct be a MACHINE, as a retrench- 
ment, being a decision to solve a new problem, should have a MACHINE as its top level 
statement. The RETRENCHES clause relates the retrenching machine to the re- 
trenched construct that it remodels. We propose that the latter be either a MACHINE 
or a REFINEMENT for maximum flexibility. The RETRENCHES clause is similar to 
the REFINES clause in standard B, in that it opens the retrenched construct and makes 
its contents visible in the retrenching machine for the purpose of building predicates in- 
volving the contents of both. We assume that the name spaces of retrenching and re- 
trenched constructs are disjoint aside from the operation names, which must admit an 
injection from operation names of the retrenched construct to operation names of the 
retrenching machine. (The reason we do not demand a bijection is that, given that we 
wish to allow the retrenched construct to be a proper oversimplification of the retrench- 
ing machine, there may well be operations of the retrenching machine that do not make 
sense at the more abstract level of the retrenched construct. Such operations could be 
modelled at the abstract level by by skips of course, but we would just as soon not do 
so. Having an injection instead of a bijection on operation names can lead to interesting 
repercussions at the level of simulation, as indicated below.) 

The retrenching machine can be parameterised (in contrast to refinements), so the CON- 
STRAINTS clause of the retrenching machine becomes in principle a joint predicate in- 
volving parameters of both retrenching and retrenched constructs if there is a need to 
express a relationship between them. 

Being a machine, we propose that all the familiar machine structuring facilities: IN- 
CLUDES, USES, SEES, PROMOTES, EXTENDS, are available to the retrenching 
machine in the normal way. These aspects of machine construction are orthogonal to 
the retrenching idea. 

Like machines but unlike refinements, the INVARIANT clause of a retrenching ma- 
chine is a predicate in the local state variables only. Joint properties of state variables 
of both retrenching and retrenched constructs are held in the RETRIEVES clause, as 
they need to be treated a little differently compared to refinements. 

The main difference between ordinary machines and retrenching machines appears in 
the operations. We propose to call the body of an operation of a retrenching machine a 
ramified generalised substitution. A ramified generalised substitution BEGIN T 
LVAR A WITHIN P CONCEDES C END,  consists of a generalised substitution T as 
for any normal operation, together with its ramification, which consists of the follow- 
ing: the LVAR A clause which can declare logical variables A whose scope is both the 
WITHIN P and CONCEDES C clauses; the WITHIN P clause which is a predicate that 
defines the logical variables A and can strengthen the precondition of T by involving the 
abstract state and input; and the CONCEDES C clause which is a predicate that can 
weaken the postcondition of Tby involving the abstract state and output and the logical 
variables A.  

As mentioned in the previous section, global properties of system histories might well 
be expected to play a more significant role in a retrenchment than is usually the case in 
a refinement. There may thus be good reason to include a "SIMULATION O" clause 
in a retrenchment construct, where 19 describes a relationship between sets of sequences 
of operations at the two levels of abstraction, and including where appropriate relation- 
ships between values of input and output for corresponding operation instances. How- 
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ever in the general case, one might well have to incorporate properties of  the system's 
environment, and so we do not pursue such a possibility in this paper. 

3.2 Proof Obligations for Retrenchment 

In order to discuss the proof obligations for retrenchment in detail, consider the follow- 
ing two machines. For simplicity we will assume that these machines contain no AS- 
SERTIONS or D E F I N m O N S  which could be dealt with in the standard way. 

MACHINE M ( a ) MACHINE N ( b ) 
RETRENCHES M 

VARIABLES u VARIABLES v 
INVARIANT 1 ( u ) INVARIANT J ( v ) 

RETRIEVES G ( u ,  v ) 
INITIALISATION X ( u ) INITIALISATION Y ( v ) 
OPERATIONS OPERATIONS 

o ( OpName ( i ) ~ p < OpName ( j )  
S ( u ,  i ,  o ) BEGIN 

END T ( v , j , p )  
LVAR 

A 
WITHIN 

P ( i , j , u , v , A )  
CONCEDES 

C ( u , v , o , p , A )  
END 

END 

For these machines there will be the usual machine existence proof obligations (unless 
one postpones them till machine instantiation time as in standard B). Moreover, we 
point out that if the CONSTRAINTS clause of  the retrenching machine is a joint pred- 
icate, then if there are a number of  retrenchments and refinements in a development, the 
CONSTRAINTS proof obligations will grow to encompass all of  them simultaneously, 
as 3x.P ^ 3x.Q :r 3x.(P ^ Q) ; i.e. the values that witness joint machine existence in 
two adjacent retrenchment steps need not be the same ones for the middle machine. We 
do not foresee this as a major difficulty as a realistic development is unlikely to contain 
very many retrenchment steps. 

There will be standard operation proof obligations viewing both M and N as machines 
in isolation. These include showing that the initialisation Y establishes J ,  i.e. that 
PA N ~  Y(v)  J(v) ; and that OpName in machine N preserves J ,  disregarding the re- 
trieve and ramifications in N ,  i.e. that PA N ^ J(v) A trm(T(v, j ,  p)) ~  T(v, j ,  p)  J(v) . 
There is also a standard "refinement style" obligation to prove that both initialisations 
establish the retrieve relation G ,  i.e. that PAM, u ~  Y(v)  --,  X(u)  --, G(u, v ) .  

The most interesting proof obligations are the retrenchment ones. For a typical abstract 
operation OpName given abstractly by S and retrenched to a ramified operation given 
by BEGIN T . . . .  this reads as follows. 

PAM, N A (I(u) A G(u, v) A J(v)) A (trm(T(v,j,  p)) ^ P(i , j ,  u, v, a))  
trm(S(u, i, o)) ^  T(v , j ,  p )   --,  S(u,  i, o)   --, 

(G(u, v) v C(u, v, o, p, A)) 
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We regard this statement as a definition of the semantics of retrenchment, as opposed to 
refinement where the corresponding statement in Section 1 supports a more abstract for- 
mulation, based upon set transformer or relational inclusion etc., (see eg. Abrial (1996) 
Chapter 11). We base our definition on the following. 

Let us reexamine refinement for a moment. In refinement, the objective is to ensure that 
the concrete system is able to emulate the abstract system, and in general there will be 
a many-many relationship between the steps that the abstract and concrete systems are 
able to make such that this is true. In particular, whenever an abstract operation is ready 
to make a terminating step, the corresponding concrete operation must be prepared to 
make a terminating step, which is the first conjunct of the refinement proof obligation. 
Furthermore, whenever a concrete operation actually makes a step, the result must be 
not incompatible with some step that the corresponding abstract operation could have 
made at that point. For this it is sufficient to exhibit for every concrete step, an appro- 
priate abstract step: the second conjunct. Thus the VConc-Op3Abs-Op... structure of 
the second conjunct comes from ensuring that no concrete step "does anything wrong". 

Retrenchment is different since the abstract and concrete systems are definitely incom- 
patible. The white box nature of retrenchment implies that the relationship between ab- 
stract and concrete systems should be viewed first and foremost as an enhancement to 
the description of the concrete system, for that is the purpose of retrenchment. A re- 
trenchment proof obligation ought to reflect this. 

As before, there will in general be a many-many relationship between those steps that 
the abstract and concrete systems are able to make, that we might want to regard as re- 
lated. Since in a retrenchment, it is the more concrete system that is considered more 
important, in the hypotheses of the proof obligation, it is the concrete trm condition for 
an operation that is present. We strengthen this by the WITHIN clause P to take into 
account aspects arising from the abstract state, abstract and concrete inputs, and to al- 
low further fine tuning of the related before-configurations above and beyond that given 
by the RETRIEVES clause G ,  if required. 

What then ought the conclusions of such a proof obligation to assert? The trm condition 
for the corresponding abstract operation is the obvious first thing. And the obvious sec- 
ond thing would speak about results in related steps. For these we would require the 
truth of the RETRIEVES clause G ,  but weakened by the CONCEDES clause C to take 
into account aspects arising from the abstract state, abstract and concrete output, and to 
allow deviations from strictly "refinement-like" behaviour to be expressed. We must 
say which pairs of abstract and concrete after-configurations should be ( G v C )-related 
in the proof obligation. The essentially arbitrary nature of the many-many relation be- 
tween steps makes expressing it verbatim within the proof obligation impractical and 
certainly not mechanisable. We are left with the possibility of stating some stylised sub- 
relation of this relation, obvious candidates being subrelations of the form V-3 - . . .  of 
which there are two possibilities to consider, namely VAbs-Op3Conc-Op(G v C) and 
VConc-Op~4bs-Op(G v C). We discuss these in turn. 

If  we take the VAbs-Op3Conc-Op(G v C) form, we must consider four things. Firstly, 
this form makes the resulting proof obligation resemble a refinement from concrete to 
abstract systems (aside from P and C of course), taking us in a direction we do not in- 
tend to go. Secondly, the VAbs-Op part forces us to say something about all possible 
abstract steps. There may be many of these that are quite irrelevant to the more defini- 
tive concrete system, since the abstract system is intended to be merely a simplifying 
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guide to the concrete one; the necessity of mentioning them, or excluding them via the 
P clause, would be an unwelcome complication. Thirdly, this form does not make us 
say something about all possible concrete steps, limiting its usefulness as an enhance- 
ment to the description of the concrete system. And fourthly, we have not identified any 
negative criterion that we must ensure the abstract system fulfils, as was the case for 
concrete systems in refinement. All of these considerations mitigate against adopting 
the VAbs-Op3Conc-Op(G v C) form. 

So we turn to the VConc-Op3Abs-Op(G v C) form. Here we consider three points. 
Firstly, we are not required to say something about all abstract steps, which in view of 
the remarks above we regard as beneficial. Secondly, we must say something about all 
concrete steps, which helps to enhance the description of the concrete system, and 
which we thus regard as good. In particular we must consider for any concrete step, 
whether it is: (a), excluded from consideration because P is not validated; (b) included 
but requires essential use of C to satisfy the obligation; (c), included but does not require 
C.  The third point follows on from (c): there may well be sensible portions of the state 
and I/O spaces in which P and C are trivial. In such places, when both trm clauses hold, 
it will be possible to derive from the truth of the retrenchment obligation, the truth of 
the refinement obligation; this would tie in neatly with the joint initialisation proof ob- 
ligation PAM, N ~  Y(v)  ~  X(u)  ~ G(u, v) mentioned above. Such a state of affairs 
supports our intention that retrenchment is regarded as a liberalisation ofrefinement, i.e. 
it is like refinement "except round the edges". 

The heuristic reasoning above aimed to justify a proof obligation that is simple and con- 
venient to mechanise and to use in real designs; and in the light of the preceding remarks 
we see that saying that retrenchment is merely a "the strengthening of the precondition 
and the weakening of the postcondition" is deceptively simplistic. The current lack of 
a more abstract underlying model for retrenchment is not regarded as a fundamental ob- 
stacle to its usefulness, though such a model would clearly be of great interest. Indeed, 
as the third point above indicated, we can expect at minimum, various special cases of 
retrenchment to lend themselves to deeper mathematical treatment. It might be that 
there is no "best" such theory and that increasing ingenuity will reveal increasingly 
complex special cases. The inevitable consequence of this would be, that treated in a 
standalone fashion, the special cases would generate standalone proof obligations of an 
increasingly complex and thus less practically convenient nature. Such an outcome 
would strongly support our strategy of defining retrenchment directly via a simple proof 
obligation. These fascinating matters will be explored more fully elsewhere. 

3.3 Composability of Retrenchments 

We have deliberately designed retrenchment to be a very flexible relation between ma- 
chines, to afford designers the maximum convenience and expressivity in constructing 
complex solutions to complex problems by reshaping oversimplified but more compre- 
hensible pieces. We indicated above that the mathematics of retrenchment will be more 
complex that that of refinement and we do not embark on a full discussion here. Nev- 
ertheless we show here that retrenchments compose to give retrenchments. To see this 
suppose machine N ( b ) is retrenched to machine O ( c ) whose structure is defined by 
"schematically alphabetically incrementing" N ( b ) ,  i.e. by replacing in the schematic 
text of N ( b )  above, occurrences of N, b ,  M, v, J ,  G,  Y , p , j ,  T, P ,  C, by occurrences 
of O ,  c ,  N ,  w,  K ,  H ,  Z ,  q ,  k ,  U,  Q,  D ,  respectively. The retrenchment proof obli- 
gation for N and O then becomes: 
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PAN, o A (J(v) A H(v, w) A K(w)) A (trm(U(w, k, q)) A Q(j, k, v, w, B)) 
trm(T(v,j ,  p)) ^  U(w, k, q)  ~  T(v,j, p)  

(H(v, w) v D(v, w, p, q, B)) 

From this and the preceding proof obligation we can show in a relational model that: 

PAM,N, 0 A (I(u) A (3 V * G(u, v) A J(v) A H(v, w)) A K(w)) A 
( t rm(u(w,  k, q)) A (3 v , j ,  A ~ G(u, v) A J(v) A H(v, w) A 

P(i, j ,  u, v, A)  ^ a( / ,  k, v, w, B)) )  
trm(S(u, i, o)) ^  U(w, k, q)  -~  S(u, i, o)  

((3 v �9 G(u, v) ^ (v) ^ I-l(v, w)) v 
(3 v ,  p �9 G(u, v) A D(v, w, p, q, B)) v 
(3 v ,  p ,  A ~ C(u, v, o, p, A) A H(v, w)) v 
(3 v ,  p ,  A �9 C(u, v, o, p, A) A D(v, w, p, q, B)))  

This corresponds to the retrenchment: 

MACHINE O ( c ) 
RETRENCHES M 
VARIABLES w 
INVARIANT K ( w ) 
R E T R I E V E S  3 v o G ( u , v ) A J( v ) A H ( v , w ) 
INITIALISATION Z ( w ) 
OPERATIONS 

OpName ( k ) 
BEGIN 

U ( w , k , q )  
LVAR 

B 
WITHIN 

( 3 v , j , A * G ( u , v ) A J ( v ) A H ( v , w ) A  
P (  i , j , u , v , A  ) A Q ( j , k , v , w , B )  ) 

CONCEDES 
( 3 v , p ~  
( 3 v , p , A o C ( u , v , o , p , A  ) A H ( v , w )  ) v  
( 3 v , p , A ~  ) A D ( v , w , p , q , B )  ) 

END 

q~ 

END 

We take this as the natural definition of composition of retrenchments, and we note that 
it is built out of the syntactic pieces of the component retrenchments in such a manner 
that composition of retrenchments will be associative. 

We point out straight away that the above is not the only possible definition: an easy 
variation on what is given includes J(v) in the three existentially quantified clauses of 
the CONCEDES clause of the composition. This works because the stronger clauses 
arise naturally when the two original proof obligations are combined, so the given form 
is entailed by the stronger form. We dropped the J(v) in all of them because designers 
are likely to be most interested in the interaction of the WITHIN and CONCEDES 
clauses in practical situations and the additional presence of J(v) is likely to be seen only 
as a complicating nuisance. 
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We observe that the composed retrenchment is a different retrenchment than that ob- 
tained by alphabetically incrementing N ( b ) ,  even though the same machine O ( c ) is 
involved. This is best understood from a categorical perspective. We could define a 
category MgJ~ Ret say, of  machines and retrenchments, in which machines (given by the 
normal syntactic data for machines, and assuming (for convenience) that the machine 
name uniquely identifies the machine) constitute the objects, and abstract retrenchments 
(given by the syntactic data of  the names of  the retrenched and retrenching machines, 
the retrieve clause, and the ramification data) constitute the arrows. Roughly speaking, 
the law of  composition of  retrenchments, is the associative law of  composition of  ar- 
rows in this category l. The fact that there may be many different retrenchments to a 
given machine reflects the fact that there may be many different arrows to an object in 
a category, even many from the same source object. The concrete syntax proposed for 
retrenchments mixes object and arrow aspects in a single construct, and a good case 
could be made for their separation, especially since the connection between retrenched 
and retrenching machines is looser than in refinement. It is this categorical perspective 
that caused us to separate the local INVARIANT J from the RETRIEVE relation G in 
the definition of  a retrenchment. And one could say much the same things about the 
usual refinement notion of  course. 

3.4 Simple Examples 

With the preceding machinery in place, we can redo the earlier My_Div ine_Mach ine  / 

M y _ M u n d a n e _ M a c h i n e  example properly as a retrenchment. We give first a minimal 
but self contained version of  My_Div ine_Mach ine  : 

MACHINE My_Divine_Machine_O 

VARIABLES aa , bb , cc 

INVARIANT aa �9 D-NAT ^ bb �9 D-NAT ^ cc �9 D-NAT 
INITIALISATION aa := 3 II bb := 4 II cc := 5 
OPERATIONS 

M y P l u s  ~ cc := aa + bb 

E N D  

And now we give a retrenchment of  it along the lines of  the original M y _ M u n d a n e _ M a -  

ch ine .  

MACHINE 
RETRENCHES 
VARIABLES 
INVARIANT 
RETRIEVES 
INITIALISATION 
OPERATIONS 

M y _ M u n d a n e _ M a c h i n e _ l  

My_Div ine_Machine_O 

aaa , bbb , ccc 
aaa �9 M - N A T  A b b b  �9 M - N A T  A CCC �9 M - N A T  
a a  = a a a  A bb  = b b b  A CC = CCC 

aaa := 3 II b b b  := 4 II c c c  := 5 

A 
resp ~ MyPlus  = 

BEGIN 

1. We say "roughly speaking", because there are minor irritations concerning the identities 
in such a syntactic category since eg. TRUE ^ TRUE is semantically but not syntactically 
the same as TRUE.  One can circumvent these by: having merely formal identities, or by 
allowing empty formulae in the syntax, or by defining the arrows as equivalence classes of 
syntactic data which identify eg. ~ ^ TRUE with t~. We will not go into details. 
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IF 
aaa + bbb < M a x N u m  

THEN 
ccc := aaa + bbb II 
resp := T R U E  

ELSE 
resp := FALSE 

E N D  
LVAR 

C C  
W I T H I N  

C C  = ccc 
CONCEDES 

aa = aaa & bb = bbb & CC = ccc 

E N D  

END 

We are able to describe the case in which the variable ccc is not changed, with the help 
of the logical variable C C ,  noting that the CONCEDES clause refers to the after con- 
dition of the variables involved and that CC is not substituted. This situation is evident- 
ly outside the scope of normal refinement. To illustrate the flexibility of the 
retrenchment concept we give another, different retrenchment of M y _ D i v i n e M a c h i n e  : 

MACHINE M y _ M u n d a n e _ M a c h i n e 2  
RETRENCHES My_Divine_Machine_O 

VARIABLES aaa 
INVARIANT aaa e M - N A T  
RETRIEVES aa = aaa 

INITIALISATION aaa := 3 
OPERATIONS 

resp , ccc ~ MyPlus  ( bbb ) 

BEGIN 
IF 

aaa + bbb < M a x N u m  

THEN 
ccc := aaa + bbb II 
resp := T R U E  

ELSE 
ccc := 0 II 
resp := FALSE 

E N D  

WITHIN 
bb = bbb 

CONCEDES 
(resp = T R U E  ~ cc = ccc) & (resp = FALSE ~ ccc = O) 

E N D  

E N D  

Note that in this version, the status of bb has been changed to that of an input and the 
status of cc has been changed to that of an output, thus obviating the need to take their 
properties into account in the RETRIEVES clause. The WITHIN and CONCEDES 
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clauses instead take on the jobs of relating bb and b b b ,  and cc and ccc  respectively; and 
in this simple example the RETRIEVES clause always holds anyway. 

These two examples are rather trivial. Nevertheless they are small enough to show 
some of the technical details of retrenchment clearly. In the next section we will discuss 
a more convincing scenario, albeit only superficially for lack of space. 

4 Continuous and Discrete Systems 

In this section we discuss the prospects for applying retrenchment in the development 
of systems that need to model physical aspects of the real world, both in general terms 
and with regard to specific examples. 

4.1 Modelling the Real World 

As the application of formal methods for system development in the real world contin- 
ues to grow, the interest in applying them to systems which capture the properties of 
physical situations requiring continuous mathematics for their description grows like- 
wise. See for example Maler (1997), Alur, Henzinger and Sontag (1996). In the bulk 
of such work the continuous component is time, and the problem is to describe and con- 
trol a one dimensional dynamics typically governed by laws of the form 

/ = ~ ( f ,  e) 

wheref i s  a (tuple of) quantities of interest,/is the tuple of their first order time deriv- 
atives, and ~ ( f ,  e) is a tuple of formulae in the fand  the external input e .  In addition 
the typically smooth evolution of the system according to the above law is punctuated 
from time to time with certain discrete events which interrupt the overall continuity of 
the system's behaviour. Over the years, a large amount of work has been directed at 
taming the difficulties that arise. 

However there are also increasingly problems that involve applied mathematics of a dif- 
ferent kind. Dose calculation in cancer radiotherapy is a typical case in point Johns 
and Cunningham (1976), Khan (1994), Cunningham (1989), Hounsell and Wilkinson 
(1994). Here the problem to be solved centres on the Boltzmann transport equation 
Huang (1963), a three dimensional nonlinear integro-differential equation that de- 
scribes the electron (or X-ray) density. Not only is this not a typical one dimensional 
problem, but there are no known exact solutions or calculation techniques for this equa- 
tion applicable to the kind of spatial configurations of interest in practice; solutions to 
practical examples rely on heuristic techniques whose efficacy is gauged by comparison 
with experiment. No formal technique is ever going to be able to "justify" the proce- 
dures undertaken, on the basis of primitive axioms, in the same way that simple calcu- 
lations with natural numbers are justified on the basis of the Peano axioms in a modern 
theorem prover. But that is not to say that automated support is out of the question. 

The fact that continuous mathematics has been done with rigour for a century or more 
is good evidence that what has been done there is formalisable. The paucity of pub- 
lished material in this area is more a question of logicians' and computer scientists' ig- 
norance of and/or distaste for the subject than any issue of principle. In fact continuous 
mathematics has received some attention from the mechanical theorem proving com- 
munity lately Harrison (1996). The cited work shows that a formal approach to anal- 
ysis is entirely feasible, but is a big job. The sheer breadth of applied mathematics that 
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may be needed in applications makes it clear that simply formalising a large general 
purpose body of continuous mathematics that would serve as a foundation for "all" for- 
mal developments where such mathematics is required is an unrealistic proposition. 

The alternative, to reinvent the core continuous mathematics wheel formally as a pre- 
cursor to the more specialised reasoning required in a specific application is equally un- 
realistic. Not only would the cost of  rederiving any significant piece of  applied 
mathematics from first principles be prohibitive, but many different developments 
would overlap significantly in the mathematics needed despite the remarks above, and 
this would lead to wasteful duplication. 

Moreover applied mathematics does not work by deriving everything from first princi- 
ples. Rather, it reaches a certain stage of maturity, turns the results obtained into alge- 
bra, and uses the equations of that algebra as axioms for further work. Thus it seems 
reasonable for computerised developments that depend on such mathematics to select a 
suitable suite of already known results as axioms (whether these be formally derived or 
merely results that have achieved equivalent status through years of successful use), to 
capture these as axioms in the theory underlying the development, and to use these to 
support the specifics of the development. Where one starts from in the vast sea of extant 
mathematics to select an axiom basis which will be both useful in providing good sup- 
port for the development at hand, and also tractable for automated reasoning technolo- 
gy, would become a matter for engineering judgement. 

Even the heuristic semi-empirical reasoning alluded to above can be incorporated in 
such an approach. Suppose for example that it is believed that within certain bounds of 
applicability, such and such a parametrised expression can, by suitable choice of param- 
eters, yield a function that is within such and such an error margin of a solution to a par- 
ticular nonlinear integro-differential equation (say). Then that belief can be expressed 
as a rule in the system and its use controlled by the same theorem proving environment 
that supports the rest of the development. 

At the moment, to the extent that developments incorporating the passage from contin- 
uous to discrete mathematics are attempted at all using a formal approach, what one 
sees is a little disconcerting. Typically some continuous mathematics appears, describ- 
ing the problem as it is usually presented theoretically. When this is done, there comes 
a violent jolt. Suddenly one is in the world of discrete mathematics, and a whole new 
set of criteria come into play. There is almost never any examination of the conditions 
under which the discrete system provides an acceptable representation of the continu- 
ous one, and what "acceptability" means in the situation in question. But surely these 
questions are of vital importance if the discrete model is truly to be relied on. Results 
from mathematics which have investigated the reliability of discrete approximations to 
continuous situations have shown that there are useful general situations in which the 
discrete approximation can be depended on. Such results ought to make their way into 
the justification of the appropriate development steps in real world applications wher- 
ever possible. Evidently incorporating them into strict refinement steps is too much to 
ask in general, and the greater flexibility of the retrenchment formalism we propose 
seems to us to be much better suited to the task in hand. 

4.2 A Furnace Example 

We describe in outline a hypothetical situation in which the flexibility of retrenchment 
comes into its own. Suppose we have undertaken to control an ultraefficient furnace, 
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into which pulverised solid fuel is injected along with preheated air. Magnetic fields 
help to keep the resulting burning ionised gas evenly suspended throughout the volume 
of the combustion chamber in order to maximise efficiency, and away from the walls in 
order to prevent them from disintegrating at the high temperatures used. The objective 
is to keep the temperature as high and as evenly distributed as possible for efficiency's 
sake, to keep the hot gas away from the walls, and to ensure that fluctuations do not 
cause explosive hot spots to arise that could give rise to shock waves which could dam- 
age the combustion chamber. A number of sensors in the combustion chamber report 
periodically on the temperature and electromagnetic flux in their vicinity. The physics 
of the situation is described by the partial differential equations of magnetohydrody- 
namics. Needless to say it is not possible to solve these equations in closed form. We 
want to model this situation in order to develop software that will control the magnetic 
fields and inflow of air and fuel, so as to maximise efficiency while keeping the system 
safe. 

The top layer of the model simply reflects the classical mathematics of the problem. 
Thus suppose that the vessel occupies a volume ~ ,  with boundary ~f2. The problem 
is then to control the flow of ionised gas, given by its temperature 0 ,  mass density p ,  
pressure p ,  adiabaticity y ,  velocity v ,  and current density J ,  by adjusting the applied 
magnetic field M ,  air input a ,  and fuel input s .  The current values and rates of change 
of the physical quantifies act as inputs, and the outputs are to be the future values of the 
physical variables and M ,  a ,  s ,  such that over a finite ensuing period, the behaviour of 
the system is safe; i.e. no instabilities arise, and the ionised gas stays away from the sol- 
id parts of ~ .  In B terms, one could have a single operation 

0 . . .  M , a , s < f u r n a c e _ c o n t r o l ( O ,  p , p , 7 , v , J , 0 , (~ ,1~ , y , v , ) )  

whose body was a relation which specified the future behaviour and the control outputs, 
against the input data. The substitution could be a typical ANY 0 ... M ,  a ,  s WHERE 
M H D E Q N s  END construct, where the body M H D _ E Q N s  could simply quote the con- 
junction of the standard magnetohydrodynamic equations for the system with the de- 
sired bounds on future behaviour. This is specification at its most eloquent as the 
system is not capable of being solved in closed form, and the operat ion  f u r n a c e _ c o n t r o l  
would alter no state since we are at the textbook level of reasoning. Indeed the required 
relation could be captured in B constants, were it not for the desire to have an operation 
to retrench ultimately into an IMPLEMENTATION. 

The intermediate layer of the model is a discretisation step in which continuous func- 
tions over space and time are replaced by finite sets of values at a grid of points in the 
combustion chamber ~2. So the operation would become something like 

Oi . . .  M i ,  a i ,  s i ( f u r n a c e _ c o n t r o l  ( Oi, P i ,  P i ,  ~i, v i ,  J i ,  Oi , ~)i , Pi , ~i , vi , ~i ) 

where the subscripts range over a suitable grid. Furthermore, while the top layer simply 
states the desired properties of the outputs, the intermediate layer now gives them as a 
more concrete function of the inputs, reflecting the structure of the finite element calcu- 
lations needed to generate actual numerical answers, though not necessarily in full de- 
tail. The retrenchment between these layers would, if done thoroughly enough, cover 
the detailed justification for the discretisation. This would include bounds on the per- 
mitted fluctuations of the continuous system in order that it can still be adequately rep- 
resented by the discrete system, as evidently not all violently fluctuating behaviours can 
be faithfully mirrored within a fixed grid. The mathematics required for the WITHIN 
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and CONCEDES clauses, and to properly discharge the relevant proof obligations from 
first principles, would be demanding to say the least. It is likely that if this were a gen- 
uine development, some heuristic rules would be invoked to discharge the proof obli- 
gations, expressing accumulated engineering wisdom in such situations. The 
retrenchment would then be doing little more than documenting the arguments, but in a 
manner consistent with the rest of the development, and capable of some mechanical 
checking. There is still no state, so we still have pure I/O. 

The lowest layer of the model takes the idealised finite element scenario above, and re- 
lates it to the actual configuration of input and output devices in the real system. Thus 
the only inputs at this level will be temperature and electromagnetic flux sensor read- 
ings, and the only outputs will be the control parameters to the air and fuel injectors and 
magnetic field controls. The signature will thus look like 

Mj , aj , sj ( furnace_control ( 0j, Jj ) 

where j ranges over the actual input and output devices, and the remaining data of the 
intermediate model is committed to state variables of the machine. This arrangement 
is justified on the basis that the system changes sufficiently slowly that an iterative cal- 
culation of the required future behaviour can be done much faster and more accurately 
starting from the previous configuration, than ab initio from just the inputs. Further- 
more, the model at this layer could stipulate numerical bounds on the values of the 
mathematical variables which occur, in order to ease the transition to computationally 
efficient arithmetic types later. The retrenchment from the layer above to this one will 
be rather easier than was the preceding retrenchment step, as the relationship between 
the I/O and state variables of the present model, and the I/O of the model above will 
consist of straightforward algebraic formulae, leading to relatively simple proof obliga- 
tions. In particular the VConc-Op3Abs-Op(G v C) form of the retrenchment proof ob- 
ligation enables the drawing up of a suitable C cognisant of these bounds rather more 
easily than the opposite form. 

At this point we have reached the level that a conventional formal development might 
have started at. The operation of interest has reached a stage where its I/O signature and 
the information in its state has stabilised, so what remains is in the province of normal 
refinement. Such refinements could address the efficiency of the algorithms used, ex- 
ploiting architectural features of the underlying hardware if appropriate, and could also 
address the precise representation of the state. We are assuming that the bounded math- 
ematical types used in the model are such that casting them down to actual hardware 
arithmetic types can be done within a refinement; if not then another retrenchment 
would be required. 

Surveying the above, we see how much of the reasoning that would otherwise fall out- 
side of the remit of formal development has been brought into the fold by the use of re- 
trenchment. Admittedly this was a hypothetical example, and not worked out in full 
detail, but the outline above shows us how the engineer's model building activity may 
be organised within a formal process, and the ultimate very detailed and obscure model 
that is cast into implementation, may be made more approachable thereby. The whole 
development process also reveals the mathematically most challenging parts for what 
they are, and documents to what extent they have been resolved through utilising either 
deep results on discretisability from real analysis, or the adoption of pragmatic engi- 
neering rules of thumb. 
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5 Conclusions 

In the preceding sections we have argued that refinement is too restrictive to describe 
many developments fully, and have proposed retrenchment as a liberaiisation of it. The 
objective was to allow more of the informal aspects of design to be formally captured 
and checked. We described the technical details of what retrenchment is within B, we 
considered some basic formal properties such as the proof obligations and composabil- 
ity, and discussed some examples. 

Much of what we said regarding the applicability of retrenchment to realistic situations 
assumed the incorporation of ideal and richer types into B; this merits further discus- 
sion. Take the reals. Because the reals are based on non-constructive features, any 
finitistic approach to them will display weaknesses regarding what can be deduced, and 
different approaches will make different tradeoffs. (M-FlOAT is one possibility, and 
we could also mention different theories of constructible reals, as well as approaches 
that exploit laziness (in the functional programming sense) to yield so called comput- 
able exact reals.) The B attitude, to design a conservative framework for development, 
has the merit that a laudable degree of completeness of coverage can-be achieved in the 
method. However to address many types of real world problem, this conservatism 
would need to be relaxed. It seems to us that the best way forward is to consider adding 
certified libraries to B, offering a variety of theories for richer types (eg. various types 
of  reals), to give users the foundations for the applications they need. These idealisa- 
tions could be retrenched away in the passage to an IMPLEMENTATION. 

The lack of richer types in B is also felt at the I/O level, as B I/O only permits simple 
types to occur which thus can force premature concretisation. In this regard our work 
bears comparison with Hayes and Sanders (1995) who focus exclusively on I/O as- 
pects, and who show how describing the I/O of an operation in excessively concrete 
terms, can lead to obscure specifications. Their decomposition of operations into an in- 
put abstraction phase, an abstract operation phase, and an output concretisation phase, 
corresponds to a special case of retrenchment in which there is no mixing of I/O and 
state aspects, but where the WITHIN and CONCEDES clauses permit translation from 
one I/O format to another. One can see this as further affirmation of the inadequacy of 
pure refinement as the only mechanism for turning abstract descriptions into concrete 
ones, as was indicated in Section 1. 

The present work, the first on retrenchment, raises more questions than it solves. The 
true value of any development technique can only be judged by its usefulness in prac- 
tice. For that, a significant body of case studies must be developed, and then those 
whose livelihood depends on doing developments right, must come to a verdict, either 
explicitly or implicitly, on whether the technique offers a worthwhile improvement on 
current practice or not. Retrenchment should be subjected to such critical appraisal in 
order to prove its worth. The authors envisage retrenchment as being useful both in 
continuous problems as discussed in the preceding section, and in entirely discrete sit- 
uations too, where the complexity of the real system is built up in digestible steps from 
simpler models. We have given enough of the basic theory of retrenchment in this pa- 
per, to enable such application work and its evaluation to proceed. The other facet of 
retrenchment needing to be pursued, the underlying theory, aspects of which were dis- 
cussed at the end of Section 3.2, is under active investigation and the results will be re- 
ported in future papers. 
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Synthesising Structure from Flat Specifications 
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A b s t r a c t .  Within the design process, a high-level specification is sub- 
ject to two conflicting tensions. It is used as a vehicle for validating the 
requirements, and also as a first step of the refinement process. Whilst 
the structuring mechanisms available in the B method are well-suited for 
the latter purpose, the rich type constructions of VDM are useful for the 
former. 
In this paper we propose a method which synthesises a structured B 
design from a flat VDM specification by analysing how type definitions 
are used within the VDM state in order to generate a corresponding B 
machine hierarchy. 

1 Introduction 

Within the design process, a high-level specification is subject  to two conflicting 
tensions. I t  is used as a vehicle for validating the requirements,  and also as a first 
step of the refinement process. Whilst  the s t ructur ing mechanisms available in 
the B me thod  1 are well-suited for the la t ter  purpose,  the rich type  construc- 
tions of VDM 7 are useful for the former.  Indeed, previous work 2 has shown 
tha t  al though VDM and B are equivalent in theory, in practice, VDM is used for 
requirements analysis, high level design and validation whereas B places more  
emphasis  on refinement, low level design, and code generation. 

Thus the kind of s t ructuring used in the B Method,  which is intended to allow 
composit ional  development f rom the specification, can be seen as implementa t ion  
detail which can obscure the abs t rac t  behaviour.  

The  S P E C T R U M  project  has investigated the benefits of combining VDM and 
B in the development using VDM for abs t rac t  specification and validation (as 
well as generation of abs t rac t  test  suites) and  B for development of tha t  specifi- 
cation (refinement, verification and code generation).  This combination requires 
a t ranslat ion between the VDM and B notat ions  during the development.  

Typically at  the early stages in the development  the VDM specification has 
a da t a  model  employing a single module  including a single s ta te  which is a 
monolithic value of a complex type (a composi te  record value whose elements 
themselves may  consist of records, sets, maps  or sequences). VDM's  language of 
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types and expressions supports  the forms of da ta  abstraction which are useful 
in comprehension and validation. 

The  required B specification will comprise a hierarchy of abstract  machines, each 
of which contains s tate  values of relatively simple types. This decomposition of 
the state  may support  subsequent refinement, developing an understanding of 
how the design can be achieved. 

In other  words, when translating a VDM specification to B, complexity in VDM's 
expression language should be replaced by complexity in AMN's state  language, 
in order to obtain the best from bo th  notations. 

In this paper  we propose a method which synthesises a s t ructured B design from 
a flat VDM specification by analysing how type definitions are used within the 
VDM state  in order to generate a corresponding B machine hierarchy. 

1.1 B a c k g r o u n d  

VDM and B were first used together in the M A F M E T H  project  3. There,  a 
high-level VDM specification was hand-translated into B. M A F M E T H  showed 
that  using the two methods in this manner  gave benefits over "traditional" de- 
velopment approaches. However, translation by hand was error prone: most of 
the few design errors were introduced at this stage. 

The EC project  SPECTRUM 1 has been fur ther  investigating the interoperability 
of VDM and B. The project has developed a design lifecycle whereby VDM is 
used in the early stages of design for high level design, and validation against 
requirements through prototype generation, and a move to B is performed for the 
later stages of development towards code, while referring back to the VDM as a 
test case oracle. Thus an important  requirement of the project  is an automated  
translation of VDM into B. 

Z to B translation has been carried out in 9 and elsewhere (e.g. 4). 9 proposed 
a style similar to "algebraic" specification for translating Z's free type definitions. 
Though feasible, the resultant B specifications were "unnatural" (in terms of B 
style), and were difficult to work with in practice. Nevertheless, this style formed 
a start ing point for SPECTRUM, giving a property-oriented style of specification, 
with extensive use of C O N S T A N T S  and P R O P E R T I E S  clauses, and few 
state variables. 

An object-based style of B specification is developed in 8 wherein each object 
class is realised by a machine that  "manages" a s tate  tha t  effectively comprises 

i EC ESPRIT project 23173, SPECTRUM, is a collaboration between: Rutherford 
Appleton Laboratory, GEC Marconi Avionics, Dassault Electronique, B-Core UK 
Ltd, Institute of Applied Computer Science (IFAD), Space Software Italia and Com- 
missariat s l'Energie Atomique. For information about this project contact Juan 
Bicarregui. 
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a set of currently-existing instances of tha t  class. Individual objects in the set 
are "known" to the rest  of the system via their "handles" (or object  identifiers) 
tha t  are created and mainta ined by the object  manager  machine. Whilst  this 
object-manager approach is more  natural  within B and one which is more  readily 
analysable by B tools, it can at t imes be  overly complex, and it was not readily 
apparent  how this could be derived from a VDM specification. 

Here we propose a hybrid of these two approaches, based on a top-down analysis 
of the VDM specification. Where  a type is used as par t  of the state,  we follow the 
object  based approach; a machine is created to manage  the values of tha t  type. 
Where  a type is used only in a declarative way, say as the pa rame te r  or result 
of an operation,  then the "algebraic" approach is followed. This t ranslat ion was 
tested within S P E C T R U M  through the case s tudy  of t ranslat ing a simple train 
control specification f rom Dassault  Electronique (" the  Metro specification"). 

In the remainder  of this paper  we discuss this t ranslat ion in more  detail. Section 2 
gives an overview of the approach. Sections 3 and 4 give some of the technical 
details of the au toma ted  translation,  and Section 5 discusses some extensions for 
further  language features. Section 6 gives an example,  and the paper  is summed  
up in Section 7. 

2 An Analytic Approach 

The VDM-SL and B-AMN notat ions have broadly similar semantics 2 and ad- 
dress similar problem areas (specification of sequential s ta te-based systems).  
However, the two notat ions place different emphases on s ta te  structure,  and on 
type and value expressivity. VDM provides an expressive type definition lan- 
guage, and a similarly rich language of expressions and functions, but  (relative 
to AMN) its s ta te  model  is flat: in effect, the s ta te  model  of a VDM-SL spec- 
ification typically contains at most  a small number  of variables, though each 
variable can have a complex value (of a complex type) ,  and  operat ions are gen- 
erally viewed as acting on the s ta te  as a whole. On the other  hand,  whilst AMN 
provides powerful constructs  for s ta te  modularisat ion,  its type and expression 
notat ions are impoverished relative to VDM-SL. The  s ta te  of an AMN specifi- 
cation consists of a relatively large number  of s ta te  variables, usually of simple 
types, spread across a number  of machines, each of which has "local" operations.  

Thus, in t ranslat ing f rom VDM-SL to AMN, two problems must  be  addressed: 
firstly, how to represent complex types and expressions within a weaker expres- 

2 Whilst we recognise that VDM has a denotational semantics over a logic for partial 
functions, and B has a weakest precondition semantics over classical logic, and thus 
have some differences in interpretation, we believe that the semantics axe sufficiently 
similar for interoperability to be meaningful and useful. A further part of our work 
intends to investigate any semantic differences. 
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sion syntax, and secondly, how to "infer" a s t ructured state  model from an 
unstructured model. 

We propose a new approach to translation from VDM to B which a t t empts  to 
use the most appropriate style of B specification for the various parts  of the 
VDM specification, resulting in a specification with a more distr ibuted state. A 
top-down analysis is undertaken to work out which approach is best for each 
part  of the specification. We first consider the state in the VDM specification. 
Consider the state  of a representative VDM specification: 

s t a t e  S o f  
n : N  
a : A  

e n d  

where A is a user defined record type: 

A : : a l : A 1  
a2 : A2 

In the property oriented approach, since the record type A is t ranslated as an 
algebraic specification, it is given as the following stateless machine ( t runcated 
for brevity): 

M A C H I N E  A_Type 

S E T S  A 

C O N S T A N T S  

mk_A, inv_A, a l ,  a2 

P R O P E R T I E S  

a l  : A---~ A1 A 

a2 : A ~ A 2  A 

mk_A : A1 x A g  ~ A A 

inv_A : A ~ B O O L  A 

(V xx, yy ) . (  x z  E A1 A y y  E A1 =~ 

( a l  = 

. , .  

E N D  

And a top level state machine of the form: 

M A C H I N E  S 

S E E S  A_Type 

V A R I A B L E S  n,  a 

I N V A R I A N T  
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n E N A a E A  

E N D  

This is a literal t ranslat ion of the VDM. the algebraic VDM record type  A is 
t rans la ted  into a stateless "property-oriented" machine, which declares the type  
as a set, a new mk_A constant  as the constructor  function, the fields as projection 
functions, and a new inv_A constant  as the invariant function. The behaviour of 
these constants  is defined using properties,  in effect giving an algebraic specifi- 
cation of the type. The  propert ies  clause soon becomes very large, with complex 
first-order logic and set theory expressions. Because of the relative weakness of 
this expression language, these become hard  to read, and the support  tools for 
B find such expressions hard to deal with. 

The  proper ty  oriented approach has led to a different "granularity" of the s ta te  
than  would be natural  in a B specification. A more  "natural" B approach would 
be to split the record A into its fields, and give a s ta te  variable for each, gener- 
ating a simple state specification as follows: 

M A C H I N E  A_Obj 

V A R I A B L E S  

al,  a2 

I N V A R I A N T  

al E A1 A a2 E A2 
. . .  

E N D  

And a top level s ta te  machine which includes this to represent the "inheritance" 
of the data type:  

M A C H I N E  S 

I N C L U D E S  A_Obj 

V A R I A B L E S  n 

I N V A R I A N T  

h E N  

~  

E N D  

If  the da ta  types A1, A2 are themselves record types they can be broken down 
fur ther  into similar machines. Thus we build a hierarchy of machines which pre- 
serve the s t ructure  of the VDM specification, but  have a finer s ta te  granularity. 
This specification is much clearer and easy to work with, exploiting as it does 
the s t rength of B and B tools in manipula t ing  machine s ta te  and generalised 
substitutions.  
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I f  the s ta te  has an aggregate type  of records, such as set or map,  then the 
appropr ia te  B specification is different. For example,  if the s ta te  is of the form: 

s t a t e  S o f  
n : N  
a : A-se t  

e n d  

with A as before, then an "object manager"  approach is more  appropriate:  

M A C H I N E  A_Mgr 

S E T S  A_Ids 

V A R I A B L E S  

aids, a l ,  a2 

I N V A R I A N T  

aids C A_Ids A 

al E aids -+ A1 A 

a2 E aids --~ A2 

E N D  

Typically, an object  manager  machine will also include some basic operations 
for inspecting and manipula t ing the variables; for example equality should be 
defined on the value of the a t t r ibutes  ra ther  than  on the identifier. In this paper,  
these are omi t ted  for clarity. 

A top level s ta te  machine which includes this to represent the "inheritance" of 
the da ta type  within the VDM record: 

M A C H I N E  S 

I N C L U D E S  A_Mgr 

V A R I A B L E S  n, a 

I N V A R I A N T  

n E l~I A a C aids 

E N D  

Where  the a t t r ibu te  being modelled is a sequence or map  of records, the variable 
a here would be a sequence or map  of aids. Again, if either of A1, A2 are 
themselves record types, then they should themselves be  made  into objects. 
However, since they are accessed from an object  manager  machine, they should 
be  implemented as object  managers  themselves. 
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In this fashion we can analyse the specification and give appropriate definitions 
for each record type. This is formalised in the following sections. 

3 Preprocess ing the  V D M  Specification 

In this top-down analysis, the VDM spec is preprocessed to decide how to best 
translate each record type. Two sets are declared, Simple and Manager which 
represent those types which should be represented as a simple object machine, 
or as an object manager machine respectively. The analysis is a simple recursive 
procedure. First find the state, for example: 

s t a t e  Example of  
a : T / / w h e r e  T contains no record type 
b : R / / w h e r e  R is a record type 
e : S-se t  / / w h e r e  S is a record type 

e n d  

T is any type which does not contain a record type, and it can be basic, user 
defined or an aggregate type (set, map or sequence) which do not have record 
types as members. 

Any record types which are referenced directly, such as R, are added to the set 
Simple, and any record which is part  of an aggregate, such as S, are added to 
the set Manager. 

This process is repeated for each record type R E Simple, and S E Manager, 
with the additional conditions: 

1. if S E Manager, then S ~ Simple; 
2. if record R occurs in a field of S E Manager, then R E Manager. 

Thus if a record type S is added to Manager, it must be removed from Simple, 
and any records referenced from S must also be added to Manager. 

4 Inferring a Structured Model  

When the preprocessing is complete, then machines can be generated. All record 
types in Simple are translated as simple structured object machines, while types 
which are in Manager axe translated as object manager machines. Any record 
types not in either of these sets are translated as property oriented stateless 
machines. 

Thus there are three cases to consider of records to translate: a Simple record 
with a reference to a Simple record within it; a Simple record with a reference to 
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a Manager record; and a Manager record with a reference to a Manager record. 
The  final case of Simple within Manager will not occur. 

In the first case, if for example,  P E Simple such that :  

P :: r l  : T / / n o n  record type  
r2 : R / / r e c o r d  type such tha t  R E Simple 

then we would generate  the simple s ta te  machine: 

M A C H I N E  P_Obj 

I N C L U D E  r2.R_Obj 

V A R I A B L E S  

r l  

I N V A R I A N T  

r l E T  
E N D  

where R_Obj is a simple s ta te  machine as in Section 2 above. Note  tha t  the ma-  
chine R_Obj is included into this machine with a renaming,  using the convenient 
name r2. This machine may  well be  used elsewhere in the specification, and each 
including machine needs a unique copy. 

For the second case, if P E Simple such that:  

P :: r l  : T / / n o n  record type  
r2 : S / / r e c o r d  type such tha t  S E Manager 

then generate  the simple s ta te  machine: 

M A C H I N E  P_Obj 

I N C L U D E  S_Mgr 

V A R I A B L E S  

rl,r2 

I N V A R I A N T  

rl E T A r 2  E sids 
. . .  

E N D  

where S_Mgr is an object  manager  machine for the type S, as given in section 2. 

Note tha t  there is no renaming carried out here. There  is only one object manager  
machine in the system, and all references should be  to tha t  machine. However, 
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there is an issue here: the rules of composit ion in B allow a machine to be  
included in only one other machine. Thus if the manager  record is referred to 
f rom more than  one record type,  this condition may  be broken. The  resolution of 
this problem would be to break down the S_Mgr machine into two, with a simple 
machine declaring the abs t rac t  set S_Ids, representing the object  identifiers, and 
a manager  machine. The  manager  machine is then included with renaming,  and 
the set is accessed via the SEES construct.  This allows the same set of object  
identifiers to be  used across different object  managers.  

For the third case, if P E Manager such that:  

P :: r l  : T / / n o n  record type  
r2 : S / / r e c o r d  type such tha t  S E Manager 

then generate the object  manager  machine: 

M A C H I N E  P_Mgr 

I N C L U D E  S_Mgr 

S E T S  P_Id 

V A R I A B L E S  

pids,rl ,r2 

I N V A R I A N T  

pids C_ P_Id A 

rl E pids --+ T A 

r2 E pids --r sids 

. o .  

E N D  

Other  types and record types, which are not accessed via the s ta te  model are 
t rea ted  by a proper ty  oriented translation. 

I t  may  also be  necessary to give proper ty  oriented translat ions as well as s ta te  
based ones for certain records; they are used as i npu t /ou tpu t  to functions for 
example.  The analysis of the specification can be extended to cover this eventu- 
ality. 

5 Handling Further Language Constructs 

The translation presented so far concentrates on the different da ta  models of 
VDM and B. To present a full translation,  other aspects of the languages need 
to be considered, especially the type and expression language, and the operat ion 
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and function language. These are not the main subject of this paper, which is 
considering the da ta  model, so we shall only consider them briefly. 

The  richness of the VDM-SL expressions and types makes direct translation to 
AMN difficult. Many expression constructs are not easily expressed in AMN's 
properties notation; and result types of operations and functions may be of 
compound types (e.g. tuples) which are awkward to represent and work with in 
AMN. On the other  hand, there are reasonably obvious translations from the 
VDM expression syntax to AMN's generalised substitutions. Though the lat ter  
are s tate  transformers and not functional expressions, this suggests a transla- 
tion approach that  wherever possible "re-interprets" VDM functions as AMN 
operations which do not change the state. 

A VDM specification which makes heavy use of functions and expressions trans- 
lates to a heavily property-oriented AMN specification which is ungainly to work 
with in practice, generating difficult proof obligations both  for self-consistency 
and in subsequent refinement and implementation. 

Par t  of the principle of our approach is to translate VDM functions into B 
operations as much as is practically possible. Some analysis of functions is thus 
required to determine which part  of the state  they are applied to, and which 
machine to enter them into. Some of these are fairly straightforward. If a function 
has a signature of the form: 

r e c o r d _ f a n l  ( t i n  : R e c o r d ,  ax : t l  . . .  an : t n )  r o u t  : R e c o r d  

p r e  . . .  

p o s t  r o u t  = i n k - R e c o r d  ( P l  ( r i n ,  a l  . . . a , ) , . . .  , P m  ( r i n ,  a l  . . . a n ) )  ; 

where R e c o r d  is a record type in the set S i m p l e ,  then it is reasonable to translate 
this function as an operat ion in machine R e c o r d _ o b j ,  with the declaration of the 
form: 

r e c o r d _ f u n 1  ( a _ l ,  . . . ,  a_n  ) ~-- 

P R E  

a _ l  E t_I  A . . .  a_n  E t_n  

T H E N  

r _ l  : = P _ l ( a _ l . . .  a _ n )  

r _ m  : = P _ m ( a _ l . . .  a _ n )  

E N D  ; 

where r _ l ,  . . .  r _ m  are the variables of the record machine. The  expressions P _ I ,  

. . . ,  P _ m  which give the t ransformation of variables may also involve the vari- 
ables of the machine, and also may themselves be operations (with consequent 
changes in syntax), especially if the variables are themselves record types, and 
thus provided by an included machine. 
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To illustrate the different approaches, we consider the following small example of 
a VDM-SL specification. This has a s tate  Metro, which has a train component.  
The  train itself is a record with two components,  motion,  representing the status 
of the train's motion, and the current speed of the train. The invariant on the 
train states tha t  when the train is stopped, its speed is zero. We also provide a 
function for braking. 

s t a t e  

s t a t e  Metro  o f  
train : Train 

e n d  

t y p e s  

Train::  mot ion  : M O T I O N S T A T U S  
speed : N 

inv  i n k - T r a i n  ( m m ,  ss ) ~_~ 
(ram ---- STOPPED ::~ S8 -~ 0) 

brake (tin : Train) tout : Train 

p r e  t in .mot ion  E {ACCELERATING, STEADY} 

p o s t  tout = m k -  Train (DECELERATING, tin.speed) ; 

Under the property oriented translation, this becomes two machines, one with 
the state  model: 

M A C H I N E  Metro_ Type 

S E E S  

Train_ Type 

V A R I A B L E S  

train 

I N V A R I A N T  

train E Train 

E N D  

The  other machine is a stateless property-oriented specification, with the invari- 
ant represented as a complex first-order logic formula in the properties clause, 
and the brake represented as a stateless operation: 
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M A C H I N E  Train_Type 

S E T S  TrainO 

C O N S T A N T S  

Train, mk_Train, inv_Train, motion, speed, init_Train 

P R O P E R T I E S  

Train C TrainO A 

ink_Train E M O T I O N S T A T U S  • N -+ TrainO A 

inv_Train E TrainO --~ BOOL A 

motion E TrainO --~ M O T I O N S T A T U S  A 

speed E TrainO --~ N A 

(V mm, ss).( mm E M O T I O N S T A T U S  A ss E N 

( inv_Train( mk_Train( mm, ss ) ) r ((ram = stopped) 

~ 1 7 6  

O P E R A T I O N S  

tout +-- brake( tin ) ~-- 

P R E  

tin E Train A 

E N D  

motion ( tin ) E { accelerating , steady } 

T H E N  

tout  : =  ink_Train ( deceterating , speed ( t in ) ) 
E N D  

(ss = o))))  ^ 

In this latter machine, all functions are represented as stateless operations, which 
permits a more expressive syntax than translating them as properties. Never- 
theless, this is an awkward machine to manipulate in the B-Method, and while 
perfectly valid in the language, is not a "natural" approach in B. 

However, in the top-down method, the train record type is translated into a 
machine with state variables. 
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M A C H I N E  Train_Obj 

V A R I A B L E S  

motion , speed 

I N V A R I A N T  

motion E M O T I O N S T A T U S  A 

speed E N A 

(motion = stopped) =~ (speed = 0) 

O P E R A T I O N S  

brake ~-- 

P R E  

motion E { accelerating , steady } 

T H E N  

motion : = decelerating 

E N D  

E N D  

This machine then INCLUDEd into the top-level Metro specification, together 
with a renaming. This is a much more "natural" B machine, using more state 
variables of simple types, which are close to machine types. This machine can be 
easily included into a continuing B development, and resulting proof obligations 
more easily expressed and discharged. 

7 C o n c l u s i o n s  

We have demonstrated the feasibility of synthesizing s t ructured B specifications 
from VDM. However, the translation is not yet complete. Further analysis is 
still required to provide an account of the translation of VDM functions and 
operations, and of VDM's full type and expression language. This is the subject 
of ongoing research. 

The translation presented here automates the extract ion of design information 
from the VDM-SL specification, by deriving a finer-grained state  model. As the 
design process requires intelligent insight, the resultant design may not be in 
the form the user desires, and therefore an element of user judgement is still 
required to determine which elements of this design axe appropriate.  However, 
as the design elements have been automatically generated, the useful elements 
have been gained at no cost. 
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Abstract. In this paper, we describe an approach to the design of distributed sys- 
tems that integrate object-oriented methods (OOM) and the non object-oriented 
B formal method. Our goal is to retain some OOM advantages and produce a flex- 
ible and reliable specification, and through the use of our example, we show how 
this is achieved. We prove formally that our design meets its informal specifica- 
tion with the help of B-Toolkit Release 3.3.1. We illustrate the approach by the 
B specification of A Computerized Visitor Information System (ACVIS). Using 
Object Modeling Technique diagrams allows us to make ACVIS more readable 
and open for changes. 

1 Introduction 

This article presents the B specification and implementation of ACVIS. B is a method 
for specifying, designing, and coding software systems 1. ACVIS is A Computerized 
Visitor Information System. This system assists in managing arrangements for visitors 
and meetings at a large site. Our goal is to produce a reusable specification of this sys- 
tem. For this purpose, we use Object-Oriented Methods (OOM). We prove formally 
that our design meets its specification with the help of B-Toolkit Release 3.3.1 (Copy- 
right B-Core (UK) Ltd. 1985-96) 2. Although B is not object-oriented in nature, we 
still hope to retain some OOM advantages. Through the simulation of inheritance and 
encapsulation we integrate OOM with the not object-oriented formal method B. A B 
specification is generally constructed from a structure of included abstract machines. 
Abstract machine is a concept that is very close to certain notions well-known in pro- 
gramming, under the names of modules, classes or abstract data types 1. For detailed 
description of ACVIS we use the Object Model Notation of Object Modeling Technique 
(OMT). These diagrams allow us to make ACVIS more readable and open for changes. 
The following steps are taken for the formal specification, design and implementation 
of ACVIS software: 

- At an early stage in the analysis it becomes clear that ACVIS consists of several 
highly independent subsystems. It leads us first to define the manager of our system 
and then to specify the help machines (the subsystems in isolations). 
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- We refine the help machines into four special ones. We need to prepare the ACVIS 
for the implementation of a previously used dot notation. 

- We implement all specifications that we are using for the system modeling. 

The resulting model is bigger than the "classical" one but more robust, flexible and reli- 
able, There are fewer numbers of proof obligations. The given solution can be changed 
easily according to any new task. The process of organizing new structures takes some 
effort. 

Section 2 is a description of ACVIS problem domain. In section 3 we use our system 
to illustrate how an object analysis can be used to guide B developments. Section 4 is 
devoted to the well-commented B-Toolkit specification of our system. Sections 5 and 
6 present some intermediate steps between specification and implementation. In other 
words, these sections show the evolution of design. Section 7 presents the implement- 
ation step. There are some concluding remarks in section 8. Appendix contains the 
implementation of significant operations. 

2 Problem Description 

The following information 5 is initially given: Visitors come to the site to attend meet- 
ings. A visitor may require a hotel reservation. Each meeting is required to take place in 
a conference room. A meeting may require the use of a dining room for lunch. Booking 
a dining room requires lunch information, including the number of places needed. 

Some important properties: 

1. At any time a conference room may be associated with only one meeting. 
2. At any time a meeting may be associated with more than one conference room. 
3. At any time a meeting may be associated with only one dining room. 
4. At any time participants from several meetings can occupy the same dining room. 

Each dining room has a maximum capacity and unnumbered seats. 
5. At any time a visitor may be associated with only one meeting. 
6. At any time a meeting may involve several visitors. 
7. At any time a hotel room may be associated with only one visitor. 

Remark: We omit the notion of time but it can be added, if needed. 

3 From the Problem Description to the Specification 

At initial glance, objects and B machines have many similarities, such as inheritance or 
encapsulation. The B-Method and its supporting tools enforce the idea of encapsulation 
completely 4. However, as noted in 10 objects are structured in order to model the 
real world, where machines are structured in order to encapsulate proof obligations. 
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We do not use polymorphism and dynamic binding because they are not supported by 
B-Toolkit. Thus, in practice, B-Toolkit can not even give a possibility to exploit any 
global variables. Nevertheless, it makes sense, because when the tool tries to prove 
the correctness of  a machine nobody can be sure that simultaneously another machine, 
using the aforementioned variables has not changed their values. This causes confusion 
as to the correct variables to use. Finally we can state that the B-Toolkit is not object- 
oriented but object-based, that is why we name our system as Object-Based ACVIS 
(OBACVIS). 

Our goal is to create a specification that meets the OBACVIS requirements. As far as 
OBACVIS is an object-based solution let us start from the object model. For construct- 
ing such a model we should do the following steps according to the OMT notation 6: 

- Identify classes; 
- Identify associations between classes; 
- Identify attributes of  classes; 
- Organize and simplify classes using inheritance. 

1. The identification of  classes consists of: 

- Extraction of  all nouns from the problem statement. Presume they are the initial 
classes. In the OBACVIS example it is: Visitors, Meetings, Hotel reservation, 
Conference rooms, Participants, Dining rooms, Lunch, Seats, Hotel rooms, 
Maximal capacity of  a dining room, Number of  places in a dining room. 

- Additional classes that do not appear directly in the statement, but can be iden- 
tified from our knowledge of  the problem domain. For example, People. 

- Eliminating unnecessary and incorrect classes according to the following cri- 
teria: 

�9 Attributes. Names that primarily describe individual objects should be re- 
stated as attributes. For example, Maximal  capacity of a dining r o o m  is 
a dining room's  property. 

�9 Operations. For example, H o t d  reservat ion is a sequence of  actions and 
not an object class. 

�9 Irrelevant. Initial class Lunch  has nothing in common with our visitor in- 
formation system. 

�9 Vague. For example, Seats is vague. In the OBACVIS system, this is a part 
of  Dining rooms. 

�9 Redundant. I f  two or more classes express the same information the most 
descriptive name should be kept. For instance, Par t ic ipants  and Visitors 
are redundant. 

Removing all spurious classes, we are left with the following classes: 

�9 P E O P L E  
�9 M E E T I N G S  
�9 C O N F E R E N C E _ R O O M S  
�9 D I N I N G _ R O O M S  
�9 H O T E L _ R O O M S  
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Fig. 1. OBACVIS initial class diagram 

2. Now we should identify the associations between classes. Any dependency between 
two or more classes is an association. It can be easily done according to the task 
description. For example, if one considers the phrase from the problem description 
"At any time a conference room may be associated with only one meeting", it is 
obvious that between classes MEETINGS and CONFERENCE_ROOMS should 
be 'many-to-one' relation. By using such a simple method we find four associations 
between defined classes. They are designated as meeting_visits, hotel_rooms_booking, 
dining_rooms.booking, conference_rooms_booking. 
Now we have the classes and associations between them. We can draw an initial 
class diagram by using Object Model Notation of OMT. Following the notation, all 
classes are described by means of rectangles and the associations among classes 
are defined as named arcs. Fig. 1 shows OBACVIS initial class diagram. The class 
diagram is an object diagram that describes classes as a schema, pattern, or tem- 
plate for many possible instances of data 6. We should not forget the difference 
between classes and objects. Object  is a concept, the abstraction, or thing with 
crisp boundaries and meanings for the problem at hand. Class is a description of 
a group of objects with similar properties, common behavior, common relation- 
ships, and common semantics 6. In such case, HOTEL_ROOMS is a class but 
HOTEL_ROOM is an object. 

3. Attributes are properties of individual objects, such as name, weight, velocity, or 
color. In the OBACVIS we define the following attributes: register_book_for_visitors, 
register_book.for_meetings and Dining.Room_Capacity. 
Actually register.book4~or_visitors and register_book4Cor.meetings are sets of names. 
The meaning of these two attributes can be explained in the following manner: hav- 
ing name of any visitor (meeting) one can check if this item is in the set of visitors 
(meetings) or not. One can use this information to avoid duplication of the registra- 
tion. Attribute Dining_Room_Capacity is a maximal number of seats at each dining 
room. For the simplification of our problem we assume that all the dining rooms 
have an equal number of seats. 
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Fig. 2. OBACVIS class diagram with attributes and inheritance 

4. The next step is to organize classes by using inheritance. CONFERENCE_ROOMS, 
DINING_ROOMS and HOTEL_ROOMS have similar structure, except DIN- 
ING_ROOMS which has an attribute Dining_Room_Capacity. We can open a new 
superclass H M  (help machine). Each subclass (CONFERENCE_ROOMS, DIN- 
ING_ROOMS and HOTEL_ROOMS) inherits all properties from the superclass 
HM. 
Fig. 2 is a class diagram of OBACVIS with attributes and inheritance. 

4 Specification 

In the B-Method, specifications, refinements and implementations are presented as Ab- 
stract Machines. B is one of the few "formal methods" which has robust, commercially 
available tool support for the entire development life cycle from specification through 
to code generation 3. Further on, we are going to show the B-code and explain the 
way of system modeling by using the object model of OBACVIS. 

We present each class from previously defined object model as a separate abstract ma- 
chine. Machine OBACVIS is the cover or manager of the system in whole. The at- 
tributes of the object model we define as two variables (register~ook_for_visitors and 
register_book=for_meetings) and one input parameter (Dining_Room_Capacity). 

INVARIANT should contain all information about the associations between classes, 
otherwise one can not be sure that a machine meets the requirements of the informal 
specification. 

Operations can be generated according to the different scenarios (a scenario is a se- 
quence of operations that occurs during one particular execution of a system, the scope 
of scenario can vary). For example, a conference: 
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1. A conference is arranged (operation Create_Meeting). 
2. Conference participants are registered (Create_Visitor). 
3. The participants need accommodations (Book_Hotel_Room). 
4. Conference and dining rooms are needed (Book_Dining_Room, 

Book_Conference_Room). 
5. Unused conference and dining rooms should be closed to the participants by the 

organizers (Cancel_Dining_Room, Cancel_Conference_Room). 
6. The conference participants check out (Cancel_Hotel_Room, Destroy_Visitor). 
7. The conference is over (Cancel_Meeting). 

Finally, we specify 13 OPERATIONS: 

- Create_Meeting creates a new meeting at a certain time. A meeting can not be 
created twice. 

- Cancel_Meeting closes a meeting, provides no conference rooms, dining room and 
registered visitors are associated with the meeting. 

- Add_Visitor_To_Meeting adds a name of registered visitor to the list of participants 
of an arranged meeting. The precondition of this operation checks, if there is a place 
for the new visitor in the already booked dining room. A visitor can not be added 
twice. 

- Remove_Visitor_From_Meeting removes a name of registered visitor from the list of 
participants of an arranged meeting. 

- Book_Conference_Room books a free conference room for an arranged meeting. A 
conference room can not be booked twice. 

- Cancel_Conference_Room makes free a booked conference room. 
- Book_Dining_Room books a free dining room for an arranged meeting. A dining 

room can not be booked twice. 
- Cancel_Dining_Room makes free a booked dining room. 
- Cancel.Meeting_Arrangement quits a meeting with associated conference, dining 

rooms and all registered visitors. 
- Create_Visitor registers a new visitor. A visitor can not be registered twice. 
- Destroy_Visitor removes a name of registered visitor from the registration list. 
- Book_Hotel_Room books a hotel room for a registered visitor. A person can not 

book one hotel room twice. Only one person can book one hotel room. 
- Cancel_Hotel_Room checks out a visitor. 

OBACVIS manages each operation of the above-defined classes. Such managing works 
in the following way: OBACVIS declares the types of input parameters and after that 
calls the operations from the help machines. They do some actions: an initialization 
of variables, definition of sets and INVARIANT, checking preconditions of operations 
(the INVARIANT should hold for all preconditions), and finally changing sets accord- 
ing to the operation. 

There are still some preconditions at the operations of OBACVIS. Mainly these pre- 
conditions declare the types of input parameters. That is why B-Toolkit generates only 
twenty-four proof obligations for the OBACVIS instead of thirty-seven for the non 
object-based solution ACVIS. Fifteen proof obligations were proved by the Automatic 
Prover (AutoProof) of B-Toolkit. Others were proved easily. 
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MACHINE OBACVIS (Dining_Room_Capacity) 

INCLUDES 

HR.  HM_I , 
CR . HM_3 , 
M V .  HM_2, 
DR.  HM_2 

VARIABLES 

register_book_for_visitors, 
register_book_for_meetings 

INVARIANT 

register_book_for_visitors is a subset of set PEOPLE. In other words, register_book_for_visitors 
is the list of registered visitors. 

register_book_for_visitors C_ PEOPLE A 

register_book_for.meetings is a subset of set MEETINGS. 
In other words, register_book_for_meetings is the list of registered meetings. 

register_book_for_meetings C MEETINGS A 

The sum of all registered visitors from all registered meetings that associated with each dining 
room should be less or equal Dining_Room_Capacity. 

V d_r. ( d_r E DINING_ROOMS 
card ( MV. event -1 DR.  event - ~  { d_r }   ) <_ Dining_Room_Capacity ) 

INITIALISATION 

register_book_for_visitors :=  {} II 
register_book_for_meetings :=  {} 

OPERATIONS 

Create_Meeting( meeting ) ~-- 
PRE meeting E MEETINGS A 

meeting f register_book_for_meetings 
THEN 

register_book_for_meetings := register_book_for_meetings U { meeting } 
END ; 

Cancel_Meeting( meeting ) 
P R E  meeting E register_book_for_meetings A 

meeting ~ ran ( MV. event ) A 
meeting f ran ( CR . event ) A 
meeting f dora ( DR. event ) 
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T H E N  
register_book_for_meetings :=  register_book_for_meetings - { meeting } 

END ; 

Add_Visitor_To_Meeting( visitor, meeting ) -~ 
PRE meeting E register_book_for.meetings A 

visitor E register_book_for_visitors A 
visitor ~ dora ( MV.  event ) A 

Before adding a name of new visitor to the list of participants of the current meeting we want 
to be sure that there is as minimum one vacant place in the dining room. 

card ( MV . event - '   DR .  event - '   DR .  event  { meeting }    ) < 
Dining.Room_Capacity 

T H E N  
MV . Adding ( visitor, meeting ) 

END ; 

Remove_visitor_From_Meeting( visitor ) 
PRE visitor E dora ( M V .  event ) T H E N  

M V  . Cancelation ( visitor ) 
END ; 

Book_Conference_Room( meeting, room ) 
PRE meeting E register_book_for_meetings A 

room E CONFERENCE_ROOMS A 
room ~ dora ( CR . event ) 

T H E N  
CR . Adding ( room, meeting ) 

E N D ;  

Cancel_Conference_Room( meeting ) ~-- 
PRE meeting ~ ran ( CR . event ) 
I"ItEN 

CR.  Cancelation ( meeting ) 
END ; 

Book_Dining_Room( meeting, room ) 
PRE meeting E register_book_for_meetings A 

meeting r dora ( DR.  event ) A 
room E DINING_ROOMS A 

Before booking the dining room, we want to be sure that there are enough vacant seats for all 

visitors of the current meeting. 

card ( MV . event -1  DR .  event - 1  { room }  U { meeting }  ) < 
Dining..Room_Capacity 

T H E N  
DR.  Adding ( meeting, room ) 

END ; 
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Cancel_Dining_Room( meeting ) ~-- 
PI lE meeting E dora ( DR.  event ) 
T H E N  

DR.  Cancelation ( meeting ) 
END ; 

Cancel_Meeting_Arrangements( meeting ) ~- 
PRE meeting E register_book_for_meetings 
T H E N  
register_book_for_meetings := register_book_for_meetings - { meeting } 

CR . Cancelation ( meeting ) l 
D R .  Cancelation ( meeting ) II 
M V  . Cancelation ( meeting ) 

END ; 

Create_Visitor(person ) ~- 
PRE person E PEOPLE A 

person ~. register_book_for_visitors 
T H E N  

register_book_for_visitors := register_book_for_visitors O { person } 
END ; 

Destroy_Visitor(person ) -~ 
PI lE person E register_book_for_visitors A 

person ~ dora ( HR.  event ) A 
person ~ dora ( M V  . event ) 

THEN 
register_book_for_visitors := register_book_for_visitors - { person } 

END ; 

Book.J-lotel_Room( person,  room ) ~- 
P R E  

person E register_book_for_visitors A 
person ~ dom ( HR.  event ) A 
room E HOTEL_ROOMS 

T H E N  
HR.  Adding ( person,  room ) 

END ; 

Cancel_Hotel_Room(person ) ~- 
P R E  

person E dora ( HR.  event ) 
T H E N  

H R .  Cancelation (person)  
END 

DEFINITIONS 

HOTEL_ROOMS ~ N ; 
PEOPLE ~- N ; 
MEETINGS ~- N ; 
CONFERENCE_ROOMS ~-- N ; 
DINING.ROOMS ~- N 

END 
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5 Help Machines 

We include four help machines into system manager OBACVIS. Actually, there are only 
three help machines. We make our specification more elegant by using a dot notation. 
For instance, MV.HM_2 and DR.HM_2 are two machines with an identical structure 
but with different data. In other words, machines MV.HM_2 and DR.HM..2 inherit all 
variables and operations from the machine HM_2. If  we add one element into machine 
MV.HM_2, it will be the same as if we would add one element into the set M E . e v e n t  but 
not into the set D R . e v e n t  or event.  Each help machine has its own INVARIANT. 

DR.HM_2 corresponds to the class DINING_ROOMS, CR.HM_3 - CONFERENCE-  
_ROOMS, HR.HM_I - HOTEL_ROOMS, MV.HM_2 simulates the process of visitor 
registration. It is easy to note that name of each help machine consists of class name 
abbreviation and number of help machine's type. We keep few classes inside the system 
manager, for instance, PEOPLE and MEETINGS.  We would like to emphasize the 
fact that it is not necessary to define each class as a separate abstract machine. 

Each help machine includes operations to create an object (Add ing)  and to destroy all 
object instances (Cance la t ion) .  It is impossible "to send" from super-machine into sub- 
machines any notes about the type of operator between variables. Machines HM_I and 
HM_2 are absolutely identical but variable even t  at HM_I is a set of partial injections 
(also known as 'one-to-one relation'). Unlike variable even t  at HM_2 is a set of partial 
function (also known as 'many-to-one relations'). The difference between HM_3 and 
HM_I or HM_2 is that at operation Cance la t ion  of machine HM_2 the result is an anti- 
restriction (also known as domain subtraction) but at other help machines it is anti-co- 
restriction (also known as range subtraction). 

M A C H I N E  H M . 2  

VARIABLES 

event 

I N V A R I A N T  

event E XX -4+ YY 

INITIALISATION 

event := {} 

OPERATIONS 

Adding( xx  , yy ) ~- 

P R E  xx E XX A 
xx ~ dom ( event ) A 
yyEYY 

T H E N  event := event U { xx ~-~ yy } 

END ; 

Cancelation( xx  ) ~-- 
P R E  xx  E XX 
THEN event := { xx } ,~ event 

END 
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OBACVIS 
l~mng Room Cap~ay :m 
~&~ter_hook for_ttsaom C_ PEOPLE 
~g~Mer baok for_meetmg$ ~. MF.ETIPlGS 

CreauMeetmg(meamg) 
Cancel.)deamg(meetmg) 
Add Visaor..To_Meetmg(vmtor.raeetmg) 
Re~V~llor~mm~deefmg(vmtor,~etmg) 
B o ~ _ C e n f e ~ C a o l ~ e t m g , ~ )  
C~el_Confere~_Roa~raeamg) 
BtmCc~mmg.lt~mf~etmg,m~) 
C~d_Dlmng~tmm(~eUng) 
Cam'el Meetmg.A~genten~meetmg) 
C~te ~$~o~per~n) 
Dest~y_Vtsaar(pen~) 
Book_Hotr 
cancd~loteI. Roarafpe~on) 

I 
HM_I 

Add,,gr yy~ 
Cancdlatu, r4~) 

J, I 
HM_2 

I 
HM_3 

i I I c~ . . . . . . . .  

HR.HM 1 MV.HM_2 DR.HM_2 CR.HM_3 

Fig. 3. General structure of the OBACVIS. 

DEFINITIONS 

XX ~ N ;  
YY & N 

END 

The B-Toolkit generates nine proof obligations for the help machines. All of them can 
be easily proved by the AutoProof. 

6 From the Specification to the Implementation 

All advantages that we had on the previous level, we lose on the level of implementa- 
tion. Unfortunately, it is almost impossible to implement the dot notation in B-Toolkit. 
We simulate it in the following manner. To make the help machines different we change 
the names of variables to prevent B-Toolkit from generating errors. On the previous 
level we have three help machines with the similar structures and one of them was used 
twice with different prefixes. Now we have four help machines with different names 
without any prefixes. You can clearly identify which one corresponds to the help ma- 
chine on the previous level because of the information within the machine's name. For 
example, machine HRHM1 is the machine HR.HM_I which is submachine for machine 
HM_I in its turn. Fig. 3 shows general structure of the OBACVIS. 

The following example demonstrates how the system works. If one needs to book a 
hotel room he (she) should call operation Book_Hotel_Room from machine OBACVIS 
which calls operation Adding_HR from HRHM 1. Machine OBACVIS checks types of 
input parameters (name of visitor and number of room). The help machine checks if the 
visitor is previously registered and if the room is vacant. If  successful, it will proceed 
to add the tuple (name, number) to hotel_rooms_booking. 
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M A C H I N E  M V H M 2  

VARIABLES 

MVevent 

I N V A R I A N T  

MVevent E XX -~ YY  

INITIALISATION 

MVevent : :  {} 

OPERATIONS 

Adding_MV( xx  , yy  ) ~-- 
P R E  xx  E XX A 

xx ~ dora ( MVevent ) A 
yyEYY 

THEN MVevent := MVevent U { xx  ~-~ yy } 
END ; 

Cancelation_MV( xx ) -~ 

P R E  xx  E XX 

The result of this operation will be anti-restriction of MVevent by xx (also known as domain 
subtraction). 

THEN 
END 

DEFINITIONS 

x x  ~- N; 
Y Y ~  N 

END 

MVevent := { xx } ~ MVevent 

7 Implementation 

In B, an implementation is an abstract machine from which data declaration and execut- 
able statements can be generated. The implementation has no VARIABLES clause. 
Instead, it has IMPORTS clause. The B-Toolkit provides a library of machines with 
concrete data types. In our example, OBACVISI is an implementation of the system 
manager. HRHMII ,  MVHM2I, CRHM3I and DRHM2I are implementations of the help 
machines (subsystems). They are imported into the OBACVISI. Bool_TYPE, basic_io, 
String_TYPE are machines from library. 

The specification's variables are encapsulated in the machines from the standard library. 
The preconditions of operations are presented as error messages. After these changes 
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SPEC 
(Create_.Meeang) 

thls macktae l~tarm beelean value 

TRUE If t ~  meett~ k a ~ 
of ef ~ t  MEI~'I~IG etherwIR R 

returm YA/~E 

meetlng_bool ~-- rbflK_MBR_SET(l~eethlg) 
( C r e a t e M e e t i n g )  

wzeeting ~ regL~ter_hook..for_meeti~gs - w e  ~ r  

meeting only once 

if meeting_bool is TRUE then l~mt the error 

message 

Th i s  m e e t i n g  was reg i s te red  before 

Fig. 4. Example of implementation of a logical sentence 

the model of  the OBACVIS system looks like a C program. There are some typical 
situations: 

- when we try to book something (for example, Create_Meeting); 
- when we try to cancel/destroy something/somebody (Cancel_Meeting). 

Fig. 4 shows an example of  a translation of  one logical sentence of  the precondition's 
operation Create_Meeting: 

- At the specification there was the line "a meeting is not a member of  operation 
register_bool~for_meetings". It means that we can create a meeting only once. 

- At the implementation this line is translated into the following sequential compos- 
ition: 

1. Run the machine rbfm.MBR.SET with an input parameter meeting. This ma- 
chine checks if the current meeting is in the set register_book_for_meetings or 
not. The result is the value of  Boolean variable meeting_bool. An abbreviation 
rbfm corresponds to the variable register_book_for_meetings. 

2. If  meeting_bool is TRUE then the error message "There is no use to register 
this meeting, it has already been registered." says on the screen of  the monitor. 

The implementation of  six significant operations (e.g. Create_Meeting, Cancel_Meeting, 
Add_Visitor_To_Meeting, Remove_Visitor_From_Meeting, Book_Conference_Room and 
Cancel_Conference_Room) is available as an Appendix. 

8 Conclusions 

There is an advantage in object-based solution ACVIS (A Computerized Visitor Inform- 
ation System) problem: 
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- Decrease a quantity of proof obligations. There are 24 proof obligations for the 
main machine OBACVIS and 9 for the sub-machines. However, about 80 % of the 
proof obligations are proved by AutoProof. 

- The new system is quite flexible. If  one needs a new kind of room he (she) should 
include one of the submachines, which meets the requirements of the selected type, 
call some operations of this submachine from OBACVIS or if it makes sense, add 
a new submachine. He (she) should not add any new variables or lines into the 
INVARIANT. 

- A beneficial side effect for practitioners writing such documents is that their un- 
derstanding of the system in OMT diagrams is greatly helped by the process of 
constructing formal specifications. Such diagrams can be useful for presentations. 
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Appendix 

IMPLEMENTATION O B A C V I S I  

REFINES 

OBACVIS 

S E E S  

BooI_TYPE , basic_io , Str ing_TYPE, HRevent_Nfnc , CRevent_Nfnc , 
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DRevent_Nfnc , MVevent_Nfnc 

IMPORTS 

HRHM1,  MVHM2 , CRHM3 , DRHM2 , 
rbfv_set ( PEOPLE,  n_of_visitors ) ,  
rbfm_set ( MEETINGS, n_of_meetings ) ,  
STORAGE_Varr ( N ,  for_storage ) ,  
OBLOOPS 

I N V A R I A N T  

rbfv_sset = register_book_for_visitors A 
rbfm_sset = register_book_for_meetings 

OPERATIONS 

Create_Meeting( meeting ) 
VAR 

meeting_bool 
IN 

IF meeting < 0 V meeting > n.of_meetings 
THEN 

PUT_STR("This meeting is not a member of the set 

MEETINGS. ") 

NWL ( 1 )  
ELSE 

meeting_bool +--- rbfm_MBR_SET ( meeting ) ; 
IF meeting_bool = TRUE 
THEN 

PUY,5~fR("There is no use to register this meeting, " ) ;  
PUT.2TR (" it has already been registered. ") 

NWL ( I ) 
ELSE 

rbfm_ENT_SET ( meeting ) 
END 

END 
END ; 

Cancel_Meeting( meeting ) ~-- 
V A R  

meeting_bool , my ,  check, def_mv 
IN 

meeting-bool ( rbfm_MBR_SET ( meeting ) ; 
IF meeting_bool = FALSE 
T H E N  

PUT_STR ( "  It is unregistered meeting. " ) ; 

NWL ( 1 )  
ELSE 

m v : = O ;  
check : =  FALSE ; 
W H I L E  mv <_ n_of_meetings A check = FALSE D O  

def_mv t---- MVevent_DEF_NFNC ( mv ) ; 
IF def_mv = TRUE 
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THEN 
check +--- MVevent_EQL_NFNC ( mv , meeting ) 

END ; 
my := my + 1 

INVARIANT 
( check = FALSE ~ meeting q MVevent_Nfnc  1 .. mv - 1  ) A 
( check = TRUE =~ meeting E ran ( MVevent_Nfnc ) ) A 
mv 6 0 . .  n_of_meetings + 1 A 
meeting 6 0 . .  n_of_meetings 

VARIANT 
n_of_meetings - my 

END ; 
IF  check = TRUE 
THEN 

PUT_STR("StilI, there are some registered visitors of 

meeting number" ) 

PUT3VAT ( meeting ) ; 
N W L  ( 1 )  

ELSE 
check +--- loop_cr ( meeting ) ; 
IF  check = T R U E  
THEN 

PUT_STR("StilI, there are some conference rooms 

for meeting number ") 

PUT_NAT ( meeting ) ; 
N W L ( 1 )  

ELSE 
check +--- DRevent_DEF_NFNC ( meeting ) ; 
IF  check = T R U E  
THEN 

PUT_STR("Still, there are some dining rooms 

for meeting number" ) 

PUT_NAT ( meeting ) ; 
N W L ( 1 )  

ELSE 
rbfm_RMV_SET ( meeting ) 

END 
END 

END 
END 

END ; 

Add_Visitor_To_Meeting( visitor,  meeting ) 
VAR 

IN 
meeting_bool , visitor_bool , check ,  aa , def_aa , bb , def_bb , room,  s u m ,  ii 

meeting_bool +--- rbfm_MBR_SET ( meeting ) ; 
IF  meeting_bool = FALSE 
THEN 

PUT~TR (" It is unregistered meeting. " ) ; 

NWL (1) 
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ELSE 
visitor_bool ( rbfv_MBR_SET ( visitor ) ; 
IF visitor_bool = FALSE 
THEN 

PUT_STR ( "  It is unregistered visitor. " ) ; 
NWL ( 1 )  

ELSE 
check ~ - -  MVevent_DEF_NFNC ( visitor ) ; 
IF check = TRUE 
THEN 

PUT~TR("Visitor can not be at two meetings 

simultaneously" ) 

NWL (  ) 
ELSE 

a a : = 0 ;  
def_aa :=  TRUE ; 
room :=  0 ; 
W H I L E  aa <_ n_of_meetings A def_aa = TRUE DO 

def_aa +--- DRevent_DEF_NFNC ( aa ) ; 
IF def_aa = TRUE 
THEN 

IF aa = meeting 
THEN 

room + - -  DRevent_VAL_NFNC ( aa ) 
END 

END ; 
a a : = a a +  1 

INVARIANT 
( def_aa = FALSE =~ meeting q DRevent_Nfnc  1 .. aa - 1  ) A 
( def_aa = TRUE ~ meeting E dora ( DRevent_Nfnc ) ) A 
aa 6 0 . .  n_of_meetings + 1 A 
meeting 6 0 . .  n_of_meetings 

V A R I A N T  
n_of_meetings - aa 

END ; 
sum : = 0 ;  
a a : = 0 ;  
ii := O ; 
check :=  FALSE ; 
def_aa :=  TRUE ; 
loop_dr ; 
bb := O ; 
a a : = 0 ;  
check := FALSE ; 
def_bb := TRUE ; 
W H I L E  bb <_ n_of_visitors A def_bb = TRUE DO 

def_bb +--- MVevent_DEF_NFNC ( bb ) ; 
IF def_bb = TRUE 
THEN 

aa +--- DRevent_VAL_NFNC ( bb ) ; 
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check +--- STORAGE_EQL_ARR ( ii , aa ) 
END ; 
IF check = TRUE 
THEN 

sum :=  sum + 1 
END; 
bb := bb + 1 

I N V A R I A N T  
( def_bb = FALSE ~ visitor ~ MVevent_Nfnc  1 . .  bb - 1  ) A 
( def_bb = TRUE ==~ visitor 6 dorn  ( DRevent_Nfnc ) ) A 
bb 6 0 . .  n_of_visitors + 1 

V A R I A N T  
n_of_visitors - bb 

END ; 
IF sum < Dining_Room_Booking 
THEN 

Adding_MV ( visitor, meeting ) 
ELSE 

PUT_STR("There is no empty seats in the dining 

room that ") 

PUT_STR (" has been booked for meeting") 
PUT_NAT ( meeting ) ; 
NWL ( 1 )  

END 
END 

END 
END 

END ; 

Remove_Visitor_From_Meeting( visitor ) ~-- 
V A R  

check 
IN 

check ( MVevent.DEF_NFNC ( visitor ) ; 
IF check = FALSE 
T H E N  

P U T . . S T R ( " T h e r e  i s  n o  v i s i t o r  w i t h  s u c h  n a m e .  " )  
NWL ( 1 )  

ELSE 
Cancelation_MV ( visitor ) 

END 
END ; 

Book_Conference_Room( meeting, room ) ~- 
V A R  

meeting_bool 
IN 

meeting_bool ~ rbfm_MBR_SET ( meeting ) ; 
IF meeting_bool = FALSE 
T H E N  

PUT_STR ("  It is unregistered meeting. " ) ; 
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NWL ( 1 )  
ELSE 

IF room < 0 V room > n_of_crs 
THEN 

PUT_STR("This conference room is not a member of 

the set CONFERENCE_ROOMS. ") 

NWL (  ) 
ELSE 

Adding_CR ( room, meeting ) 
END 

END 
END ; 

Cancel_Conference_Room( meeting ) ~-- 
VAR 

check 
IN 

check +--- loop_cr ( meeting ) ; 
IF check = FALSE 
THEN 

PUT_STR(" For this meeting no conference 

rooms were booked. ") 

NWL ( 1 )  
ELSE 

Cancelation_CR ( meeting ) 
END 

END ; 

DEFINITIONS 

for_storage ~- 50 ; 
Dining_Room_Booking ~- 20 ; 
n_of_visitors ~- 50 ; 
n_of_meetings ~- 5 0 ;  
n_of_hrs ~- 100 ; 
n_of_drs ~- 100;  
n_of_crs ~- 100;  
HOTEL_ROOMS ~ N ; 
PEOPLE ~- N ; 
MEETINGS ~- N ; 
CONFERENCE.ROOMS ~ N ; 
DINING_ROOMS ~ N ; 
HELP_SET ~ N ; 
loop_dr ~- WHILE aa <_ n_of_meetings A def_aa = TRUE DO 

def_aa +--  DRevent_DEF_NFNC ( aa ) ; 
IF def_aa = TRUE 
THEN 

check +--  DRevent_EQL_NFNC ( aa , room ) 
END; 
IF check = TRUE 
THEN 
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STORAGE_STO_ARR ( ii , aa ) ; 

ii : =  ii + I 
END ; 
a a  : = a a  + 1 

I N V A R I A N T  

( def_aa = FALSE ~ meet ing ~ DRevent_Nfnc  1 ..  aa - 1  ) A 
( def_aa = T R U E  =~ meet ing E d o r a  ( DRevent_Nfnc ) ) A 
aa E 0 . .  n_of_meetings + 1 A 
meet ing  E 0 . .  n_of .meet ings 

V A R I A N T  

n_of_meetings - aa 
END 

END 
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Abstract. Reactive systems can be designed graphically using statecharts. This 
paper presents a scheme for the translation of statecharts into the Abstract Ma- 
chine Notation (AMN) of the B method. By an example of a conveyor system, we 
illustrate how the design can be initially expressed graphically with statecharts, 
then translated to ALVIN and analysed in AMN, and then further refined to exe- 
cutable code. 

1 Introduction 

Reactive systems are characterised as having to continuously react to stimuli from their 
environment, rather than having to produce a single outcome. Distributed systems, em- 
bedded systems, and real-time systems are examples of reactive systems. 

Statecharts are a visual approach to the design of reactive systems 6. Statecharts 
extend finite state diagrams, the graphical representation of finite state machines, by 
three concepts: hierarchy, concurrency, and communication. These three concepts give 
enough expressiveness for the specification of even complex reactive systems. Because 
of the appeal of  the graphical notation, statecharts have gained some popularity. For 
example, statecharts are also part of  object-oriented modelling techniques  11,7. 

This paper presents a scheme for the translation of statecharts to the Abstract Ma- 
chine Notation (AMN) of the B method 1. This translation scheme allows the design 
of reactive systems to be 

1. initially expressed in the graphical notation of statecharts, 
2. translated to AMN and analysed in AMN, e.g. for safety properties, and 
3. further refined to AMN machines which can be efficiently executed. 

By this translation scheme, statecharts are given a formal semantics in terms of 
AMN. Several other definitions of the semantics of  statecharts were proposed 4. Al- 
though we largely follow the (revised) original definition 8, our goal is a semantic 
which harmonises well with the refinement calculus in general and with AMN in par- 
ticular. 

Sections 2 - 5 give the translation schemes for state diagrams, hierarchical state di- 
agrams, state diagrams with concurrency, and state diagrams with broadcasting, respec- 
tively. Section 6 illustrates the approach by an example of  a conveyor system. Section 7 
compares this approach with other definitions of statecharts and other approaches to 
modelling reactive systems with AMN 
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2 State Diagrams 

A state diagram is a graphical representation of a finite state machine. State diagrams, 
the simplest form of statecharts, consists of a finite number of states and transitions 
between those state. Upon an event, a system (state machine) may evolve from one 
state into another. In statecharts, states are symbolised by (rounded) boxes. In AMN, 
the states of a state diagram are represented by a variable of an enumerated set type: 

SETS 
S~--- { S l , . . . , S n }  

VARIABLES 
s 

INVARIANT 
s E S  

A system must have an initial state. In statecharts, an arrow with a fat dot points to the 
initial state. In AMN, this corresponds to initialising the state variable with that state: 

INITIALISATION 
= S :---~ S1 

A system can have several initial states, which leads to a nondeterministic initialisation: 

INITIALISATION 
s :~ {Sl , . . . ,S i}  

Events cause transitions from one state to another. Events may be generated by the 
environment. In statecharts, transitions are visualised by an arrow between two states, 
where the arrow is labelled with the event which triggers this transition. In AMN, events 
are represented by operations, which may be called by the environment. Upon an event, 
a transition takes only place if in the current state there is a transition on this event. 
Otherwise, the event is ignored. Suppose only one transition in the system for event E 
exists: 

E OPERATIONS 
E -~ I F  s = St THEN s :=  $2 END 
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In case there are several transitions labelled with E, the one starting from the current 
state is taken, if  any transition is taken at all. Let  {S t , . . .  ,S~} C S, where S t , . . .  ,S~ do 
not have to be distinct: 

E O P E R A T I O N S  

C A S E  s O F  
. . . . . .  E I T H E R  S1 T H E N  s : =  S~ 

. . .  

. _ _  ! E OR Si T H E N  s .-- S i 

For simplicity, we assume from now on that there is only one transition for any event. 
In case there are several, the above scheme has to be applied. 

A transitions may have an action associated with it, which is performed when the 
transition takes places. Actions are assumed to be instantaneous. Typically, actions in- 
volve setting actuators or modify ing  global variables. With the abili ty to have global 
variables of  arbitrary types, statecharts are not restricted to a finite state space. Here we 
allow actions to be statements of  AMN.  In statecharts, an action (or its name) is written 
by preceding it with a slash: 

E/act 
O P E R A T I O N S  

E ~ I F  s = Sl T H E N  s : =  $2 I act END 

An action may also be performed when setting an initial state. Here we give only the 
rule i f  there is one initial state: 

/act I N I T I A L I S A T I O N  f . - - - - - ~  

: Sll  s : =  S111 act 
 ) 

Transitions may be restricted to be taken only when an additional condit ion holds. Typ- 
ically, conditions depend on sensor values and global variables. Here we allow condi- 
tions to be predicates of  AMN.  In statecharts, a condition is written in square brackets: 

O P E R A T I O N S  

Econd/ act E -~ 

~ - ~  ~ - ~  IF s = S1A cond THEN 
' s : =  s 2  II act 

END 

If  an action or a condit ion mentions variable v of  type T, then v has to be added to the 
V A R I A B L E S  section and v E T has to be added to the I N V A R I A N T  section. 

So far all transitions on an event are from different states. However,  there may also 
be two or more transition from a single state on the same event. I f  the condit ions are 
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disjoint, then at most one transition can be enabled. If  the conditions are overlapping, 
an enabled transition is chosen nondeterministically: 

O P E R A T I O N S  
E ~  

S E L E C T  s = S1 A condl T H E N  
s : =  s~ II actl 

~ 1 7 6  

W H E N  s = Sl A condi T H E N  

S : =  S~ II acti 
E L S E  skip 
E ND 

Finally, a transition may have parameters, which are supplied by the environment which 
generates the event. These parameters may be used in the condition and the action of  
the transition: 

O P E R A T I O N S  
E (para ) cona~ /act e (para ) -~ 

~ I F S = S l A c o n d T H E N  
' S : =  S2 II act 

E N D  

As a special case, a transition can be without an event, known as a spontaneous transi- 
tion. In this case the transition leading to a state with a spontaneous transition needs to 
be continued immediately by this transition, if the condition is true. Spontaneous transi- 
tions allow sharing of  a condition and an action if several transitions lead to the starting 
state o f  a spontaneous transition: 

E(para ) condl  / actl 

~ cond2/act2 

O P E R A T I O N S  
E(para) 

IF s = S1 A condl A cond2 T H E N  
s : =  s3 II actl 1 act2 

END 

For brevity, we continue to consider transitions labelled only by an event. Parameters, 
conditions, and actions can be added as given above. 

3 Hierarchy 

States can have substates. I f  the system is in a state with substates, it is also in exactly 
one o f  those substates. Conversely, i f a  system is in a substate o f a  superstate, it is also in 
that superstate. In statecharts, a superstate with substates is drawn by nesting. In AMN, 
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we model the substates by an extra variable for each superstate containing substates. 
This generalises to substates which again contain substates: 

SETS 
s = { s i , . . . , s , }  ; 
R = { R I , . . .  ,Rm} 

VARIABLES 

INVARIANT 
s E S  A r E R  

When entering a superstate, the substate to be entered has to be specified as well. In 
statecharts this is expressed by letting the transition arrow point to a specific substate. In 
AMN this corresponds to setting the variable for both the superstate and the substate(s) 
appropriately: 

OPERATIONS 
E ~  

IF s = $1 THEN 
s:=S2 II r : = e l  

END 

If a transition arrow points only to the contour of a superstate, then an initial substate 
must be marked as such. This is identical to letting the transition arrow point directly 
to that initial state. This is useful if the superstate is referred to only by its name and is 
defined separately: 

OPERATIONS 
E ~  

IF s : St THEN 
s : = S 2  I r : = R l  

END 

A transition can leave both a state and its superstate. In AMN, this corresponds to simply 
setting a new value for the variable of the superstate: 

OPERATIONS 
E ~  

1F s = S1 A r = Rm T H E N  

$:=52 
END 

If a transition arrow starts at the contour of a superstate, then this is like having an arrow 
starting from each of the substates, going to the same state on the same event. This is 
one of the ways statecharts economise on drawing arrows. In AMN, this corresponds to 
simply setting a new value of the variable of the superstate, irrespective of the current 
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substate. Note that the basic schema for the transition between two simple states is a 
special case of this: 

OPERATIONS 
E ~ IF s = S1 THEN s := $2 END 

In statecharts, a transition can point from the contour of a superstate inside to one of 
the substates. This is like having a transition from all of the substates on that event to 
this substate. It is again a way statecharts economise on drawing arrows. In AMN, this 
corresponds to going to that substate irrespective of the value of the variable for the 
substate: 

OPERATIONS 
E ~ I F s = S I  T H E N r : = R 1  END 

The schema for multiple transitions on an event and for multiple transitions starting 
from the same state apply to hierarchical states as well. However, it should be pointed 
out that if there is a transition on an event between two substates and between the 
superstate of those substates and another state, then the schema for multiple transitions 
from the same state applies, which gives rise to nondeterminism. 

4 C o n c u r r e n c y  

Reactive systems are naturally decomposed into concurrent activities. In statecharts, 
concurrency is expressed by orthogonality: a system can be in two independent states 
simultaneously. This is drawn by splitting a state with a dashed line into independent 
substates, each of which consists of  a number of  states in turn. In AMN, this corresponds 
to declaring a variable for each of the (two or more) concurrent states. These variables 
are only relevant if the system is in the corresponding superstate: 

Vgq 

C23 

SETS 

" ~ 1  S = {Sl,--.,Sn} , R Q : {QI,...,QI} ; 
R= {R1,...,Sm} 

VARIABLES 
s,q,r 

INVARIANT 
s E S  A qE Q A r E R  
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A state with concurrent substates is entered by a fork into states in each of  the concurrent 
substates. In AMN, this corresponds to setting the variables for all the concurrent states: 

O P E R A T I O N S  
E ~ - -  

IF  s = $1 T H E N  s : =  $2 tl 
q : = Q l l l r : = R 1  

E ND 

If  a transition arrow points only to the contour of  a state with concurrent substates, then 
an initial state must be marked as such in all of  the concurrent states. This is identical 
to a fork o f  the transition arrow to all those initial states. This is useful if the state is 
referred to only by its name and is defined separately: 

~  

O P E R A T I O N S  
E ~  

I F  s = S1 T H E N  s :=  $2 II 
q : = Q l  II r : = R 1  

END 

A state with concurrent substates is exited by a join from all the concurrent states. Such 
a transition can only be taken if all concurrent states are in the substate from where 
the transition arrow starts. In AMN, this implies testing all substates before making the 
transition: 

7 7- 
O P E R A T I O N S  

E ~  
IF  s = Sl  A q = Q1 A r = Rm T H E N  

S :=  S 2 
END 

If  a transition arrow for exiting a state with concurrent substates starts only at one of  
the states in the concurrent substates, then this is like having a join from all other states 
o f  the concurrent state. Again, this is one o f  the ways statecharts economise on drawing 
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arrows. In AMN, this corresponds to simply setting a new value of the variable of the 
superstate, irrespective of the concurrent substate: 

OPERATIONS 
E ~  

I F s = S 1  A q = Q I T H E N  
s :=S2 

E N D  

Two concurrent states may have transitions on the same event. In case this event occurs, 
these transitions are taken simultaneously. In AMN, this corresponds to the parallel 
composition of the transitions. Note that this has implications on the global variables 
which can occur in the conditions and the actions, a variable can only be assigned by 
one action: 

OPERATIONS 
E ~  

BEGIN 
IF q = Q1 T H E N  q :=  Q2 E N D  II 
IF r = R! T H E N  r :=  R2 E N D  

E N D  

5 Communicat ion  

Communication between concurrent states is possible in three ways: First, concurrent 
states can communicate by global variables. These can be set in actions and read in 
actions and conditions, following the rules for variables given earlier. Secondly, the 
condition or the action of a transition may depend on the current substate of a concurrent 
state. The test whether state S is in substate Si is written in Si. In AMN, this corresponds 
to comparing the state variable to Si: 

in Si s = Si 

Thirdly, concurrent states can communicate by broadcasting of events. On a broadcast 
of an event, all concurrent states react simultaneously. Events are either generated in- 
ternally through a broadcast or externally by the environment. Broadcasting of events is 
associated to transitions and is drawn the same way as an action. In AMN, broadcasting 
an event corresponds to calling the operation for that event: 

El/E2 OPERATIONS 
E ~- IF s = S1 THEN s := $2  E2 END 
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As calling an operation is a statement, which can appear as an action, the above schema 
is just a special case of the schema for translating actions. In general, broadcasting of 
an event may occur anywhere within an action. Care has to be taken since the resulting 
code may be illegal: an operation of a machine cannot be called from another operation 
of the same machine. This can be resolved with auxiliary definitions of  the bodies of 
the operations and using those instead of the operations. This way of resolving the 
dependencies between operations has the benefit that no cycles between operations can 
be introduced as an effect of broadcasting. 

The evolution of a system can be studied by considering its configurations. A (basic) 
configuration is a tuple of  basic, concurrent states. The basic states determine uniquely 
the superstates in which the system is and hence a configuration gives the complete 
information about the current states of a system. We denote the fact that a system makes 

a transition from configuration C to C ~ on event E by C e > Cq 

S E P 

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

E 
J 

Fig. 1. Statechart with simultaneous transitions on event E and a chain reaction on event F. 

In the statechart of  Fig. 1, the initial configuration is (Q, T,X). On external event E, 
states P and S change from Q to R and T to U, respectively, and W remains in X: 

(Q,T,X) ~ (R, U,X) 

If  external event F follows, then event G is generated in S on the transition from U to 
V, which in turn generates event H in W on the transition from Y to Z. This causes the 
transition from R to Q in P: 

(R, U,X) --~ (Q, V, Y) 

Figure 2 gives the code which results from the translation. It exhibits the above be- 
haviour. 

6 Example 

We illustrate the technique by an example of a conveyor system. A conveyor belt and an 
elevating and rotation table are placed next to each other (see Fig. 3). The conveyor belt 
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MACHINE M 
SETS 

P = {Q,R}  ; 

s =  {T,U,V} ; 
W = {X, Y} 

VARIABLES 
p , s , w  

INVARIANT 
p E P  A s E  S A w E  W 

INITIALISATION 
p : = Q l l s : = T l l w : = X  

DEFINITIONS 
HH = =  ( IFp  = R THENp := Q END) ; 
GG = =  (IF w = X THEN w := Y II HH END) 

OPERATIONS 
E =  

BEGIN 
I F p  = Q THENp := R END II 
CASE s OF 

EITHER T THEN s := U 
O R  V T H E N  s := T 
END 

END II 
IF  w = Y T H E N  w := X END 

END ; 
F = I F s = U T H E N s : = V I I G G E N D ;  

G =  GG; 

H = H H  
END 

Fig. 2. AMN machine which corresponds to the statechart of Fig. 1 

has to transport objects which are placed on the left of  the conveyor belt to its right end 
and then on the table. The table then elevates and rotates the object to make it available 
for processing by further machines. 

The conveyor belt has a photo-electric cell which signals when an object has arrived 
at the right end or has left the belt (and thus has moved onto the table). The motor for 
the belt may be switched on and off: it has to be on while waiting for a new object and 
has to be switched off  when an object is at the end of  the belt but cannot be delivered 
onto the table because the table is not in proper position. 

The table lifts and rotates an object clockwise to a position for further processing. 
The table has two reversing electric motors, one for elevating and one for rotating. 
Mechanical sensors indicate whether the table is at its left, right, upper, and lower end 
position, respectively. The table must not move beyond its end position. We assume that 
initially the table is in its lower left position. 

Both machines run in parallel, thus allowing several objects to be transported si- 
multaneously. The program has to ensure that all objects are transported properly, i.e. 
objects leave the conveyor belt only if the table is in lower left position. 
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Fig. 3. The conveyor belt on the left and the elevating and rotating table on the right 

Statechart of the Conveyor System 

The statechart of the conveyor system is given in Fig. 4. We assume that the events Sen- 
sorOffand SensorOn for the conveyor belt and the events UpReached, DownReached, 
RightReached, LeftReached, and ObjectTaken for the Table are generated by the envi- 
ronment (hardware). The events ContinueDelivery and ObjectPlaced serve internally 
for the communication between the concurrent ConveyorBelt and Table states. At this 
stage, we consider only the abstract states of the system, like the table being in load- 
ing position, rather than the detailed states of the actuators and sensors. As common in 
statecharts, some states are not given names. 

AMN Specification 

An AMN machine of the conveyor system is given in Fig. 5. Note that the names Mov- 
ingToUnloading and MovingToLoading for the two unnamed states of Table and the 

f 
I ConveyorSystemJ 

ConveyorBelt Table I ReadyForLoading 1 

SensorOn IRunnin' I~i~}I~~ 1 
s~,~o,o~j ( Stopped 1[ 

\-T--- i-r--J 

' ( 1 _ J ReadyForUnloading Delivering )- , 

Fig. 4. The statechart of the conveyor system 
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sets ToUpper, ToRight, ToLower, ToLefi for their concurrent substates are introduced. 
As the events ObjectPlaced and ContinueDelivery are generated only internally, they 
are defined only in the DEFINITIONS section. 

M A C H I N E  ConveyorSystem 
SETS 

ConveyorBelt = { Running,Stopped, Delivermg} ; 
Table = {ReadyForLoading,MovingToUnloading, ReadyForUnloading,MovingToLoading} ; 
ToUpper = { MovingUp,AtUpper} ; 
ToRight = {RotRight,AtRight} ; 
ToLower = { MovingDown,AtLower} ; 
ToLeft = {RotLeft,AtLeft} 

VARIABLES 
conveyorBelt, table, toUpper, toRig ht,toLower , toLeft 

INVARIANT 
conveyorBelt E ConveyorBelt A table E Table A 
toUpper E ToUpper A toRight E ToRight A toLower E ToLower A toLeft E ToLeft 

I N I T I A L I S A T I O N  
conveyorBelt :=  Running I table := ReadyForLoading 11 
toUpper :E ToUpper 11 toRight :E ToRight 11 toLower :E ToLower 11 toLeft :E ToLeft 

D E F I N I T I O N S  
ObjectPlaced = =  

( IF  table = ReadyForLoading T H E N  table := MovingToUnloading II 
toUpper :=  MovingUp I toRight :=  RotRight 

END) ; 
ContinueDelivery = =  

(IF conveyorBelt = Stopped T H E N  conveyorBelt := Delivering END) 
OPERATIONS 

SensorOn ~- 
S E L E C T  conveyorBelt = Running A table = ReadyForLoading T H E N  

conveyorBelt := Delivering 
W H E N  conveyorBelt = Running A table ~ ReadyForLoading T H E N  

conveyorBelt := Stopped 
ELSE skip 
END ; 

SensorOff -q 
IF  conveyorBelt = Delivering T H E N  ObjectPlaced 11 conveyorBelt := Running END ; 

ObjectTaken 
IF  table = ReadyForUnloading T H E N  table := MovingToLoading 1 

toLower :=  MovingDown l toLefl :=  RotLeft 
END ; 

UpReached ~- 
IF  table = MovingToUnloading A toUpper = MovingUp T H E N  toUpper := AtUpper I 

IF  toRight = AtRight T H E N  table := ReadyForUnloading END 
END ; 

RightReached -q 
IF  table = MovingToUnloading A toRight = RotRight T H E N  toRight := AtRight l 

IF  toUpper = AtUpper T H E N  table := ReadyForUnloading END 
END ; 

DownReached ~- 
IF  table = MovingToLoading A toLower = MovingDown T H E N  toLower := AtLower 1 

IF  toLeft = AtLefi THEN table := ReadyForLoading l ContinueDelivery END 
END ; 

LeftReached ~- 
IF  table = MovingToLoading A toLefl = RotLefl T H E N  toLefl :=  AtLefl 1 

IF  toLower = AtLower THEN table := ReadyForLoading 1 ContinueDehvery END 
END 

E N D  

Fig. 5. AMN specification of the conveyor system 
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Safety Properties 

Given an AMN machine of the conveyor system, safety properties can be expressed 
as invariants. For example, the condition that the conveyor belt must be Delivering 
only if the table is ReadyForLoading can be proved by adding following implication to 
ConveyorSystem: 

INVARIANT 
( conveyorBelt = Delivering ~ table = Ready ForLoading ) 

Note that for this safety property to hold, it is essential that the events ObjectPlaced and 
ContinueDelivery are considered to be internal events. If they were operations rather 
than definitions in ConveyorSystem, they could be called from the environment at any 
time and would violate this safety property. 

Implementation 

An implementation has to set the actuators. Assuming that following types are given, 

SETS 
MOTOR = {RUN, HALT} ; 
REVMOTOR = { FWD, BACK, STOP} 

variables for the conveyor belt motor and the two table motors can be introduced and 
related to the original states: 

VARIABLES 
beltMotor, elevMotor, rotMotor 

INVARIANT 
beltMotor E MOTOR A elevMotar E REVMOTOR A rotMotor E REVMOTOR A 
( conveyorBelt E {Running,Delivering} ~ beltMotor = RUN) A 
( conveyorBelt = Stopped ~ beltMotor = HALT) A 
(table = MovingToUnloading A toUpper = MovingUp) r (elevMotor = FWD) A 
(table = MovingToLoading A toLower = MovingDown) r162 (elevMotor = BACK) A 
(table = MovingToUnloading A toRight = RotRight) r (rotMotor = FWD) A 
(table = MovingToLoading A toLefl = RotLefl) r (rotMotor = BACK) 

The implementation then needs to update these variables accordingly. The implementa- 
tion could also reduce the state space of the specification since not all the information in 
there is necessary for controlling the conveyor system. Finally, the implementation has 
to replace parallel composition by compilable constructs like sequential composition. 
These are all standard refinement steps in AMN but are not common for statecharts. 

An alternative to this refinement approach is to provide the information about the 
actuators and how they are updated in the original statechart itself. We believe this 
is an unnecessary overloading of the statechart since it is not needed for an abstract 
understanding of the system. This information can be better presented separately and 
related to the statechart and checked for consistency via refinement relations. 
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7 Discussion 

We briefly compare our semantics with the (revised) original definition 8. One differ- 
ence is that we currently do not give priorities to transitions. If  there is the possibility 
of either a transition between two substates within a superstate or from one of the sub- 
states out of the superstate to another state, then we leave this choice nondeterministic. 
In the original statechart semantics, priority is given to the transitions which leave the 
superstate. 

The other major difference comes from our use of parallel composition for the com- 
bination of all actions in concurrent states which are triggered by the same event. Two 
or more concurrent actions must not modify the same variables. This eliminates any 
nondeterminism which would be otherwise present. However, it also disallows that any 
two actions which are taken simultaneously may generate the same event (since this cor- 
responds to a parallel call of the same operation, which inevitably causes a read/write 
conflict). 

A number of  useful features of statecharts have been left out 6: 

1. activities which take time (in contrast to actions which don't); 
2. entry and exit actions in states for all incoming and outgoing transitions, resp.; 
3. internal actions which leave the system in the substates is was; 
4. timing, e.g. by an event timeout(E,d) which is generated exactly d time units after 

event E is generated; 

5. transitions with multiple targets depending on a condition; 

6. histories, for returning to the same substates from which a superstate was left; 

7. overlapping states; 

8. boolean expressions for events, e.g. E A --,F. 

These remain the subject of further research. We believe that most can be treated by 
straightforward extensions, possibly with the exception of the last one. Also, as soon as 
the interaction between statechart features gets more involved, a more rigorous defini- 
tion of the translation to AMN becomes desirable. 

The use of statecharts as well as other graphical, object-oriented techniques in the 
formal program development with AMN is studied in 9. There, the more general sit- 
uation is studied when statecharts describe the behaviour of a set of objects, rather than 
a single object as here. Statechart events are translated to operations in AMN, as here, 
but with the initial state of  a transition being part of the precondition of the correspond- 
ing operation. However, this implies that during refinement this precondition can be 
weakened and more transitions become possible, which is not the case here. 

The theory of action systems can also be applied to the refinement of reactive sys- 
tems in AMN 5, 13. Although action systems can be naturally expressed in AMN, 
with each action becoming an AMN operation with a guard (rather than a precondi- 
tion), an additional proof obligation (for the exit condition) is necessary, which is not 
part the AMN refinement rule. With the modelling of reactive systems by statecharts 
in AMN as studied here, the AMN refinement rule is sufficient. However, the reason 
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for this is that action systems describe reactive behaviour in terms of actions, which a r e  

not called but become enabled, whereas the reactive behaviour of statecharts in AMN 
is in terms of operations, which are called. Hence, the operations here correspond to 
procedures rather than actions 3. These serve different purposes: ALVIN operations as 
procedures describe 'abstract machines', whereas AMN operations as actions describe 
'abstract systems' 2. 

Statecharts have also been combined with the Z specification language in various 
ways, for example for formalising different aspects of a reactive system in Z and stat- 
echarts and then checking the consistency of these views 12, 14, or by extending the 
statechart semantics to include Z data types and operations 10. By comparison, here 
we embed statecharts in AMN. In all cases, this gives similar possibilities of specify- 
ing the state space with data types and the modification of the state space in actions 
with operations of Z and AMN, respectively. The embedding of statecharts in AMN 
offers the further possibility of subsequent refinement: the statechart specification may 
give a concise, abstract view of the system; implementation details can be introduced 
gradually in refinement steps. 

Acknowledgement. We are grateful to the reviewers for their careful reading and for 
pointing out related literature. 
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A b s t r a c t .  This paper explores the use of the B method as a formal 
framework for structuring and verifying process control systems engi- 
neering. In particular, it is shown how the B method can be used to 
define implementation independent modular specifications. Benefits are 
related to the re-use of verified and perennial specifications for control 
systems facing a fast evolution of implementation technologies. Limits 
are related to the compliance of formal methods with the other methods 
or methodologies involved in the development of a production system. 
This justifies the methodological framework needed for representing, rea- 
soning and verifying the control system as interacting with other tech- 
nological or human systems. The approach is illustrated and discussed 
using a level control system example. 

1 Introduction 

The paper  shows how to use a formal framework, such as the B method,  to 
improve the competitiveness of process control engineering, in terms of design 
re-use and safety. Indeed, facing fast technology evolution, control engineering 
could benefit f rom promoting the re-use of implementat ion independent and 
modular  specifications. Re-use implies, first, that  specifications result f rom a 
structuring framework ensuring their modular i ty  and perenniality with regards 
to new distributed technologies and, second, that  these specifications are fully 
validated and compliant  with users' requirements. 

Current  practice in industrial control engineering is based on the standardisa- 
tion process. In this way, IEC 1131-3 standard 8 constitutes an implementat ion 
s tandard which provides basic building blocks for programmable  logic controllers 
(P.L.C.). Proposal IEC 1499 14 evolves from this implementat ion standard,  
which suffers from a serious lack of semantics, to a designing standard which 
provides functional blocks described by data-flow diagrams and state-transit ions 
structures to be used in the process control specification. 

Another step would be to complete these normative approaches by a formal 
f ramework allowing us to define semantics for a structured control system spec- 
ification using function blocks and to prove their correctness with regards to 
users'  requirements. 
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Section 2 briefly introduces control engineering practice and requirements. 
Section 3 presents what process control engineering could expect from using 
formal methods borrowed from software engineering. Section 4 illustrates the 
use of a B formal framework using the level control system example. 

2 C o n t r o l  E n g i n e e r i n g  R e q u i r e m e n t s  

The definition of a control system depends on the process being controlled (whose 
representation stands on scientific foundations such as mathematics, physics or 
chemistry) and on the activities assigned to control operators 11. 

In this context, a control system is expected to schedule commands to ac- 
tuators and sensors according to predetermined control laws in order to achieve 
the desired states of a process system in a safe manner. 

Traditionaly, methods and models taken from control engineering provides 
materials for specifying a global constrained system behaviour, commonly rep- 
resented as a closed control loop, whichsupports more or less complex control 
algorithms. Validation of this behaviour is obtained via simulation techniques 
which provide a global view of the plant functioning (including simulation of con- 
trol and process systems) and allow us to minimise the bad-functioning states. 

Fast technology (from P.L.C. towards integrated circuits for intelligent field- 
devices) and architecture evolution (from rigid centralised architecture towards 
open distributed ones) provides the control engineers with a double challenge. 

Firstly, we have to minimise the impact of technology evolution in the engi- 
neering process, by encouraging the re-use of implementation independent spec- 
ifications. Specific attention shall be paid to the validation and verification of 
re-usable, or even standardised, functional control blocks 21. This requires to 
define systematic methodology for testing control blocks with the aim of detect- 
ing specification errors and to formally prove that some safety critical properties 
are satisfied. 

Secondly, we have to minimise the impact of architecture evolution, by pro- 
moting a modular structure for control systems which can be distributed among 
different computing devices. A structuring framework, as defined in 7, advo- 
cates the control architecture to be based on the process structure, which can be 
considered as the most stable element of the process control, by defining tightly 
coupled automation and mechanical specifications 16. 

3 E x p e c t e d  B e n e f i t s  o f  F o r m a l  M e t h o d s  f o r  C o n t r o l  

E n g i n e e r i n g  

Formal methodologies borrowed from software engineering could be suitable for 
re-usable control specifications by providing descriptions at a very high level 
of abstraction, as required by implementation independent issues, and formal 
proofs of some behavioural properties, as required by validation issues. 
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However, specific attention shall be paid to avoid hiding automation criteria 
behind formal notations. 

First of all, validation of control studies aims to secure the correct plant func- 
tionality. The objective is not limited to safely control the production system 
but rather to product in a safe manner, i.e. to ensure the safety of a discrete 
event control system tightly coupled with a continuous process systems 11. 
Thus, proving control system properties, without reasoning about their impact 
on the controlled system, assumes that the physical process functioning (event 
reactions to/f rom actuators/sensors) is perfect. Taking into account the process 
reality, which is far from perfect, properties proofs should be more significant if 
the formal specification of the discrete control system is completed, as suggested 
by 15, using a formal representation of the continuous system model. 

A second difficulty is linked to the interaction of control engineering with other 
related activities - mechanical engineering, control display, etc - involved in the 
development cycle of a production system. This requires a methodological frame- 
work for integrating formal methods in the industrial development processes, in 
order: first, to keep the control specifications in line with the other engineering 
studies and, second, to master, from an end-user point of view, the difficulties 
linked to the notation complexity. 

Such a methodological framework has been widely discussed for software en- 
gineering. For instance, we mention methodological frameworks for specifying B 
machines from textual description 17, from object OMT semi-formal models 
9, from NIAM specifications 13; or for structuring VDM modules from func- 
tional analysis with SART 19. The key idea is to provide the designer with 
semi-formal or graphical notations used as an intermediate step allowing the 
pre-formalisation of the users' textual requirements. 

However, considering the widely agreed hypothesis that  the control functions 
of a production system are defined from the mechanical studies, the methodolog- 
ical framework would benefit from being based on the structure of the physical 
process with automation engineering criteria rather than on an abstract analysis 
based on software engineering criteria 1. The advantage is to provide re-usable 
and modular specifications of quite autonomous automation objects associating 
their control and mechanical resources. 

Finally, implementation of the formal specification has to be compliant with the 
implementation or designing standards used in an industrial context, such as 
the IEC 1131-3 8 for P.L.C. programming or the IEC 1499 proposal 14 re- 
lated to function blocks for process control specification. Indeed, these standards 
are needed to ensure the consistency and the interoperability of the distributed 
process applications, that  is to say the ability for heterogeneous devices to com- 
municate and to provide complementary services. However, semantics of this 
standards is very poor and need to be enriched 22 or defined as a final step of 
a formal development. 
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Our application of the B formal method on the level control system case 
study is an attempt to provide elements of solutions for these problems. 

4 L e v e l  C o n t r o l  S y s t e m  C a s e  S t u d y  

Our case study is the simplified level control system shown in figure 1. It consists 
of the following process items: the water level in a constant section tank is ob- 
tained by modifying the output flow rate through a modulating motorised valve 
in presence of an external perturbation represented by the input flow of the tank. 
The control architecture is distributed on different heterogeneous processing de- 
vices, such as P.L.C. or computer, communicating via field-bus, as promoted by 
the new generation of intelligent field-devices 12. 

~ in-flow(t) 

I CONTROL SYSTEMS 
I ficldbus 

~ ~  OUt-flow(t) 
Fig. 1. Level control system 

The objective of the exercise is to prototype and test a structuring framework 
of B machines allowing us to map the functional view of the end-users to the 
technological description of the process. Indeed, from an end-user point of view, 
what is expected to be proved is not limited to the level control software but 
should include the functioning of the whole system (control and process systems). 

This problem can be modelled as an interaction between functional agents (hu- 
man operators and/or control systems), operating in the world of information in 
order to reach the system goal, and technological objects having to be physically 
modified. The B structure of the level control system is expected to provide mod- 
ular specifications based on process / control elementary interaction, capable of 
being implemented, in terms of process control function blocks, as interoperable 
but heterogeneous processing devices. 

4.1 Structured Model l ing of  the Level Control  System 

The functionality of the level control system is to maintain a tank level (Phy_level) 
at a requested value (Level_Rq) within a certain tolerance (to O. It is represented 
by the invariant of the Mach_Level_Control_System machine as following: 



202 

I N V A R I A N T  
/*  information and physical variables associated to the level control */ 
(Phy_Level �9 PhyLevel) A (Inf_Level �9 InfLevel) A (Phy_Flow E Ph- 
Flow) A (tol �9 NAT1) 
/*  type of request for control system */ 

A (Level_Rq �9 edevel) ^ (Flow_Rq �9 Rflow) 
/*  finality of the level control */ 

A ((Phy_Level < Level_Rq § tol) A (Phy_Level > Level_Rq - tol) 

This functionality is expected to be maintained thanks to : 

a physical process, which is able to store and to modify a level quantity. The 
operation Level_Process describes how the level of the tank (level) evolves 
according to the output flow (out_flow) and to the section of the tank (Sec), 
which is supposed to be constant. 
M A C H I N E  Mach_Level_Process 

O P E R A T I O N S  
level +-- Level_Process(out_flow) = 
PRE out_flow E NAT 
/*  integral calculus of the level of the tank with a dt sampling period */ 
THEN level := (1/Sec) x (((out_flow_pre - in_flow_pre) x dt) § 
((out_flow-in_flow) x dt))) 
 out_flow_pre :-- out_flow  in_flow_pre :-- in_flow 
END 

a control system for managing the previous physical transformation, that  is 
to say to process a level request (level_setpoint) in order to produce a flow 
variation request (flow_setpoint) according to the measured level of the tank 
(level_meas). 
Note that  our example focuses on the event control processing but could be 
extended to describe mode management or monitoring functions associated 
to the controller. 
M A C H I N E  Mach_Level_Controller 

O P E R A T I O N S  
flow_setpoint +-- level_controller (level_setpoint, level_meas) = 
PRE (level_rHeas E NAT) A (level_setpoint E NAT) 
THEN IF level_meas # level_setpoint 

THEN 3 fl . (level_meas # level_meas_pre); flow_setpoint := fl 
ELSE flow_setpoint := 0 / *  no output flow variation zf 

requested level is reached ~/ 
END ; 
level_meas_pre := level_meas 

END 
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These "process" and "control" operations are performed in two dedicated 
machines which are included in the machine which describes the higher level of 
abstraction of our case study as follows: 
MACHINE Mach_Level_Control_System 

INCLUDES Mach_Level_Process, Mach_Level_Controller 
OPERATIONS Level_System= 

PRE Phy_Leve 5~ Level_Rq 
THEN Phy_Leve +- evel_process(Phy_Flow) 

 Fow__Rq <-- eve_control(Level_Rq, Inf__Level) 
END 

Solving the process / control interaction is based on the emergence mecha- 
nism 6 which considers that interactions between two entities define additional 
properties which are not included in the own properties of each entity. 

This mechanism, often used to describe emerging behaviour of complex sys- 
tems, especially in the field of distributed artificial intelligence or multi-agents 
Systems 10, has been proposed by lS to describe an emerging engineering 
process for the production systems. It leads to define, from each process / con- 
trol interaction, emerging actuation and measurement operators which support 
the interface between the symbolic and physical worlds (respectively by trans- 
forming control requests into physical effects and physical effect into significant 
information) and their related mechanical and automation know-how. 

The emergence mechanism is represented in B with the help of a refinement 
mechanism which allows us to introduce new machines (and operations) as re- 
quired for solving the process / control interaction and satisfying its invariant. 
It means that the proof failures encountered by the B prover are used not only 
to enrich the specifications (detection of particular control states in which the 
invariant cannot be maintained due to process functioning in limit conditions) 
but also to systematically and progressively define the control system structure 
thanks to the emergence mechanism. 

Application to the level control problem leads us to identify: an actuation 
operation (flow_actuation) which transforms a flow variation informational re- 
quest into physical variation of the output flow and a measurement operation 
(level_measurement) which transforms the tank level into significant informa- 
tion. These new operations are described in B machines, respectively dedicated 
to flow modification and level measurement. They can be considered as quite 
autonomous with regards to the first set of machines related to the level modifi- 
cation. Indeed, this set described their own level control goals and the process and 
control resources needed to reach it. In the same way, the new actuation and mea- 
surement machines describe other sub-goals also including their own process and 
control resources. For instance, the actuation machine (Mach_Flow__Actuation) 
focuses on the output flow control by modifying the percentage of the valve 
opened due to process (flow_process) and control (flow_control) operations. 
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M A C H I N E  Mach_Flow_Actuation 
I N C L U D E S  Mach_Flow_Process,Mach_Flow_Control 

I N V A R I A N T  
(Phy_Opening E PhOP) A (outflow E PhFl) 

A (Opening_Rq E RqOP) A (Inf_Flow E InfFlow) 
/*  finality of flow control module ~/ 
((outflow < Flow_SP + ftol) A (outflow _> Flow_SP - ftol)) 

O P E R A T I O N S  Flow actuation(Flow_SP) -- 
PRE Flow_SP E NAT 
THEN outflow e-- flow_process(Phy_Opening, Phy_Level) 
II Opening_Rq +-- flow_control(Flow_SP, Inf_Flow) 
II Flow := outflow 
END 

R E F I N E M E N T  Ref_Level_Control_System 
R E F I N E S  Mach_Level_Control_System 
I M P O R T S  Mach_Flow_Actuation, Mach_Level_Measurement 

O P E R A T I O N S  Level_System= 
PRE Phy_Level r Level_Rq 
THEN Phy_Level +-- level_process(Phy_Flow); 

Phy_Flow +- actuatwn(Flow_Rq); 
Inf_Level +-- measurement(Phy_Level); 
Flow_Rq +-- level_control(Level_Rq,Inf_Level) 

END 

Applying again the same structuring concept leads us to identify several 
refinements of product/process interactions characterised by automation engi- 
neering quantities to be modified - from water volume in the tank towards a 
servo-motor position through a flow rate, an opening percentage of the valve 
and a position of the valve stem - and their associated mechanical objects per- 
forming the considered modification (figure 2). 

These B machines can be considered as non divisible according to distri- 
bution criteria because they are associated to a mechanical device supporting 
elementary physical transformation. Thus, the resulting B specifications of the 
controllers machines have the same structure as the process controlled one. Fur- 
thermore, they can be refined and implemented into different heterogeneous 
processing devices as shown in next section. 

4.2 Ref inement  and  I m p l e m e n t a t i o n  

Control design has now to focus on the behavioural description of the controllers, 
previously identified for managing the level, flow, valve position, stem position 
and servo-motor position. Indeed, each controller needs to be refined in order to 
complete the description of its functionality by the algorithm used to achieve it. 
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! r e t i c e n t  

O P E N I N G  P E R C E N T A G E  V A L V E  S T E M  

O F  T H E  VAL~rlS r ' o s m o N  

Fig. 2. Architecture of the level control system specification 

For instance, the previously described level controller only specifies that  the 
modification of the tank will be obtained by a modification of the output  flow 
while the refined operation describes how the output  flow has to be decreased 
or increased in order to reach the requested level: 

R E F I N E M E N T  Ref_Level_Controller 
R E F I N E S  Mach_Level_Controller 

O P E R A T I O N S  
flow__setpoint t-- level_controller(level_setpoint, level_meas) = 
PRE level_setpoint # level_meas 
THEN IF level_setpoint > level_meas THEN 

fl :(f l<fl$0); /* output has to be decreased */ 
Tstate := filling; 
flow_setpoint := fl 

ELSIF level._setpoint < level__meas THEN 
fl : (f l>fl$0); /* output flow has to be increased *// 
Tstate := emptying; 
flow_setpoint := fl 

ELSE Tstate := ok; 
flow_setpoint := 0 / *  output flow is maintened at its current 

value, e.d. flow variation equal to zero */ 
END 

END 
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The property expected to be proved for this elementary control machine is 
related to liveness property : the level control process must eventually terminate. 
Such a constraint could be represented in linear temporal logic by 2 : 

(tstate r Ok) ~.z (tstate = ok) 

( tstate = ok means that the tank is not filling or empty ing when the level is 
as requested) 

This kind of property is defined in 15 as a variant function of the controller 
state. This function is such that  whenever the level is not reached, each action of 
the controller decreases the variant function. However, the proof of such a prop- 
erty requires an extension of the B model. Several work has already suggested 
alternatives approaches 320. The importance of proving such a property for 
control engineering problems justifies further work in this domain. 

Considering the needed compliance of formal specifications with standards cur- 
rently used in an industrial context, the structure of our B controller operation 
can be viewed as close to a control loop including a comparator function (which 
delivers the gap between the level set point and the real level) and a transfer 
function controlling the variation of the flow set-point in order to reduce this gap 
(most of the time by applying a Proportional-Integrative-Derivative P.I.D. algo- 
rithm). Consequently, this B operation could be implemented using the required 
function blocks provided by the IEC 1131-3 standard (figure 3). The benefit 
is that  B machines represent a proved formalisation of the control architecture 
which can be considered as a first step to compensate for the lack of semantics 
of implementation standards. A more complete approach, allowing a safe imple- 
mentation of reusable and standardised function blocks needs to solve the two 
following problems. 

Lev�9 
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( F u n c ~  block (Fua~.~a block 

' f rvmlEC 1131-3) f'~3mIEC 1131-3) 
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i 
Fig. 3. Implementation of level controller using 1131-3 standard 
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Firstly, we must consider the semantic break between the specification and 
implementation steps which can cause trouble. Indeed, even if the B specifica- 
tion can be trusted thanks to the prover, its implementation through industrial 
standards is not guaranteed to maintain the properties already proved. How- 
ever, taking into account the current practice in industrial world, and the fact 
that the use of implementation standards (IEC 1131-3) or designing standards 
(in progress IEC 1499) is currently the only way towards interoperability of 
distributed process applications, the work to be done is to define formal links 
between the used standards and formal approaches, such as suggested by 22, 
allowing automatic generation of standardised function blocks from formal spec- 
ifications. 

The second problem is related to the choice of interpretation algorithm required 
for implementation as processing devices. Indeed, implementation of these blocks 
requires us to schedule the execution of each block according to real process 
events and to data flow structure, in order to ensure the determinism property of 
the reactive systems. This criteria can be applied in B by defining a synchronous 
polling cycle which processes internal states of operations according to a fixed 
image of the input and output events. Note that this approach is very close to 
the one used in discrete event control theory, in particular with synchronous 
languages 4 and Grafcet 5. 

5 C o n c l u s i o n  

This paper is an attempt to show how the B method can be used for process con- 
trol engineering. The benefits have been shown in terms of description at a high 
abstraction level which favours the re-usability of control studies by providing 
safe implementation independent specifications. However, pragmatic use in the 
industrial context of control engineering requires defining structuring framework 
which allow us to ensure re-use of modular specifications able to be implemented 
on a distributed architecture and to be compliant with the implementation stan- 
dards. 

Our level control system case study has shown how the B method can used 
to support the emergence mechanism in order to fulfill this structuring require- 
ment. This mechanism allows us to avoid having the structure of modular B 
specifications depend on the designer intuition, but results in a methodologicM 
framework which systematically leads to modular machines representing process 
/ control interactions to be implemented on different processing devices accord- 
ing to the required standards. 

In this context, the B method provides materials to progressively, but sys- 
tematically, refine the initial specification by considering a proof failure as a 
means to enrich the specifications. In a complementary way, liveness properties 
have been shown as interesting for process control engineering but difficult to 
prove in the current B model. This point motivates further research in this area. 
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Even if these preliminary results highlight the scientific benefit of formal ap- 
proaches for process control engineering and the work still to be done, the real 
benefit for industrial use will be demonstrated only when applied on real pro- 
duction systems with higher complexity than the case studies presented up to 
now. In this way, our structuring approach is expected to be validated as a 
practicale methodological approach for the European Intelligent Actuation and 
Measurement pilot developed in the framework of Esprit IV-23525 IAM-Pilot. 
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Abstrac t .  The observations described in this paper are based on the 
experience we gained in applying the B method to a realistic safety- 
critical case study. The main goal was to integrate the B method into 
the heart of the development cycle, particularly for such applications. 
We outline a framework to reason about control process systems in order 
to capture functional and safety-related properties and to organize the 
conceptual architecture of these systems. 
Thus, we describe how a B Model can be designed both with respect 
to safety constraints and in terms of software architecture abstractions. 
We use the B method to support architectural abstractions, codifying 
the interactions of components. Finally, we present essential results of 
the case study and we show the significant impact of such a B formal 
development on the development process by giving some metrics. 

1 Introduction 

The main concern in the development process is to identify the characteris- 
tics of the application domain. These vary with the physical phenomena be- 
ing modeled, the computational  model (i.e. sequential, distributed, distributed 
and concurrent, and real time dependent) and the constraints to be hold (i.e., 
safety-related, embedded, and cost-critical). These characteristics determine the 
methodological choices at each step of the development process. For instance, in 
the specific domain of control process, cyclic software systems can be modeled in 
a sequential way. Usually, they must respect safety constraints. An appropriate 
analysis method must be based on state machines. 

Considering the characteristics of control processes, the B method seems to 
be a suitable support. At the present time, when standards recommend the 
integration of formal methods within the safety critical development process, 
Z and VDM are mentioned. However, the B method could be similarly used. 
Nevertheless, as the B method covers most of the life-cycle phases, there are 
some pitfalls when it comes to completely integrating it. In the rest of this paper, 
we will present a strategy to overcome these problems and we will describe the 
architecture phase in more detail. 
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Recently, software architecture has begun to emerge as an important  field of 
study for software developers and researchers alike. The architecture of a software 
system defines the system in terms of components and interactions among those 
components. 

Different trends can be observed in this domain. One is the recognition 
of well-known patterns and idioms for structuring complex software systems 
Cop95. Another trend consists in exploring a specific domain to provide reusable 
frameworks for product families and thus for capturing an architectural style (cf. 
Sha96b). 

In addition to specifying the structure and topology of the system, the ar- 
chitecture must show the intended correspondence between the system require- 
ments and elements of the system constructed. Thus, it can deal with system- 
level properties. Such of a conceptual architecture must evidently be described 
independently of the implementation. The corresponding step of life-cycle is not 
clearly outlined. In most systems, conceptual architectures are implicit, and hid- 
den within the documentation. 

The use of computers to automate  various applications has increased and 
concern about the safety of those systems has also grown. In this paper, we 
focus on software components of control process systems. Some common aspects 
can be extracted from these software systems, so that  an architectural style can 
be inferredSha96a. 

In a global approach Sae90, the physical process may be modeled by a 
single component.  Disturbances from the environment require the introduction 
of a controller. The whole system forms a control loop (see Figure-l).  Data 

Disturbances 

j I 

Physical process  
-I I 

Controller  

Fig. 1. Control process system. 

consist of parameters,  inputs, outputs  of the physical process, and disturbances. 
Transformations are physical laws and alterations which are a consequence of 
the controller action. We are not interested in the real-time behavior of the 
controller. We assume that  any transformation can happen in a t ime interval 
that  the designer can determine. We take a static view of its behavior including 
all different states of the system. 
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Usually, the design of a reactive system begins with the specification of the 
system behavior. In the design of a control process system, this specification 
must be derived both from functional requirements and from safety-related re- 
quirements. Experts of the application domain describe the physical process, 
the disturbances expected from the environment and the behavior of the system 
under hazardous circumstances. 

In this paper, we outline our methodology to design a B model. Our approach 
focuses on traceability of safety-related constraints. The remainder of the paper is 
organized as follows. Section 2 presents our experience with the B development 
process. We further describe our main methodological contribution: Section 3 
explains how to link the user's requirements with system safety analysis in a 
new structured informal statement.  Section 4 presents our preliminary analysis 
cycle at the end of which a formal s tatement  of the critical requirements is 
produced. Section 5 deals with the architectural conception phase. Finally, in 
Section 6 we report  the results of our experience gained from the development 
of a case study in the railways domain. 

2 B d e v e l o p m e n t  p r o c e s s  

In this section we summarize the essential features of the B method which will 
be useful to us. 

2.1 O u r  t e r m i n o l o g y  

First, let us recall some B terminology in relation with structuring concepts: 

- A c o m p o n e n t  denotes either an abstract machine, one of its refinements, 
or its implementation. 

- A m o d u l e  puts together an abstract machine, all its refinements and its 
implementation. 

- Links  denote shared access or composition mechanisms. 
- A m o d e l  is composed of all the modules and their links. 

We use conventional software architecture notations : modules represent soft- 
ware components  and links represent connectors. 

2 . 2  D e v e l o p m e n t  a c t i v i t i e s  

The main B development activities are type checking, refinement engineering 
and verification engineering. The interaction between these activities is shown 
in figure 2. Refinement and verification activities have a tmal and error  nature, 
reflecting some invent ion and verification aspects. 

Each refinement step is an iteration from the refinement first to the type 
checking, then to the verification. The modeling process and the construction of 
the verification must be performed concurrently. 
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Fig. 2. B development activities. 

2.3 Modu le  and  mode l  e l abora t ion  

Construction of a module entails a number of refinement steps, each introducing 
a few specification details or design decisions, so that the induced properties 
can be easily proved. Module elaboration involves a layered architecture. Proof 
is constructed to verify the consistency between each level and the previous one. 

Simple enough problems can be modeled in a single module. In more com- 
plex problems, the development process begins at a very abstract level. A formal 
high-level design which describes the mapping of the requirements onto specifica- 
tion must be constructed. This high-level design describes how specification-level 
information is to be implemented in software structures. Consistency between 
the specification and this high-level design can be formally proved. 

At each step of module construction, the B method provides links allowing 
shared and compositional specification. Thus, when designing a B model, mod- 
ules may exist and interact while at different development stages. While the 
entire B-development process can be conducted in a process of systematic step- 
wise refinement, it is practically conducted more on intuition than on process 
framework. 

2.4 Life-cycle phases 

The B method covers the central aspects of the software life-cycle from specifica- 
tion to code generation. The requirements analysis phase is not addressed, thus 
we have to assume that functional and safety properties have been captured. 
However, the development process does not respect the usual sequencing of the 
phases. The designer must wait until the end of the development to bring out 
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a very clear dividing line between specification concerns and design decisions. 
Moreover, during the formal specification phase, the organization of the B model 
must be questioned again. 

To fill this void we suggest a corresponding life-cycle (see Figure-3), each 
phase of which we will describe in later sections. The integrated process begins 
with a restatement of the user's requirements (which are informally expressed) in 
a new structured document with links to safety analysis. In order to extract the 
software requirements, we have proposed elsewhere a Preliminary Analysis Cycle 
[Tao96], the aim of which is to draw out a detailed analysis of the requirements. 
Our aim is to help both the developer and the verifier to keep track of the desired 
properties. The output of this part of the process is mainly a formal statement 
of the 'critical requirements' which will be mapped onto the formal specification. 

Fig. 3. Life-cycle model. 
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3 S a f e t y  a n a l y s i s  

In order to ensure a given level of safety a hazard analysis should be performed. 
Its process is continuous and iterative (see Figure-4). This analysis should be 
started early in the process development of the system. 

Fig. 4. Safety analysis. 

Standards describe the analysis process in four steps: 

- Preliminary hazards analysis : The scope of this step is to highlight critical 
functions and identify hazards. This step yields a set of functional and safety 
criteria for the whole system. It is the input for the next step. 

- Hazards at the system level : This step starts as soon as the design activity 
is stabilized and continues while the design is being modified. The scope of 
this step is to identify hazards introduced by interfaces between sub-systems 
and to deduce a set of constraints on system design. The result of this step 
is the input for the following step. 

- Hazards at the sub-system level : The system analysis has decomposed the 
system into several sub-systems, at the same time decomposing these sub- 
systems into functions. The safety analysis consists in translating constraints 
which result from the previous step into criteria for the sub-systems. At this 
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step, each sub-system is analyzed according to its safety criteria in order to 
identify hazards introduced by the relation between sub-systems and equip- 
ment and to determine safety inputs and outputs. 

- Hazards at the operational level : The scope of this level is to identify hazards 
due to the support  and operation of the system. This notably applies to the 
human interface with the machine. 

The set of constraints resulting from a step constitutes the set of criteria 
for the following step. Thus, requirements specification for software should be 
broken down into three definitions : 

- Objective definition; 
- Criteria definition; 
- Priorities on objectives and criteria assignment. 

In order to ease construction of specifications, guidelines are given in Lev95 
and Sae90. These guidelines are intended for an analysis based on state ma- 
chines and are suitable for the B formal method. They are a collection of rules 
on states, inputs, outputs,  values and transitions. Within the software process 
development, the continuity of safety analysis must be maintained. We thus 
introduce into the life-cycle the safety analysis as a preliminary phase, which 
means that  we must, at this level: 

- keep record of the hazards identified at the system level and translate soft- 
ware hazards into safety criteria. 

- show the consistency between safety criteria and requirements related to the 
software and show the completeness of the functional requirements regarding 
the safety criteria. 

In order to fulfill the first objective, safety analysis should be performed in 
a top-down approach from the system down to sub-system. This phase must 
start  early in the system analysis. We feel that  inputs to the system process 
development should be requirements and safety objectives. The safety analysis 
takes these goals as inputs and then deduces the criteria in order to fulfill them. 
The criteria are identified at the system level. Criteria documentat ion must give 
means to verify that  safety criteria and objectives are satisfied. Moreover, as 
the software can make more or less than the requirements the generated code 
must be verified in order to show that  safety criteria are held or to highlight 
vulnerabilities to be circumvented by other means. 

4 P r e l i m i n a r y  a n a l y s i s  c y c l e  

Keeping in mind the objective of traceability in terms of both software engi- 
neering and safety, we introduce a preliminary analysis phase before the formal 
specification phase. The scope of this phase is the analysis of requirements, first 
their semi-formal expression, and finally, their formal expression. 
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Our approach takes into account three points : type of application, formal 
method for the specification, and constraints of safety design. Each of these 
points contributes toward this method : 

- the type of application provides a well-defined structure where the main 
relation between modules is well established ; 

- the B formal method is model-oriented and its basic concept is the abstract 
machine. This concept allows us to classify this method among state machine 
oriented ones. 

- safety analysis imposes rules on the specification in order to ensure safety 
constraints. 

This approach constitutes a preliminary analysis of the informal specifica- 
tions to construct the formal specifications. It is a mean to keep track of the 
safety criteria deduced from the analysis at the system level. The system being 
modeled is studied module by module. For each module, the question is to iden- 
tify its function and the criteria it ensures. Each module is described by a set of 
variables, by relations with the other modules and then by the whole behavior. 
For this analysis, we define a four-step framework: 

- Determination of elementary t ime for the analysis. The objective is to de- 
termine the relevant interval of t ime to observe the system behavior. E.g., 
for the cyclic system the basis t ime will be the cycle ; 

- Static analysis for module description. This phase allows the specification 
of constraints on behavior without detailing them. The analysis may be 
performed in three steps: 

�9 Modules characterization: At first, one must identify all modules, then 
for each module, one must determine variables useful to its description. 

�9 Static relationships : At this time, we have to determine all static rela- 
tionships between these variables. These relationships constitute a part  of 
the constraints on behavior; they could be constraints induced by equip- 
ment design or physical laws. At this step, results by domain experts 
should be mandatori ly  introduced, because these constraints typically 
cannot be formally verified. 

�9 State variables: The question is to bring out state variables, which are 
used to describe behavior according to the elementary time, e.g, at the 
beginning and the end of cycle. To this end, the first task is to determine 
the relevant properties to be considered, then to identify useful variables 
to express them. 

- Dynamic analysis to describe desired behavior: This phase is concerned with 
behavior description using state transformation relationships. A deductive 
analysis is adopted, its input being the set of state variables. For each vari- 
able, one must determine all the relationships working towards its transfor- 
mations. Performing analysis in this way, we ensure that  all transformations 
will be identified and described. 
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- Safety analysis to identify safety constraints. Inputs for this task are cri- 
teria resulting from the safety analysis at the system level. One must first 
express these criteria using software variables. At this point, it is interesting 
to observe that  not all criteria could be translated in this manner.  Instead, 
verification of the non expressed criteria should be done statically. 

In order to help domain experts verify the completeness of the specifications 
and to help designers understand the requirements, results of each phase are 
expressed in a semi-formal language, and then in a formal language. Complete 
results of the preliminary analysis constitute inputs for formal specifications. 

5 Architectural conception 

To cope with mandatory  requirements, it seems important  to underline that  this 
architectural conception must be clearly identified. 

5 . 1  S p e c i f i c  c o n c e r n s  o f  c o n t r o l  p r o c e s s  d e s i g n  

In the global approach mentioned in section 1, modeling of control process sys- 
tems is based on data  abstraction of the physical process and state transforma- 
tions of the system. The main concern in modeling such systems is to keep a 
general relation between components of the control loop. The architectural style 
must be related to abstract da ta  encapsulation. However, it is not compatible 
with the philosophy of objet-oriented organization. When developing an object- 
oriented system, designers must identify and create software objects correspond- 
ing to real-world objects. When developing a control process system, their main 
concerns must be to keep a global link between components in relation with the 
safety properties. Sometimes, objects may appear just as iconic classes of in- 
terface. Usually, designers think of software as algorithmic transformation. This 
model breaks down when the system operates a physical process with external 
disturbances because values appear somehow to change spontaneously. Thus, the 
architectural style is not either compatible with functional design. The organi- 
zation is a particular kind of dataflow architecture which assumes that  da ta  are 
updated continuously and which requires a cyclic topology. 

Observing software products for various control process applications, a con- 
trol paradigm and some useful definitions have been highlighted: 

- Process variables are properties of the process that  can be measured. 
- Controlled variables are process variables the values of which the system is 

intended to control. 
- Input variables are process variables which measure an input to the process. 
- Manipulated variables are process variables the value of which can be changed 

by the controller. 
- A set point is the desired value for a controlled variable. 

The essential parts of the software system are: 
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- Computat ional  elements which logically part i t ion the process of the control 
policy. 

- Data elements which update process variables and give set points. 
- The control loop paradigm which establishes the relation that  the control 

algorithm exercises. 

The design methodology requires an explicit identification of each kind of vari- 
able and element of the control loop. An example is described later in subsection 
6.2. 

5 . 2  B d e s i g n i n g  f e a t u r e s  

To build a software architecture of modules, designers have a single connector 
composed of SEES and IMPORTS links. The SEES link provides a shared data 
access. SEES and IMPORTS together provide a full-hiding interaction and sup- 
port independent development. In order to encourage reuse and to aid large 
system construction, designers have at their disposal, among others links, IN- 
CLUDES link. To clarify structural properties of modules interactions, we rec- 
ommend designers to merely use independent INCLUDES link as described in 
Ber96. Thus, this INCLUDES link provides an exclusive data access as well as 
a semi-hiding interaction. The refinement of the including module can be done 
independently. Proof  obligations for a machine Y including a machine X are 
simpler to manage than when considering them as a single component.  

5 . 3  D e s i g n  m e t h o d o l o g y  

In this section we introduce our methodology to design an architecture according 
to formal specifications. This methodology is heterogeneous because it is based 
on process-control style Sha95 and a development organization using the B 
method. At first, the architecture design achieved using a process control style 
constitutes an architecture abstraction, which will be refined using our method- 
ology. The proposed methodology takes into account three points: 

- Use of invariants to express safety constraints in order to formally verify 
that  they have been taken into consideration. It is important  to organize 
the expression of the safety criteria into modules in accordance with the 
following objectives: consistency of state components and use of appropriate 
links. 

- Formal demonstration that  the constraints have been taken into account. 
- Keeping track of constraints. 

The abstraction of the architecture could then be formulated from three points 
of view: 

- Consistent states point of view: dependency links are listed in order to enable 
a classification of variables according to the criteria of strong connection. 
This classification brings out a set of consistent states to be modeled by 
abstract machine. 
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- Sharing data  point of view: in this task one must build a graph where nodes 
are consistent states identified in the previous state and links visualize data  
sharing. This graph is used during formal specification to organize data  and 
control. 

- Constraints point of view: at this step we have to construct a set of graphs. 
Each graph modelizes for each variable its links with other variables and 
constraints. This graph will be used during specification elaboration to in- 
tegrate safety constraints and to validate that  they have been taken into 
account. 

5.4 F o r m a l  s p e c i f i c a t i o n  

According to our approach, at this stage we shall use the software architec- 
ture paradigm together with the results of the preliminary analysis. Indeed this 
paradigm just  suggests a framework. In order to build the formal specifications, 
we develop each component using results of preliminary analysis to specify the 
abstract machine and its refinements. During this specification, at each step we 
can introduce new components or we can converge on an existing component. 
This allows us to emphasize the fact that  the results of architecture design only 
give a framework and that  there are not the final architecture. 

6 R e s u l t s  a n d  p e r s p e c t i v e s  

In this section, we illustrate the framework presented in previous sections with 
the example which is given in its entirely in Tao97a. This case study, called 
KLV 1, concerns a critical software system whose aim is to control the speed of 
a train. This KLV system carries out a specific function of the real system which 
is in service in the French railway system (the KVB System 2). 

6 . 1  S i m p l i f i e d  b e h a v i o r  o f  K L V  

The KLV functions are restricted to control the temporary  speed limitations 
which are applied near a construction area. We only present a simplified descrip- 
tion of the KLV behavior. The KLV system is cyclic and the cycle is determined 
by a t ime interval which is unsplittable. At the beginning of each cycle, the 
system receives information on: 

- the distance covered by the train during the previous cycle; 
- complex and composed informations concerning signalling; 
- the train location. 

During a cycle, according to the inputs, the system carries out the following 
controls: 

1 KLV means Limited Speed Control. 
2 KVB means Speed Control with signalling informations given by Beacons. 
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- If the train respects all the speed controls given by the signals, the system 
does nothing. The states of warning and emergency braking do not change; 

- If the speed becomes higher than the warning level, the system informs the 
driver with the warning 'tell-tale ' lamp; 

- If the speed becomes higher than the emergency level, the system commands 
the emergency braking 3. This command cannot be terminated until the train 
stops. 

Disturbances can come from erroneous signalling informations (for instance, bad 
transmission). The warning level does not influence the safety, but provides for 
a better  availability. In order to observe the efficiency of our design methodology 
when it comes to maintenance, we develop the system without the warning speed 
level at first. 

6.2 S o f t w a r e  a r c h i t e c t u r e  p a r a d i g m  fo r  K L V  

The KLV system is analyzed considering it in accordance with control process 
paradigm. The essential parts of the software system are (see figure-5): 

- Function: The description of the physical process takes two elements into 
account: the train and the driving instructions. The train is described by 
equations which modelizes its kinematic behavior. The driving instructions 
are also described by equations based on signalling informations. The speed 
ordered by the driver must respect both sets of equations. If the emergency 
braking has been commanded, the driver should not be able to do anything. 

- Control loop : The paradigm corresponds to a feed-forward control system. 
Future effects of the speed are anticipated. The controller raises the emer- 
gency braking if the speed becomes too high. 

Different kinds of variable are identified: 

- The process variable which concerns the measured speed of the train; 
- The controlled variable which is the computed speed of the train; 
- Input variables which are signalling information and command from the 

controller; 
- The manipulated variable which are the emergency braking and the tell-tale 

lamp when considering the warning level; 
- Set point which is a technical data. It concerns the maximum authorized 

speed of the train. 

The relations between variables are not only established by equations but also 
expressed with pre-conditions and post-conditions to express a residual state 
through successive cycles. 

3 Moreover, the system informs the driver with the emergency 'tell-tale ' lamp. 
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Stgnalling informations 

Desiredspeed~ Emergencybralang ~ FUN!ION --~ 
Train speed & distance covered 

Fig. 5. KLV control loop. 

6.3 B a r c h i t e c t u r a l  m o d e l  

The results of the preliminary analysis for the KLV case study have been pre- 
sented elsewhere Tao97b. From this analysis, we outline a graph of shared data  
(see figure-6). This graph and the control process outline the same elements. 

This B model corresponds to an abstract system as described in Abr96. It 
describes in a hierarchical way the global vision of the safety-related properties of 
the system. The role of the abstract machine of each module will be to express 
in its invariant a part  of these global properties. The corresponding data  are 
'encapsulated' into the module and gradually introduced following the graphs of 
the preliminary analysis. 

To manage an incremental modification, designers can choose between two 
options: modify the operation or add a new one. The latter choice minimizes the 
effort in developing the proof. The results of the high-level design are presented 
in both cases. Figure-6 represents the B model of the system without the warning 
level while figure-7 represents the B model after the incremental modification. 
A new module named WARNING has been added; its state corresponds to the 
modelization of the tell-tale lamp. This WARNING module and the BRAKING 
module are sharing the same data, and their states are strongly consistent. In- 
troducing the WARNING state with a new module allows to provide a separated 
proof. 

BRAKING 

TION ~ N G  

Fig. 6. KLV B model. 
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WARNING BRAKING 
C~RAIN:SPEED 

~NFORMATION ~NG 
Fig. 7. KLV B model after modification. 

6.4 O b s e r v a t i o n s  

This section presents the results of the observations made across the project. 
The  table 1 shows how the effort expended on the project was distributed. It is 
a typical profile of formal development practice. The most important  effort is in 
the early activities where the requirements are being analyzed. 

Phases Effort given in person-month 
Theoretical training for modeling 1 
Practical training for safety of specific domain 2 
Restatement of informal specification 1 
Preliminary analysis 1 
Architectural Design 1/2 
Formal modelization 2 

Table 1. Distribution of time within each activity 

The results presented in table 2 are very similar to metrics given in Hab97 
for the development of the Calcutta subway. 

6.5 C o n c l u s i o n  

In this paper, we present ideas to provide a methodological guideline, emphasiz- 
ing safety-related traceability through the life-cycle. As a demonstration of the 
feasibility of our approach, a real case study has been entirely developed. From 
this experience, we draw some remarks: 

It is well-known that  without any guideline, there is a risk that  a B model 
will be difficult to prove and also to refine until the code generation phase. The 
main advantage of our approach is to provide a framework which overcomes 
these problems, in a way easily understood by domain experts. This framework 
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Comments 

Number of modules 
Number of C fines generated 
Number of specification lines (machines) 
Number of B0 lines 
Number of proof obligations 
Ratio for automatic proof 
Number of proof obligations per specification lines and BO lines 
Number of proof obligations per lines of code 

Table 2. Metrics 

has a significant impact on the software development process as well as its doc- 
umentations. 

The validation process cannot be formalized, since the original system de- 
scription is provided informally; experts must convince themselves that  the for- 
mal description accurately reflects the intended system behavior. The trace- 
ability of the safety-related properties is helpful to conduct this process. This 
traceability will be reinforced by a tool, the role of which could be to produce 
before-afterpredicates derived from substitutions. The resulting document should 
allow to perform down-up trace from the B model to the formalization of the 
preliminary analysis. 

To efficiently use the B method, one must follow methodological heuristics. 
Currently, there is no general solution. However, various proposals have been put 
forward in specific application domains (e.g. Abr97). They all have in common 
the outline of architectural concepts based on an abstract system. More work 
needs to be done in this direction to bring closer Software Architecture and B 
formal development. 
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Abstract  State Machines: Des igning Distr ibuted 
Systems with State Machines  and B 

Bill Stoddart,  Steve Dunne, Andy Galloway*, Richard Shore 
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Abs t rac t .  We outline a theory of communicating "Abstract State Ma- 
chines". The state of an Abstract State Machine has two components: a 
behavioural state and a data state. The behavioural states are shown on a 
state diagram, whose transitions are labelled with an "event" and a B op- 
eration. The firing of a transition is synonymous with the occurrence of its 
associated event. We use a synchronous model of communication based 
on shared events which simultaneously change the state of each particip- 
ating machine. The B operation associated with a transition generally has 
the form G ~ S, where a necessary condition for the transition to fire 
is that G is true, and where S describes any resulting changes in the data 
state of the Abstract Machine. The paper includes simple examples, the 
translation of Abstract State Machines to B Action Systems, the transla- 
tion of Abstract State Machines into "primitive" Abstract State Machines 
which have only behavioural state, the parallel combination of high level 
Abstract State Machines, and short notes on choice and refinement. 

1 I n t r o d u c t i o n  

Recently there has been a considerable interest in modelling reactive and distrib- 
uted systems in B. 1 3 4 6. In such cases, we are interested in describing a 
system in terms of its interacting subsystems, and in the closely connected issue 
of describing how a system behaves with respect to its environment. The most 
popular approach 1 3 4 is to use a B representation of the Action System 
formalism. Within this formalism it is possible to use approaches which commu- 
nicate via shared variables, or via shared events. 

An action system in B consists of an abstract machine whose operations are 
guarded rather than pre-conditioned. Whereas the operations of a classical B Ab- 
stract Machine can be thought of as specifying procedures, whose pre-conditions 
provide us with information on when they may be safely used, the operations of 
an Action System describe transitions. These transitions are thought of as being 
enabled if their guard is true. The life cycle of an action system consists of seeing 
which of its operations have true guards, and non deterministically choosing one 
such operation to fire. This process is repeated indefinitely. 

In this paper we present an approach based on a related formalism which 
we call "Abstract State Machines". An Abstract State Machine resembles an 

* High Integrity System Group, Dept. of Computer Science, University of York 



227 

Action System whose state is factored into two components, a data state, and 
a behavioural state. This factoring does not increase our expressive power in a 
mathematical sense, but we believe it allows us to present our distributed system 
models in a more accessible way. The behavioural aspects of an Abstract State 
Machine can be presented in pictorial form, using state machine diagrams. 

We begin by presenting "primitive" Abstract State Machines, which have only 
behavioural state, and we give rules of communication between such machines 
based on the idea of the simultaneous change of state of machines on the occur- 
rence of a shared event. We show how communicating primitive state machines 
can be described in terms of Action Systems. 

We then present an example of an Abstract State Machine which has an 
internal data state. We show how the description of such a machine is structured 
in terms of a data machine, which provides operations that act on the data state, 
together with a state machine diagram which adds a behavioural layer. We give 
the machine's translation into a B action system. 

After these initial examples we outline a semantics for Abstract State Ma- 
chines, based on the translation of Abstract State Machines into primitive Ab- 
stract  State Machines. 

We then consider the parallel composition of Abstract State Machines. The 
ability to perform such composition is of primary importance because it enables 
us to build a mathematical model of system behaviour2 and to state any global 
invariant properties we feel are important.  The techniques for checking that our 
model does not violate the global invariant is then identical to verifying the 
invariant of a B Action System (or indeed a B Abstract Machine, since the 
replacement of pre-conditions by guards leaves us with exactly the same proof 
obligations.2) 

The above discussions equip us to look more closely at the translation of 
Abstract State Machines into B Action Systems, and we return to this topic with 
another example which shows our general approach to handling i/o. 

We follow this with some remarks of the different forms of choice that can 
be expressed in our formalism: provisional (with backtracking), irrevocable and 
clairvoyant. 

We have previously explored communicating state machines in the "Event 
Calculus", a theory of communicating state machines described in Z 9. Some of 
the ideas have also evolved through our work on process algebras, in particular 
ZCCS, a dialect of CCS which uses Z as its value calculus 5. What is new in 
this paper is the re-expression of these ideas in B, which is important  because it 
may improve our ability to compartmentalise proof. It also gives us the oppor- 
tunity to work with predicate transformers, a formalism that is very amenable to 
mechanical manipulation through the idea of a generalised substitution. 

1.1 Pr imi t ive  Abstract  State  Mach ines  

We use a simple formulation of the idea of a "state machine". A machine has 
a number of states, and changes state on the occurrence of an "event". Only 
one event can occur at a time. Communication between machines, including the 
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passing of data, is expressed in terms of shared events that simultaneously change 
the state of two or more machines 

We assume three primitive sets, MACHINE, STATE and EVENT,  and a 
function r which maps each machine to its behaviour, expressed as a next state 
relation. So that r E MACHINE --~ ( (STATE • EVENT)  +--+ STATE).  

As a first example we consider a vending machine V that sells chocolate bars 
at two pounds each, and a customer C. Their  next state relations, which are 
denoted by r V and r C, are shown in Fig. 1. 

CV 

two 

~ 2~collec t 

r  

collect 

one E dom C 

Fig. 1. Vending Machine and Customer 

First consider the vending machine V without reference to the customer. 
Suppose it starts in initial state 1Io. The machine can accept one pound and 
two pound coins, and after insertion of two pounds allows a customer to collect 
his chocolate bar. The machine may also stop accepting coins and dispensing 
chocolate bars, perhaps because it is empty. 

Next consider the vending machine with its customer, starting in the initial 
composite state { Vo, Co}. The basic rule of synchronisation is that events which 
are common to more that one machine only occur as shared events. 

From initial state { V0, Co} the possible events that may occur are two or 
stop. The event two is a shared event: the vending machine has a two pound 
coin inserted, and the customer inserts the coin. This results in a simultaneous 
change of state in both machines, from { Vo, Co} to { V2, C1}. 
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The event stop concerns machine V only, and results in a change of state 
from { V0, Co} to { V3, Co }. 

We do not want the rules of our calculus to allow the event one to occur 
from state { V0, Co}, since the customer has no intention of inserting a one pound 
coin. But  how should we frame these rules to differentiate between one and stop, 
since these are both events which the customer is not prepared  to take par t  in? 
We associate with each machine a set of events known as its repertoire. This set 
will contain all the events evident in the machines behaviour (i.e. all events used 
in forming its next state function) but may also include additional events. We 
include one in the repertoire of C. 

We can now give an informal set of rules for the behaviour of a set of state 
machines (a formal version of these rules is given in 8) 

- An event can only occur when all machines that  have that  event in their 
repertoire are ready to take par t  in it. 

- When an event occurs each machine that  has that  event in its repertoire 
changes according to one of the possibilities offered by its next state relation. 
Other machines are unaffected. 

These rules allow us to derive the behaviour of a composed machine from the 
behaviour of its constituent machines. 

For each Abstract  State Machine there is a corresponding B Action System 
with isomorphic behaviour. The isomorphism consists of there being a one to 
one correspondence between event traces of the Abstract  State Machine, and 
operation traces of the Action System. We now give a translation of our example 
machines into corresponding B Action Systems. For reasons of space we use a 
notation based on GSL (the Generalised Substitution Language).  

Machine V 
Sets S T A T E  = { Vo, V1, V2, V3} 
Variables state 
Invariant  state E S T A T E  

Initialisation state := Vo 
Operations 

stop ~ state = Vo ~ state := V3 
one ~- state = Vo ~ state := V1 ~ state = V1 ~ state := 172 

two ~- state = Vo ~ state := 172 
collect -q state = V2 ~ state := Vo 
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Machine C 
Sets S T A T E  = {Co, C1} 
Variables s ta te  
Invariant state E S T A T E  
Initialisation state := Co 
Operations 

two ~ state = Co ~ s ta te  :=  C1 

collect ~ state = C~ ..... ~ s ta te  := C2 
one ~ false ==v skip 

The combined behaviour of the machines V and C, in accordance with the 
rules of synchronisation given above, is isomorphic to the following action system. 

Machine Vwith C 
Includes V. V,  C. C 
Operations 
stop ~ V.s top 
one ~- V .onc  II C.one  
two -~ V. two II C.two 
collect -~ V.collect II C.collect 

1.2 Abstract  State  Mach ines  wi th  Internal  Data  States  

We extend our model to one in which the vending machine has an internal data  
state. We first define some constants to detail the price of a bar  and the set of 
coins accepted by the machine. 

Machine VMDetai ls  
Constants coins, price, maxbars 
Properties coins = {1, 2}, price = 2 

The data state of our vending machine details the number  of chocolate bars it 
holds and the value of coins input so far for the present transaction. We define a 
"data machine" to describe this internal data  and the effect of operations which 
are invoked on the input of a coin, on completion of payment ,  and on the sale of 
a chocolate bar. 

Machine VMData  
Uses VMDetails  
Variables numbars,  coins_in 
Invariant numbars E 0 . .  maxbars A coins_in E 0 . .  price 
Initialisation numbars  := maxbars II coins_in := 0 
Operations 

In(coin)  ~ nurabars > 0 A coin + coins_in < price 
coins_in := coins_in + coin 

Paid ~- coins_in = price ==~ skip 
Sale ~- numbars > 0 ==~ numbars := nurabars - 1 
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C 
in(l, C) E repertoire(C) 

in(2, D) E repertoire(D) 

~ 1, D) 

~ 1, D) 

~ collect( D ) 

@ 
Fig. 2. Vending machine with internal state 

The complete description of the vending machine is obtained by adding a 
behavioural layer, which is provided in diagrammatic form in figure 2). The 
figure also describes the behaviour of two customers. Note that the transitions of 
the vending machine have labels of the form e I Op where e is an event, and Op 
is an operation from the associated data machine. The function of the operation 
is to impose any guard required to limit when the transition can occur, and to 
describe the change in data state when the transition does occur. For example 
consider the system in its initial state. That  is in behavioural state { Vo, Co,/9) } 
and with data state of V as given by the initialisation clause of VMData. Then the 
transition labelled paid I Paid cannot occur because the guard of Paid is false. 
On the other hand the guard of the transition labelled in(coin, cust) I In(coin) is 
true for suitable values of coin and cust. Input of a coin is a shared event so for 
this transition to occur we also need to satisfy the rules of synchronisation. In this 
case there are two ways for this to occur: the vending machine can synchronise 
with either machine C or machine D. If it synchronises with C the event is 
in(2, C); cust becomes instantiated to C, coin becomes instantiated to 2, and 
the change to the data state of the vending machine is described by the operation 
In(2). A formal semantics will be given in the next section. 

We use descriptive functions to refer to events. For example the expression 
in(2, C) is used to refer to the event that customer C inserts a ten pence 
coin. These descriptive functions are injections (which ensures, for example, 
that collect(C) and collect(D) are different events) with mutually disjoint ranges 
(which ensures, for example, that collect(C) is a different event from in(2, C)). 
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In addition the ranges of these functions are disjoint from any individual events, 
such as paid. 

The individual events and the functions for describing events are not associ- 
ated with any part icular  machine. Events are rather a means of communication 
between machines; they inform the way we combine machines together. When 
we translate an Abstract  State Machine into a B Action System, each simple or 
parametr ized event in our system is metamorphosed into a B operation. 

We define what we mean by "customers". 

Machine V M C u s t o m e r s  
Sets M A C H I N E  = { V ,  C , D }  
Constants cus t  
Propert ies eus t  = {C, D} 

The vending machine described in fig. 2 will t ranslate into the following Action 
System: 

Machine V M  
Includes V M D A T A  
Uses V M C u s t o m e r s  

Sets S T A T E  = { Vo, V1} 
Variables s tate  
Invariant  s tate  E S T A T E  
Initialisation state  := V0 
Operations 

in(coin ,  cust)  ~- s tate  = Vo A coin E coins A 
cus t  E cus tomers  ~ skip  In (co in )  

paid ~- s ta te  = Vo ==~ state  := V1  Paid  

coUect(cust)  ~ s tate  = V1 A eust  e cus tomers  ==~ state  := V0  Sale 

2 A S e m a n t i c s  f o r  A b s t r a c t  S t a t e  M a c h i n e  T r a n s i t i o n s  

In our first example we introduced some simple state machines diagrams. We can 
think of these as next state relations, which map a current primitive state and a 
primitive event to a next primitive state. Each element of these relations may be 
thought of as a primitive transition. The purpose of this section is to interpret 
the possibly parametr ized  labelled transitions of Abstract  State Machines with 
an internal data  state in terms of primitive transitions. 

In the following discussion we consider an Abstract  State Machine A whose 
associated data  state machine has a state space D. We take A0 and A1 to be two 
arbi t rary  behavioural states of A, such that  there is some high-level transition 
from A0 to A1. I t  will be convenient to consider behavioural states as total 
injective functions from D, the set of data  states, to the set of primitive states. 
This is to provide a convenient way of combining a behavioural state and a data 
state into a primitive state (or alternatively of factoring a primitive state into a 
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behavioural state and a data state). Thus if A is in behavioural state A0 and data 
state d (where necessarily d �9 D) it is in the primitive state Ao(d). 

Suppose the transition from Ao to A1 has the form: 

elOP 
Ao > AI 

where e is a primitive event. Then our high level transition denotes the set of all 
primitive transitions from A0 with some data state d to A1 in some data state 
d', where the change of data state from d to d' is one of the possibilities offered 
by Op. i.e. 

{t  l ~ d , d '  . (d ,d ' )  �9 rel(Op) A t = (Ao(d) ,e)  ~ Al(d ' )}  

where 

rel(Op) = {d, d'  (d, d') �9 D x D A -~ (Opd # d')} 

This idea extends in an obvious way to the form in which e is parametrized 
by the input parameter of Op. 

Ao ~ At 

Now our parametrized transition denotes the following set. 

{t   3d ,  d ' , x  , x �9 dora(e) A (d ,d ' )  �9 rel(Op(x))  A 
t = (Ao(d),  e(x)) ~+ Al(d ' )}  

Handling of output parameters is rather different, since instantiating an out- 
put parameter  with a value gives an invalid substitution. This is because output 
parameters occur on the left side of assignments, which is not a suitable place 
for a value! Consider the parametrized transition: 

e(y) I y op 
Ao ~ A0 

To know if e(y) can occur for some given value of y, we need to know if Op 
could yield that value as its output.  We achieve this by placing the operation in 
a context which renders is non-feasible unless it yields the result we require. To 
do this we provide a local variable y' in which Op will deposit its result, and 
then we impose a guard that will only allow through a value y' that is equal to 
y. The denoted set in this case is: 

{t  3d ,  d ' , y  * y E dom(e) A 
(d, d') �9 ret (var �9 y' Op; = y skip)} 

A transition with both inputs and outputs is a straightforward combination 
of the previous two cases. It is also possible for the event function e to involve 
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parameters which are not related to the associated operation. E.g. in our vending 
machine some events are parametrized with a variable that becomes instantiated 
to the identity of the customer, and are used to specify where input comes from 
or output  goes to. Such cases are also a straightforward extension of the above. 

Along with the rules for the firing of transitions given in section 1.1, these 
rules give us the entire behaviour of an Abstract State Machine model. This can 
be of practical use with model checking techniques, or when the state space of 
the machine is small enough to permit exhaustive search methods to be used 
to investigate its properties. It also provides the definitive meaning of our event 
calculus, against which we can judge the correctness of techniques for the high 
level combination of parametrized machines. Such techniques are introduced in 
the next section. 

3 The High Level Combination of Synchronized 
Transitions 

The rules given so far enable us to translate high level abstract state machines into 
primitive abstract state machines, and to combine such primitive machines into 
primitive systems. Although this provides the theoretical basis of our calculus, 
it is much more useful to be able to combine high level systems directly. We will 
be able to do this if we can combine pairs of high level transitions. 

We will consider transitions from two disjoint systems A and B, where A 
and B are said to be disjoint if no component machine of A is also a component 
machine of B. 

3.1 C o m b i n i n g  T r a n s i t i o n s  w h i c h  S y n c h r o n i s e  o n  a P r i m i t i v e  E v e n t  

Suppose that in systems A and B we have the transitions: 

~lOpy 
Ao ) A1 

el Op2 
Bo ~B, 

then this gives us the following single transition in the combined system A I B: 

e I Op3 
Ao, Bo ~ A1, B1 

where: 

Op3 ~ Opl II Op2 
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3.2 C o m b i n i n g  T r a n s i t i o n s  w h i c h  S y n c h r o n i s e  o n  a P a r a m e t r i z e d  
E v e n t s  

We consider events described by a total injective function e. For the moment 
we will restrict ourselves to the case in which ran(e) C repertoire(A) and 
ran(e) C repertoire(B). This ensures, by the rules of our primitive calculus, 
that the transitions can only fire together. 

We will be rather informal with respect to describing the necessary side condi- 
tions to avoid variable capture, simply assuming that if this occurs when applying 
one of our rules, then this renders the application of the rule invalid. 

S h a r e d  I n p u t  Suppose that in systems A and B we have transitions: 

e(=)l Opl(x)  
Ao ) A1 

e(u) I op2(y) 
Bo 

Then we obtain the following transition in A 1 B. 

e(=)l Op3(=) 
Ao, Bo ~ A1, B1 

where: 

Op3(u) ~ Opl(u)  II op2(~)  

O n e  w a y  T r a n s f e r  o f  D a t a  Suppose in systems A and B we have transitions: 

e(y) I y ~ Opl 
Ao ~ A1 

e(=)l Op2(x) 
B0 ~B1 

This will give us the following transition in A I B. 

e(x) I= op3(=) 
Ao, Bo ) A1,B1 

where: 

v +-- Op3(u) ~- 
varv '  * v' +-- Opl; v' = u ===~ (v := u II Op2(~)) 

The combined transition accepts an input and offers the same value as out- 
put. By still offering an output,  we can combine with a further transitions that 
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require input, and thus model broadcast communications. By still accepting an 
input we can combine with further transitions that provide output,  but  what 
would that mean? In fact if we combine several transmitters with a single re- 
ceiver the transmitters must agree on the value to be transmitted. This is obvi- 
ously a less likely scenario than a broadcast transmission, and in the approach 
of 4 it is not allowed. We include it for two reasons. Firstly, our policy for high 
level combination of systems is to include anything that is allowed by the under- 
lying semantics. Secondly, we have found that  models that do not match what 
we expect from implementations can nevertheless be used to give an abstract  
conceptual description of a system. For example if we are modelling a system in 
which a critical calculation is duplicated on several different bits of hardware; 
the event that identical results are transmitted could be modelled by combining 
the transmissions into a single event. 

If we know that only A and B are involved in the communication, we can 
simplify the resulting transition to: 

e(x)  Op3(x) 
Ao, Bo ) A1, Bl 

Since the communication is now internal to the combined system made up of A 
and B, there is no notion of "input" required for this transition. The value of x 
serves purely to parametrize Op3, which is defined as: 

Op3(u) ~ vat v' * v' 6- Opl; v' = u ~ Op2(u). 

T w o  w a y  E x c h a n g e  o f  D a t a  It is possible to combine operations which both 
involve both input and output.  Suppose we have the transitions: 

Ix Opl(w) 
Ao ~ A1 

e(y, z)  y 6- Op2(z) 
Bo ) BI 

This will give us the following transition in A  B 

e(=, v) I =, v 6- op3( , v) 
Ao, Bo ) A1,B1 

where: 

s, t 6- Op3(u, v) ~ var a, b * 
(a 6- OpX(u) II b 6- Op2(v)); 
(u  = b A v = a) ~ ( s  : =  u II t : =  v)  

If the exchange involves only A and B we can suppress the output  parameters, 
and express the combined transition as: 

v) I op3(x, 
Ao, Bo ) A1, B1 
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where: 

Op3(u, v) -~ vat a, b �9 (a +-- Opl(u) I b +- Op2(v)); 
(u = b A v = a) ~ skip; 

To model an exchange of data we have used our parametrized events to 
positionally match the output of each transition with the input of the other, i.e. 
in machine A's transition we have the event e(w, x) where w is an input and 
x an output,  and in B's transition we have e(y, z) where y is an output and x 
an input. We needed to call upon the parametrization of the event e to match 
A's input with B's  output  and vice-versa. Note that there is another, possibly 
less useful, scenario allowed by our semantics, which matches up the inputs of 
the two transitions with each other, and matches the outputs with each other. 
The parametrizations of the operations themselves are insufficient to distinguish 
the two scenarios, because the B syntax for representing inputs and outputs 
of operations loses the required positional information. This is one reason for 
distinguishing events from operation names. Another is that events are semantic 
objects in our universe of discourse, whereas operation names appear to exist at 
a meta level, as part  of the language with which we describe that universe. For 
an approach that does not make this distinction see 4. 

3.3 Other Cases 

We have only considered transitions for events described by some function e and 
systems A and B such that ran(e) C repertoire(A) and ran(e) c repertoire(B). 
This will not be the case where we parametrize events with the identity of the 
machine they are associated with, as we did with in(2, C) (C inserts s and 
in(l ,  D) (D inserts s in our second vending machine example. Here the para- 
meters C and D are introduced precisely to distinguish the events of machine C 
from those of machine D. Such cases do not introduce any significant complica- 
tions, but we do not have space to consider them here. 

4 The Treatment of Output Operations when  Translating 
Abstract State Machines  to B Act ion Systems 

In our initial example machines we avoided any mention of output  operations. In 
the previous two sections we have considered the translation of high level Abstract 
State Machine transitions into sets of primitive transitions, and the combination 
of high level Abstract State Machines by combining pairs of transitions. In both 
cases the treatment of output  operations involved us in assigning a value and 
then attempting to execute a guarded operation which not fire unless the previous 
assignment caused its guard to be true.~ Operationally, we could think of such 
an arrangement in terms of backtracking, if the wrong assignment is made, the 
operation in question will back track to the point the assignment was made and 
t ry  another value if it can. 
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CA 

~)  TStock(s) 

:o) l TOrders(o) 

rocess_order l Process_order 

9one 

:es( i) I i ~-- Tinvoices, 

Fig. 3. Invoice Clerk 

We now show how output operations are handled when translating an Ab- 
stract State Machine into an Action System. We use an example machine taken 
from an invoicing system. The particular machine we will consider performs the 
duties of an invoicing clerk. The Abstract State Machine diagram is shown in 
figure 3. 

The invoice clerk receives details of stock and details of orders, and then 
processes the orders until all orders have either been converted into invoices, or 
have become failed orders (unable to be met from current stock). He then outputs 
details of the invoiced orders and becomes ready to process the next batch. 2 We 
will assume, without giving further details, a data machine InvoiceClerkData 

2 This machine provides two nice examples of how the ability to express behavionr can 
simplify system specification. Firstly, to specify the processing of a batch of orders 
we are able to make use of Process_order, the specification of an operation to process 
a single order. Secondly, we can use the outer loop to specify, within the operation 
Tinvoices, that failed orders will be re-queued as pending orders to be retried next 
time round. 
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which describes the internal data held by the invoice clerk and provides the 
operations Tstock (transfer stock), Torders (transfer orders), Process_order and 
Tinvoices (transfer invoices). 

The B Action System corresponding to the data clerk machine is: 

Machine InvoiceClerk  
Includes InvoiceClerkData  
Sets State  = {Ao, A1, A2, A3} 
Variables state 
Invariant state E S T A T E  
Initialisation state := Ao 
Operations 
t s tock(s)  ~- state = Ao ==~ state : -  A1 II Tstock(s )  
torders(o)  -~ state = A1 ~ state := A2 II Torders(o) 
process_order -~ state = A2 ~ skip II Process_order 
t invoiees( i) ~- 

state = A3 ~ state := Ao 1 
var  i ~ �9 i ~ 4-- Tinvoices; i = i ~ ~ skip 

In the Abstract State Machine, to see that the parameter i in the event  
t invoices( i)  represents an output, we have to refer to the associated B operation 
i 4-- Tinvoices.  We mirror this approach in the corresponding Action System. 
The operation t invoices( i )  can only fire with a value of i which corresponds to 
the value that will be output by the data level operation i +-- Tinvoices.  Any 
other value will cause the operation to be disabled, because the guard i = i ~ will 
be false. 

By means of this approach, we encapsulate the distinction between input and 
output at the inner level of the data machine. Operations that mimic events have 
no outputs, but only inputs. Freeing ourselves from outputs, which cannot be 
considered as true parameters, enables us to extend the correspondence between 
the events of Abstract State Machines and the operations of the isomorphic B 
action system to cover parametrized as well as primitive events. 

It also makes it very easy to combine our Action Systems in parallel. For 
example, the invoicing system of which the InvoiceClerk  Action System is a 
part will include InvoiceClerk . InvoiceClerk  and Inven toryClerk . Inven toryClerk ,  
where the inventory clerk machine also includes an operation t invoices(i)  which 
will receive the invoices output by the invoice clerk. In the combined system the 
operation will appear as: 

t invoices( i) -~ InvoiceClerk . t invoices(  i) I InventoryClerk . t invoices(  i) 

4.1 Choice  

Our theory allows us several different kinds of choice, which we might term 
provisional, irrevocable and clairvoyant. 

Provisional choice arises when we combine choice and sequence at the GSL 
level. For example consider: 
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(x := l ~ x  := 2); x = 1 ~ skip 

Here we have a sequence of two commands in which the first appears  to give 
us a choice of assigning either 1 or 2 to x. However, B's  predicate t ransformer 
calculus tells us the sequence terminates with x = 1. Note that  if we assign 2 to x, 
the guard of the following command becomes false. As Nelson has remarked in the 
context of his own abs t rac t  command language,7 an operational interpretation 
would be to think of a false guard as forcing a sequence to backtrack and make 
a different choice. We have used a similar technique when dealing with output  
"parameters" .  

The kind of choice we exercise in making Abstract  State Machine transitions, 
on the other hand, is irrevocable. Once a transit ion has been made at the state 
machine level it cannot  be reversed. If  all further transitions are inhibited by 
false guards the system is deadlocked. 

For an example of clairvoyant choice, suppose machine A has a transition: 

in(x) Op(x) 
Ao ~ A1 

where Op(u) ~ (u = 3) ~ S. When machine A is in state A0 it is expecting 
an input value, but is fussy about  the input it will accept. The transit ion which 
accepts the input will only fire if the offered input has the value of 3. Thus in our 
calculus an Abstract  State Machine can see an input value before it arrives, and 
decide to ignore it if it considers the value to be invalid. This is very useful in 
modelling the event driven interfaces generated by visual programming environ- 
ments. Consider, for example,  a delete file operation. At the implementation level 
the application presents the user with a list of files that  are available for deletion. 
The user selects a file from the list, and when satisfied with his choice presses an 
"ok" button. The file is than deleted. Most of this detail can be abst racted away 
at the specification level, and we only model the operation that  occurs when the 
user activates the "ok" but ton after having selected a valid choice of file. 

5 R e f i n e m e n t  

As with B Abstract  Machines, our intuitive concept of refinement is based on the 
idea of an observer, armed with the specification of an abs t rac t  system A and 
actually observing a system that  conforms to a more concrete specification C. 
We say that  C is a refinement of A if C does not allow any behaviour that  would 
lead the observer to conclude the machine did not conform to the specification 
of A. 

With Abstract  Machines, operational refinement allows us to strengthen guards 
and weaken pre-conditions. By strengthening guards we reduce the possible re- 
sponses of the system, but  those that  remain still accord with the abs t rac t  spe- 
cification. In fact we can strengthen guards to the point at which an operation 
becomes non-feasible. The ultimate refinement of all operations is magic, which 
can be defined as false ==~ skip. All states existing after the execution of magic 
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satisfy any post condition we care to formulate, which is equivalent to saying 
there are no such states. 

Strengthening guards in the operations of an Abstract State Machine also 
reduces non-determinism, and if pursued beyond a certain point will lead to 
deadlock. Just  as magic is the ultimate refinement of any abstract machine op- 
eration, so the deadlocked Abstract State Machine is the absolute refinement of 
any Abstract State Machine. Also, just as refinement of AMN operations incurs 
the obligation to prove feasibility if we want to obtain an operation that can be 
implemented, so the refinement of Abstract State Machines incurs proof obliga- 
tions concerning freedom from deadlock. Note however that, unlike magic, the 
deadlocked Abstract State Machine is possible to implement. 

The operations of a B Abstract Machine have pre-conditions which inform 
as when the operations are safe to use (in the sense that they will be sure to 
terminate). In an Abstract State Machine, we are actually using the operations, 
and we have the obligation to check that the behavioural context we impose on 
an operation will ensure its pre-condition. Once this is established, we are free 
to widen pre-conditions as we normally are able to do in operational refinement. 
We know, of course, that these wider conditions will never be exercised. 

The operations of a B Abstract Machine should be feasible to allow their 
implementation. In a B Action System, the individual operations may be partial 
(not everywhere feasible) as the guard is now interpreted as a firing condition. 
We similarly make use of partial operations in Abstract State Machines. 

The parallel composition of Abstract State Machines is monotonic with re- 
spect to refinement. This allows us to implement an Abstract State Machine 
System by implementing its individual component machines. Freedom from dead- 
lock, however, cannot be assured by proving freedom from deadlock in all con- 
stituent machines. It must be considered globally. 

The theory of "time refinement" 1 is applicable to Abstract State Machines. 
In this theory we allow refinements to introduce new events not seen in the 
abstract system. Our observer, armed with the abstract system specification, 
ignores these extra  events when observing the concrete system. He merely verifies 
that the events detailed in his abstract  specification occur as required. 

6 T i m e  

We have not found space to include examples involving time, but in 9 we use a 
Z based version of this formalism to specify a distributed ticket booking system 
with timeouts. The basic technique for handling time is to introduce an event, 
tick, supposed to occur at regular time intervals. Introduction of the tick event 
incurs the "King Canute proof obligation" (time and tide wait for no man). I.e. 
for any system with tick in its repertoire it must always be possible for another 
tick to occur at some future point in the systems behaviour. 
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7 Conclus ions  

We have sketched some ideas for a calculus of Abstract  State Machines. These 
provide an expressive means of specifying and modelling distr ibuted and reactive 
systems. 

We can use multiple Abstract  State Machines to model distr ibuted systems. 
Such machines may be combined into a single Abstract  State Machine. The mo- 
tivation for combining machines in this way is not to aid implementation, but  
rather to provide an overall mathematical  model of system behaviour. 

To make use of the B Toolkit in analysing such a model, we can translate 
Abstract  State Machines into B Action Systems. These Action Systems are very 
simple to combine together, but their operations necessarily involve sequencing, 
which is not tradit ionally available at the B Abstract  Machine level. 

The need for sequencing arises from our desire to forge a correspondence 
between parametr ized  events in Abstract  State Machines, and parametr ized op- 
erations in Action Systems. Events may  be freely parametr ized,  but  the para-  
metrization of operations is more restricted; for example we cannot replace an 
output  parameter  by a constant, as this could yield an invalid substitution. We 
have reconciled events and operations by making use of the GSL's  ability to 
express backtracking and clairvoyant choice. 
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A b s t r a c t .  Superposition is a powerful program modularization and struc- 
turing method for developing parallel and distributed systems by adding 
new functionality to an algorithm while preserving the original compu- 
tation. We present an important special case of the original superpos- 
ition method, namely, that of considering each new functionality as a 
layer that is only allowed to read the variables of the previous layers. 
Thus, the superposition method with layers structures the presentation 
of the derivation. Each derivation step is, however, large and involves 
many complicated proof obligations. Tool support is important for get- 
ting confidence in these proofs and for administering the derivation steps. 
We have chosen the B-Method for this purpose. We propose how to ex- 
tend the B-Method to make it more suitable for expressing the layers and 
assist in proving the corresponding superposition steps in a convenient 
way. 

1 I n t r o d u c t i o n  

Superposition is a powerful program modularization and structuring method 
for developing parallel and distributed systems 4, 11, 13. In the superposition 
method some new functionality is added to an algorithm in the form of additional 
variables and assignments to these while the original computation is preserved. 
The superposition method has been formalized as a program refinement rule for 
action systems within the refinement calculus and has succesfully been used for 
constructing distributed systems in a stepwise manner 5. We use action systems 
extended with procedures 14 to be able to represent them as distributed systems 
where the communication is handled by remote procedure calls. 

Since the distributed algorithms are often large and complicated, we need a 
good way to represent them. In the superposition method a new mechanism is 
added to the algorithm at each step. We can consider each new mechanism as a 
new layer of the algorithm. The resulting distributed algorithm will, thus, be of 
a structured form consisting of a basic computation and a set of layers. 

The derivation using layers is in fact an important  special case of the ori- 
ginal superposition refinement for action systems 4, 5. It is, however, powerful 
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enough for deriving interesting distributed algorithms 15. Even if the super- 
position refinement with layers is easier to prove than the original superposition 
refinement rule 5, it still yields large refinement steps with many complicated 
proof obligations, and tool support is important for getting confidence in these 
proofs and for administering the derivation steps. Recently, Wald@n et al. 8, 17, 
18 have shown how to formalize action systems in the B-Method 1. We use 
this work as a basis for providing tool support for our method. In order to be 
able to represent the layers as well as to prove the corresponding superposition 
steps in a more convenient way, we propose an extension to the B-Method. This 
extension is in line with the previously proposed extensions by Abrial 2 and 
Butler et al. 7, 8 to make it possible to derive distributed algorithms within the 
B-Method. 

Hence, in this paper we will present the superposition derivation in a struc- 
tured way with layers and propose how to extend the B-Method to handle these 
layers when deriving distributed algorithms. We put special emphasis on showing 
how to represent procedures within the layering method. Thereby, we are able 
to handle the communication within the distributed algorithms using remote 
procedure calls in a uniform manner. Furthermore, we show how to provide tool 
support for proving the correctness of the refinement steps within the superpos- 
ition method with layers. An example of the layering method is given in 15. 
We assume familiarity with the B-Method. 

Overview: In section 2 we describe the action system formalism within the B- 
Method extending our previous work with procedures. In section 3 we describe 
how these action systems are refined into distributed systems using superposition 
refinement with layers. We also show how this refinement could be performed 
within the B-Method and propose the needed machines and operations on these. 
Finally, we end with some concluding remarks in section 4. 

2 A c t i o n  S y s t e m s  

We use the action systems formalism 4, 6, 14 as a basis for constructing distrib- 
uted algorithms. We first give a brief overview of action systems representing 
them within an extended B-notation. Special emphasis is put on the procedure 
mechanism. The ideas within the original B-Method are used as far as possible. 

2.1 The Act ion  Systems Formalism 

An action system A is a machine of the form: 
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M A C H I N E  ,4 

I N C L U D E S  
GlobalVar_z, 

GlobaIProc~4_pl , . . . , GlobaIProc.A_pm , 
GlobaIProcE_r, 
LocaI P r ocs ,4_q 

V A R I A B L E S  
X 

I N V A R I A N T  
I(x, z) 

I N I T I A L I S A T I O N  
X : =  X0 

A C T I O N S  
al ~ A1; 

a n  ~-- An 
E N D  

on the state  variables x and z. Each variable is associated with some domain 
of values. The set of possible assignments of values to the s tate  variables con- 
sti tutes the state  space. The local variable x is declared and initialised within 
the variables- and init ialisation-clauses.  I t  is referenced only within the actions 
and procedures of A. The variable z is the global variable of .4 and is unlike x 
assumed to be referenced in several action systems. Therefore, following the B- 
Method it is declared in a separate machine GlobalVar_z which is then included 
in machine A. The global and the local variables are assumed to be distinct. The 
invariant I (x , z )  of the action system gives the domain of the local variable x and 
states the relation between the variables x and z in the invariant-clanse.  

The procedures P l , . . . , P m  in A are the exported global procedures and are 
declared in the machine GlobalProcA_p.  These procedures are also called from an 
environment E, i.e. from another  action system than  A. The way the environment 
s and the action system A are composed is, however, not a topic of this paper.  
We refer to Sere and Walden 14 for more information. The local procedures 
q of A are called only from A. Since a procedure and the s ta tement  calling 
it should be in different machines according to the B-Method, we also declare 
the local procedures in a separate  machine Loca lProcsA_q .  The impor ted  global 
procedure r is declared within the environment E in the machine GlobaIProcC_r,  
but  is also called from A and is included in .4 via this machine. The global 
procedures r and p are assumed to be distinct from the local procedures q. 

The actions Ai  of A are given in the actions-clause. Each action Ai in this 
clause is named ai and is of the form S E L E C T  gAi  T H E N  sA i  E N D ,  where 
the guard gA i  is a boolean expression on the s tate  variables x and z and the body 
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sAi is a s ta tement  on these state variables. We say tha t  an action is enabled in 
a s tate  when its guard evaluates to TRUE in tha t  state. 

The behaviour of an action system is tha t  of Dijkstra 's  guarded iteration 
s ta tement  9 on the state variables: the initialisation s ta tement  is executed first, 
thereafter,  as long as there are enabled actions, one action at a t ime is non- 
deterministically chosen and executed. When none of the actions are enabled 
the action system terminates.  The procedures in the action system are executed 
via the actions. 

The  global variable z in ,4 is declared in a separate  machine GlobaIVar_z. 
This machine is of the following form: 

M A C H I N E  GlobalVar_z 

V A R I A B L E S  
Z 

I N V A R I A N T  
P(z) 

I N I T I A L I S A T I O N  
Z : ~  Z 0  

O P E R A T I O N S  
assign_z(y) ~ P R E  P(y) T H E N  z := y E N D  

E N D  

It  gives the domain of the variable z in P(z). Furthermore,  the variable z is 
assigned merely via procedure calls. For example, in machine ,4 a new value y 
is assigned to z via the procedure call assign_z(y). 

P r o c e d u r e s  W i t h i n  A c t i o n  S y s t e m s .  The procedures of an action system 
are, like the global variables, declared in separate machines. Before we look at  the 
machines declaring the procedures, let us first s tudy the procedures in general. 

A procedure is declared by giving a procedure header, p, as well as a procedure 
body, P. The header gives the name of the procedure while the body consists of 
s ta tements  on the s tate  variables of the action system in which the procedure is 
declared as a local or an exported global procedure. The call on a parameterless  
procedure p = P within the s ta tement  S is determined by the substitution: 

S = SIP~p. 

Thus, the body P of the procedure p is substi tuted for each call on the procedure 
in the s ta tement  S, i.e. the s ta tement  is expanded. 

The  procedures can also pass parameters.  There are three different mech- 
anisms of paramete r  passing for procedures in an action system: call-by-value, 
call-by-result and call-by-value-result. Call-by-value is denoted as p(.f), call-by- 
result as f 6- p and call-by-value-result as f +-- p(f) ,  where p is a procedure and 
 is a formal parameter .  
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Procedures with parameters can be expanded in the same way as procedures 
without parameters.  Let y~, z +-- p(x, y) ~ P be a procedure declaration, where 
x, y and z are formal parameters. We note tha t  due to B restrictions the value- 
result parameter  y is renamed to y~ on the lefthand side in the declaration. Then 
a call on p with the actual parameters a, b and c can be expanded in the following 
way 

S = SP' /b ,c  +- p(a, b), 

where p i  can be interpreted as the statement 

VAR x ,y ,y ' , z  IN x := a;y := b;P;b :-- y~;c := z E N D .  

Thus, the formal parameters x, y and z in P are replaced by the actual parameters 
a, b and c, respectively, when substituting the procedure body P for the call 
b, c +-- p(a, b). 

We also permit the procedure bodies to have guards that  are not equivalent 
to TRUE. If an action calls a procedure that  is not enabled, the system acts 
as if the calling action never was enabled. Thus, the enabledness of the whole 
statement is determined by the enabledness of both the action and the procedure. 
The calling action and the procedure are executed as a single atomic entity. This 
can easily be seen by an example. Let us consider the action 

A & S E L E C T  gA T H E N  sA II P E N D  

and the procedure declaration 

P & S E L E C T  gP T H E N  sP E N D .  

The statements sA and sP  are assumed to be non-guarded statements. Expand- 
ing the action A then gives the following action: 

S E L E C T  gA ^ gP T H E N  sA  sP E N D ,  

when sA terminates. Thus, the guard of the action A is gAAgP.  In case we allow 
sequential composition within the action A, we have to take the substitution sA 
into account when forming the guard. The action A is then of the form: 

S E L E C T  gA A -,wp(sA,-,gP) T H E N  sA; sP E N D ,  

where wp denotes the weakest precondition predicate transformer 9. Hence, 
the action calling a procedure and the procedure itself are synchronized upon 
execution. 

The procedure declaration can be interpreted as receiving a message, while 
the procedure call in an action models the sending of a message, i.e., the pro- 
cedure is executed upon 'receiving' a call with the actual parameters 'sent' from 
the action. Procedures in action systems are described in more detail by Sere 
and Walddn 14. 
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Let us now return to the procedure declarations of the action system .4. The 
exported procedure pi of ,4 is included via the machine GlobalProc,4_pi: 

M A C H I N E  GlobaIProc.4_pi 

GLOBAL P R O C E D U R E S  

END 

This procedure is declared in the global procedures-clanse. Each exported global 
procedure is included via a separate machine, so that  another action system 
calling such a procedure can include exactly the procedures that  it needs. Since 
the machine GlobalProcA_pi does not have a state space of its own, we here 
postulate that  the procedure Pi refers to the state space of `4 by giving `4 within 
the machine name. Considering the B restrictions this state space problem can 
for example be solved by allowing the procedure Pi to change the state space of 
A via its parameters 16. 

Also each imported global procedure of .4 is included in `4 via a separate ma- 
chine. The imported global procedure r is declared within the global procedures- 
clause in the machine GlobalProcE_r: 

M A C H I N E  GlobalProcE_r 

GLOBAL P R O C E D U R E S  
r ~- -  . . .  

END 

It is only the headers of the imported procedures that  are of interest to us. The 
bodies of the imported procedures can, therefore, be given as SKIP or remain 
undefined. The imported global procedures are considered to be declared in 
the environment E and to reference the state variables of E as indicated in the 
machine name. 

The local procedures can all be declared in the same machine, LocalProcs`4_q, 
since they are all called within ,4 and only within `4. These procedures are de- 
clared in the local procedures-clause as follows: 

M A C H I N E  LocalProcs.A_q 

LOCAL P R O C E D U R E S  
ql ~ Q1; 

qt ~ Q~ 
E N D  

and reference the state variables, x and z, of A. 
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Notat ion:  We use the s tandard B-notation with the exception of the clauses 
A C T I O N S ,  G L O B A L  P R O C E D U R E S  and L O C A L  P R O C E D U R E S .  
These clauses are used for representing the corresponding constructs of the ac- 
tion systems. They are merely renamings of the clause O P E R A T I O N S  in order 
to separate  the different constructs of the action systems. 

2.2 Dis tr ibuted Act ion Systems 

An action system can be considered to have a process network associated to it. 
This can be done either by assigning each action to a process or by assigning 
each s tate  variable to a process. The processes execute the actions concurrently 
guaranteeing the atomicity of the actions. 

Let us consider an example where we assign variables to processes. We assume 
tha t  a variable load_i is assigned to the process i. For example,  if an action A 
has a guard of the form load_i < T A load_j >_ T ,  where T is a constant,  then 
action A refers to variables of both  the processes i and j .  The action A is, thus, 
shared by these processes and they need to co-operate to execute A. In case 
action A would refer merely to variables tha t  are assigned to process i, only 
process i is needed to execute action A and we consider action A to be local to 
this process i. An action system is considered to be distributed, if all its actions 
are local to some process. The values of the variables assigned to other processes 
are then communicated to the process, e.g., via remote procedure calls between 
the processes. 

If  two actions are independent, i.e. they do not have any variables in common,  
they can be executed in parallel. Their parallel execution is then equivalent to 
executing the actions one after the other, in either order. A distributed action 
system with merely local actions has many independent actions and, thus, also 
a high degree of parallelism. 

We introduce procedures into an action system in order to distribute it. Let 
us, for example,  consider the action system .4 containing only action A shared 
by the processes i and j :  

A ~ S E L E C T  load_i < T A load_j > T 
T H E N  load_j := load_i  load_i := load_i q- 1 END.  

We can rewrite A as the action Aq 

A' ~ S E L E C T  load_i < T T H E N  P(load_i) I load_i := load_i + 1 END,  

calling the procedure P(e):  

P(e)  ~ P R E  e > 0 T H E N  (S ELEC T load_j ~_ T T H E N  load_j := e END)  END.  

The procedure P ( e )  is located in another machine than  A I and is included in the 
machine of A I as explained previously. Let us denote the action system containing 
A ~ and P with A I. 'This action system is equivalent to ,4, since introducing 
procedures into an action system only involves rewriting of this action system. 
Furthermore,  .A ~ is a distributed action system, since the action A ~ is local to 
process i and the procedure P is local to process j.  
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3 R e f i n e m e n t  U s i n g  L a y e r s  

When deriving distributed systems we rely on the superposition method, which is 
a modularization and structuring method for developing parallel and distributed 
systems 4, 5, 11, 13. At each derivation step a new functionality is added to the 
algorithm while the original computation is preserved. The new functionality 
could, for example, be an information gathering mechanism that  replaces the 
direct access to shared variables. Thus, by applying the superposition method 
to a program, we can increase the degree of parallelism of the program and 
distribute the control in the program. 

Since the superposition refinement is a special form of data  refinement, we 
first describe the data  refinement of action systems generally and then concen- 
t ra te  on the superposition refinement with layers. 

3.1 D a t a  R e f i n e m e n t  

The superposition method has been formalized as a rule within the refinement 
calculus, which provides a general formal framework for refinements and for veri- 
fying each refinement step. However, it has been shown 7, 8, 17,18 how the data  
refinement within the refinement calculus, and in particular the superposition 
refinement rule, correspond to the rules within the B-Method. 

Let S be a statement on the abstract variables x, z and S' a s tatement on 
the concrete variables x I, z. Let the invariant R(x, x ~, z) be a relation on these 
variables. Then S is data refined by S ~ using the data  invariant R, denoted 
S _R S ~, if for any postcondition Q 

R A wp(S, Q) ~ wp(S' ,  (3x.R A Q)) 

holds. 
Data  refinement of actions can now be defined, considering that  the weakest 

precondition for an action A 5 of the form S E L E C T  gA T H E N  sA E N D  is 
defined as: 

wp(A, R) ~- gA =~ wp(sA, R). 

Let A be an action on the program variables x, z and A ~ an action on the 
program variables x ~, z. Let again the invariant R(x, x', z) be a relation on these 
variables. Then A is data  refined by A ~ using R, denoted A E_n A', if 

(i) {gA'}; sA E_R sA I and 
(ii) R A gA' ::~ gA. 

Intuitively, (i) means that  A' has the same effect on the program variables tha t  
A has when R holds assuming that  A' is enabled, and moreover, A' preserves R. 
The condition (ii) requires that  A is enabled whenever A' is enabled provided R 
holds. 

The data  refinement of statements can be extended to the data  refinement 
of procedures 14. Let us consider the procedure header v ~- p(u) with the 
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value parameter  u and the result parameter v for the procedure P ,  as well as the 
abstraction relation R(x,  x ~, z, u, v), where x, z are the variables in the procedure 
P and x ~, z are the variables in the refined procedure P~, such that  P _ER P~. It 
then follows that  the call b +-- p(a) on the original procedure P is refined by the 
call b +-- p(a) on the refined procedure P~, due to: 

V A R u ,  v IN u := a; P; b := v END _DR V A R u ,  v I N u : = a ; P ' ; b : = v E N D .  

3.2 Superposition Refinement with Layers 

The superposition refinement is a special form of refinement where new mech- 
anisms are added to the algorithm without the computation being changed 4, 5, 
11, 13. The new functionality that  is added involves strengthening of the guards 
by taking into consideration the auxiliary variables and including assignments 
to these variables in the bodies of the actions and procedures. Therefore, when 
representing the superposition refinement we only need to introduce the new 
mechanism, i.e., the auxiliary variables and the computation on them, as a layer 
at each refinement step instead of the whole new algorithm. 

The Layer. Let us consider the action system .4 and the new mechanism added 
to A only by strengthening the guards of the procedures and actions in A, as 
well as adding some statements to them. The new mechanism is given as the 
layer machine/v/ .  Let ,4 and A, /be  as follows: 
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M A C H I N E  A 

I N C L U D E S  
GlobalVar . z ,  
GlobaIProc.A_pl, . . . , GlobaIProcA_pk,  
GlobaIProcg_r, 
LocaI P r ocs,4_q 

V A R I A B L E S  
X 

I N V A R I A N T  
I(=, z,/)  

I N I T I A L I S A T I O N  
X : ~  X 0  

A C T I O N S  
al ~ S E L E C T  gA1 

T H E N  sA1 E N D ;  

a m  ~-" 

E N D  

S E L E C T  gAin 
T H E N  sA.~ E N D  

L A Y E R  .s 

S U P E R P O S E S  .A 
I N C L U D E S  

GlobaIProc.A_p+, . . . , GlobalProc.A_p +, 

LocaI P r ocs.A_q + 

V A R I A B L E S  
Y 

I N V A R I A N T  
R(x, y, z, f)  

I N I T I A L I S A T I O N  
y :---- y0 

A C T I O N S  
al ~ S E L E C T  g A  + 

T H E N  s A  + END;  
. . .  

am ~ S E L E C T  g A  + 
T H E N  sA + E N D  

A U X I L I A R Y  A C T I O N S  
bl ~ S E L E C T  gB1 

T H E N  sB1 E N D ;  

bn ~ S E L E C T  gB,~ 
T H E N  sB,~ E N D  

E N D  

In the layer ~4 the superposes-c lause  states that  the mechanism is to be added 
to the action system A. Only the auxiliary variables y and the new guards 
and s ta tements  on these, which form the mechanism, are given in this layer. 
The  layer can, however, read the previously declared variables. The invariant 
R ( x ,  y ,  z ,  f )  gives the relation between the auxiliary variables y in ,~4 and the 
previously declared variables x, z in A, as well as the formal parameters  f .  In 
the actions Ai the parts  of the guards and the bodies tha t  concern the auxiliary 
variable y are given as g A  + and s A  +, respectively. The auxiliary actions B of 
the layer are presented for the first t ime in the derivation and are given in the 
auxi l iary  act ions-c lanse .  This clause is an operat ions-c lause  for actions with no 
corresponding actions in the superposed action system A. In the next derivation 
step these actions will not be considered auxiliary anymore,  since they will then 
already exist from the previous step. 

The new functionality is also considered in the global procedures p~ and 
the local procedures qi in the same way as in the actions A~. In the procedure 
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LAYER 

T ! T 
Olo~.~ ~ ~ ~  I 

ACTION SysTEM 

INCLUDES 
SUPERPOSES 

Fig. 1. Overview of the machines and their relations in a layered action system. 

layers we state  tha t  the procedure layer GlobaIProc.4_p + is superposed on the 
previously given global procedure GlobaIProc.A_pi. The global procedure Pi in 
GlobaIProcA_pi and its additions in GlobalProc.A_p + are given as follows: 

M A C H I N E  GlobalProc.A_p~ 

G L O B A L  P R O C E D U R E S  
p, ~ S E L E C T  gP, 

T H E N  sP, E N D  
E N D  

L A Y E R  GlobaIProc.A-p + 

S U P E R P O S E S  GlobalProc.A_pi 

G L O B A L  P R O C E D U R E S  
p~ ~ S E L E C T  gP+ 

T H E N  sP + E N D  
E N D  

The local procedures qi in LocalProcsA_q and their additions in the layer ma-  
chine LocalProcsA_q + are given in the same way: 

M A C H I N E  LocalProcs,4_q 

L O C A L  P R O C E D U R E S  
ql ~ S E L E C T  gQ~ 

T H E N  sQ1 END; 

q~ 

E N D  

S E L E C T  gQ~ 
T H E N  sQl E N D  

L A Y E R  LocaIProcsA-q + 

S U P E R P O S E S  LocalProcs,4_q 

L O C A L  P R O C E D U R E S  
ql ~- S E L E C T  gQ+ 

T H E N  sQ + END;  

ql ~- S E L E C T  gQ+ 
T H E N  sQ + E N D  

E N D  

In Figure 1 we give an overview of the action system .4, the layer A4 as well 
as their included variables and procedures and show how they are related. We 
have chosen to include only one exported global procedure (k -- 1), in order to 
reduce the amount  of detail in the figure. 
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The refined action system is attained by adding the layer J~ to the original 
action system .4. Thus, the layer machine J~4 and the superposes-clause con- 
taining .4 can be interpreted as a refinement machine .4 + .~4 that refines .4 as 
follows: 

R E F I N E M E N T  A + ,~4 

REFINES .A 
INCLUDES 

GlobalVar_z', 
GlobaIProc~4-p~, . . . , GlobaIProc.4_p~, 
G l obaI P r ocE_r ~ , 
Local P rocs A_q t 

VARIABLES 
x , y  

INVARIANT 
I(x ,  z, f) A R(x ,y ,  z, f) 

INITIALISATION 
x :=xO  y :=yO 

ACTIONS 
al ~ SELECT gA~ A g A  + THEN sA~;sA + END; 
. , .  

a~ ~ SELECT gAin h gA + THEN sAm; sA + END 

AUXILIARY ACTIONS 
bl & SELECT gB~ THEN sB1 END; 

bn ~- SELECT gB,~ THEN sB,~ END 
E N D  

The variables of the refined action system .4 + ,~4 are the variables of ,4 and 
NL The invariant R in .4 + • is the conjunction of the invariants of .4 and AA. 
Furthermore, by parallel composition of the initialisations in .4 and M we form 
the initialisation of .4 + A4. In order to get the guard of the refined action Ai  
we join the guards gAi  in .4 and gA  + in A~ using conjunction, i.e., gAi  A gA  +. 
By adding the statements sAi  in .4 and sA  + in ,~4 using sequential composition 
we get the refined statement sAi; sA  +. We have chosen to model the adding 
of statements with sequential composition for purity. The composition could 
equally well be modelled with parallel composition 3. 

The procedures Pi and qj of .4 + ~4 are generated in the same way as 
the actions. The refined global procedures Pi are included via the machine 
GlobalProc.4_p~ and the refined local procedures qj via LocalProcs.4_q I. We 
note that the imported global procedure r as well as the global variable z in 
.4 + Azt remain the same as in .4. However, following the B restrictions the 
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machines GlobalVar_z and GlobalProcE_r are renamed to GlobalVar_z ~ and 
GlobalProcEJ in the refinement. 

The  Rule.  We will now study the correctness of this superposition refinement 
with layers. Let us consider the action system v4 and the layer .h4 given above. 
Furthermore, let gA be the disjunction of the guards of the actions Ai in .4 
and gA + and gB the disjunctions of the guards of the actions Ai and Bj in 
2~4. The action Ai + A + is the result of adding action Ai in v4 and A + in M.  
Then the action system ,4 is correctly data refined by the action system .4 + .~4, 
A ER A + jl4, using R(x, y, z, f),  where f denotes the formal parameters of the 
exported global procedures P~, if 

(1) the initialisation in .A + f14 establishes R for any initial value on f ,  
(2) each refined global procedure, Pi§ in .4+A4, preserves the data invariant 

R, 
(3) if a global procedure Pi is enabled in A, so is Pi + P+ in v4 § .4d or then 

some actions in A § A~t will enable Pi § P+, 
(4) every refined action Ai + A + in A + A4 preserves the data invariant R, 
(5) every auxiliary action Bi is a data refinement of the empty statement SKIP 

using R, 
(6) the computation denoted by the auxiliary actions B1 , . . . ,Bn  terminates 

provided R holds, and 
(7) the exit condition -~(gA + V gB) of A4 implies the exit condition -~gA of A 

when R holds. 

If action system v4 occurs in some environment E, we have to take this envir- 
onment into account with an extra condition on the refinement. Thus, for every 
action in E: 

(8) the environment E does not interfere with the action system A, and it es- 
tablishes the data invariant. 

The superposition refinement with layers is expressed formally in the follow- 
ing theorem: 

T h e o r e m  1 (Superpos i t ion  ref inement  wi th  layers). Let ~4 and A4 be as 
above. Furthermore, let 9.4 be the disjunction of the guards of the actions Ai in 
A, and gA + as well as gB the disjunctions of the guards of the actions Ai and 
Bj in A4. Then v4 E R v4 + Jl4, using R(x, y, z, f ) ,  where f denotes the formal 
parameters of the exported global procedures Pi, if 

(1) R(=o, y0, z0, f) ,  
(2) R ~ wp(Pi + P+,R), fori  = 1, . . . ,k ,  
(3) R A g P i ~  

((gP~ A gP+) V wp(WHILE -~(gP, A gP+) DO 
( C H O I C E  A1 +A1 + O R  ... OR Am + A  + 

O R  B1 O R  . . .  O R  B~ E N D )  
END, TRUE)), 

for i = 1,. . . ,k,  
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(,~) R => wp(A, + A +, R), .?or i = 1 , . . . ,  m, 
(5) S K I P  E R Bi, for i = 1,. . . ,  n, 
(6) R =~ wp(WHILE gB DO (CHOICE B1 OR ... OR B,, END) END, TRUE), 
(7) R A -~(gA + V gB) =~ "~gA. 

Furthermore, 

(8) R A wp(Ei, T R U E )  ~ wp(E~, R), for i = 1 , . . . ,  h. 

when the environment s of A contains the actions E l , . . . ,  Eh. 

We note that the superposition refinement with layers is a special case of the 
superposition refinement presented by Back and Sere 5. The conditions (1), (2), 
(4) and (5) originate from the data-refinement conditions. Since the guards of 
the refined actions/global procedures in A + J~4 of the form gAi A gA + trivially 
imply the guards of the corresponding old actions/global procedures in A of the 
form gAi, and the computation of ̀ 4 is obviously not changed in `4 + Jr4, we only 
have to show that the refined procedures and actions preserve the data invariant 
R in the conditions (2) and (4) in order to prove that the global procedures and 
the actions of .4 + .s are correct refinements of the corresponding procedures 
and actions in .4. Condition (6) can be referred to as a non-divergence condition 
for the auxiliary actions, while conditions (3) and (7) are progress conditions for 
the global procedures and the actions, respectively. 

Proof  Obligations for the Layers Within the B-Method.  Previously, 
Walden et. al. have shown 8,17,18 how to prove that an action system is a 
refinement of another action system, A ER .4 + Jr4, within the B-Method. In 
particular they showed that the proof obligations generated within the B-Method 
imply the conditions within the superposition refinement method. However, they 
used the machine specification A and the refinement machine ,4 + M in order 
to prove the superposition refinement .4 ER A + Ad. 

Since a purpose of using layers in the derivation is to decrease the amount 
of redundant information of the algorithm within the derivation, we will now 
discuss how to extend the B-method in order to generate proof obligations that 
correspond to the conditions of the superposition refinement with layers in The- 
orem 1 directly from the machine specification `4 and the layer machine J~. 

The proof obligations for the conditions (1), (2), (4) and (5) can easily be 
generated considering the statements in the initialisation-clause and the proced- 
ures and actions in the global_procedures-, the actions- and the auxiliary_actions- 
clauses. These proof obligations would even be part of the proof obligations 
created for the corresponding constructs in the original B-Method. We note that 
the procedures and the actions given as Pi + P+ in the theorem all are of the 
form S E L E C T  gP~ A gP+ T H E N  sP~; sP  + END and their preconditions are 
considered to have the value TRUE. The progress condition (7) can also directly 
be generated from the guards of the actions and the auxiliary actions in the layer 
J~4 and the guards of the actions in the machine A. 
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The proof obligations for the conditions (3) and (6) involves calculating the 
weakest precondition of a WHILE-loop and are not as trivial to generate as 
the proof obligations for the other conditions. In order to generate the proof 
obligations for a WHILE-loop, an invariant and a variant are needed. Since in 
order to prove the loop: 

W H I L E  G DO S END 

with I N V A R I A N T  R and V A R I A N T  E the following conditions need to be 
proven: 

(i) R ~ E E N, 
(ii) (V/. (R A G) ~ n := E(S(E < n))), 

where 1 denotes the variables modified within the loop. Thus, (i) the variant E 
should be an expression yielding a natural number, and (ii) when the guard G 
of the loop holds, the body S should decrease the variant E. The invariant given 
in the layer machine can serve as the loop invariant for the conditions (3) and 
(6). The variant for the loop of the condition (3) should be an expression that 
is decreased each time an action of A + A4 is executed. This variant could be 
given in a variant-clause in the layer machine J~4. Condition (6) contains a loop 
of the auxiliary actions and, thus, we also need a variant that is decreased each 
time an auxiliary action in A4 is executed. This variant could also be introduced 
within the layer machine A4 in a separate clause called auxvariant to distinguish 
it from the other variant. Using these clauses containing the variants as well as 
the global procedures, actions and auxiliary actions from their respective clauses, 
the proof obligations for the conditions (3) and (6) can be generated. 

Hence, proof obligations corresponding to all the conditions in Theorem 1 can 
easily be generated within the B-Method considering the machine specification 
,4 and the layer machine A4. 

Derivation by Superposing Layers. Successive superposition refinements 
with layers are modelled as follows: If A ER 1 ,4 + fl41 and r + J~l  ~---R2 .,4 -- 
A41 + M2, then r ERI^R 2 A +  A41 + A42. Thus, during a derivation a number 
of layers might be superposed on the original action system ,4. In order to 
get the resulting distributed algorithm all these layers need to be added to A 
following the description in this section. In Figure 2, n layers are superposed 
to the action system ~4 during the derivation. We might also have to introduce 
procedures during a derivation to attain a distributed action system, as explained 
in Section 2. Such a step is only rewriting of the algorithm and does not involve 
refinement. In Figure 2 the rewritten parts of the algorithm are given in the 
middle column. 

4 C o n c l u s i o n s  

In this paper we have investigated an important and powerful special case of the 
original superposition method 5, namely, that of considering each new mech- 
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Fig. 2. Composing the derivation 

anism as a layer that only reads the variables of the previous layers. The su- 
perposition refinement with layers structures the presentation of the derivation. 
Within this method also the correctness proofs are easier than in the original 
superposition rule in the sense that part of the conditions in the original rule 
becomes trivially true. An example of this refinement method is given in [15]. 

Layers were introduced by Elrad and Francez [10] for decomposing distrib- 
uted algorithms into communication closed layers. Later Janssen [12] introduced 
a layer composition operator and developed an algebraic law for deriving al- 
gorithms using these kind of layers. Their layers, however, differ from ours. 
Namely, during the derivation Janssen first decompose the algorithm into layers 
and then refine these layers, while we add a new layer to the algorithm at each 
derivation step. Thus, a layer of theirs does not contain a single mechanism as 
ours does. 

Since the superposition method with layers yields large refinement steps with 
many complicated proof obligations, the tool support is important for getting 
confidence in these proofs. The B-Method [1] is well suited for representing action 
systems and superposition refinement [17, 18]. We have, however, proposed an 
extension to the B-Method, in order to make it more suitable for representing 
the layers. Thereby, we provide a good basis for generating the proof obligations 
as well as assisting in proving the superposition refinement with layers correct 
and will have a tool support for our method. 
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Abstract. Well-known strategies give incentive to the algorithmic re- 
finement of programs and we ask in this paper whether general patterns 
also exist for data refinement. In order to answer this question, we study 
the equivalence relation problem and identify the motivations to replace 
the equivalence relation by a data structure suitable for efficient compu- 
tation. 

1 I n t r o d u c t i o n  

The equivalence relation problem consists of the specification and implementa- 
tion of a manager tha t  maintains an equivalence relation over a given set. The 
manager allows for the dynamic addition of related (equivalent) elements to- 
gether with an equivalence test of two elements. 
Abrial distinguishes between three orthogonal aspects of refinement 1, i.e. the 
decreasing o non-determinism, the weakening of the precondition and the chan- 
ging of the variable space. The third aspect is illustrated by our t reatment  of 
the equivalence relation problem, where a relation in an initial specification is 
replaced by a function. The motivation for using two different mathematical  
objects to present the problem is that  a relation is well suited for the abstract  
description and the pointer structure is close to the concrete representation in 
the implementation. 
Algorithmic refinement has singled out reoccuring patterns for the introduction 
of a loop construct. Dijkstra 6 motivates formally each development step with 
great care and Gries 8 and Cohen 4 formulate strategies like "deleting a con- 
junct" or "replacing constants by fresh variables". In the examples t reated by 
them variables are not changed and consequently no strategy for doing so is 
formulated. 
There are many ways to specify an equivalence relation manager. We present a 
variety of them in the B specification method and propose general strategies tha t  
guide the changing of the equivalence to the data  structure known as "Union- 
Find" or "Fischer/Galler-Trees". 

"* This work has been financed by the Swiss-TMR-Fellowship of the Federal Office for 
Education and Science and is supported by The Swiss National Science Foundation. 
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The equivalence relation problem is well known and described in many al- 
gorithmic textbooks, e.g. 6, 3, 5. It has been formally treated thoroughly be- 
fore in VDM 12, based on the mathematical object of a set partition. Fraer 
has carried out a development in B on a larger example that  includes the treat- 
ment of the equivalence relation problem 7. His major strategy is "design for 
provability". Our approach is different: we look for heuristical guidance to find 
a suitable data  refinement in order to calculate the refined program by proof 
and in this paper we present two strategies to data-refine an equivalence to a 
forest. The goal is to identify general strategies for data  refinement. In an initial 
a t tempt  documented in 10, we have refined a specification corresponding to 
the VDM treatment on which we have partly reported in 11. We have used the 
B-Toolkit 2, 13 in the initial development and have generated the machines in 
this document with AtelierB. 

2 T h e  E q u i v a l e n c e  R e l a t i o n  P r o b l e m  

An equivalence relation (or equivalence for short) 0 on a set A is a subset of 
A • A such that  the following three properties hold for a, b, c E A, where a 0 b 
stands for (a, b) E 0 : 

a 0 a (Reflexivity) 
a 0 b ~ b 0 a (Symmetry) 
a 0 b A b 0 c =~ a 0 c (Transitivity) 

For a better understanding of the algebraic definition, let us consider the rep- 
resentation by graphs. In general, every relation corresponds to a graph. The 
domain set A of a relation corresponds to the set of nodes in a graph and the 
relation 0 corresponds to the set of edges in the graph. Equivalences belong to 
a particular type of graph, i.e. graphs which consist of fully connected subcom- 
ponents only. The equivalence relation problem basically is the construction of 
the smallest equivalence containing an arbitrary user-given relation. In mathem- 
atics, the construction is called the reflexive, symmetric and transitive closure 
or equivalence closure for short. In figure 1, the relation represented as a graph 
to the right is the equivalence closure of the one to the left. Observe that  the 
single-edged cycles at each node are due to the reflexivity and the bi-directed 
edges to the symmetry. Moreover, symmetry and transitivity together demand 
an edge between b and c. 
The equivalence closure gives a very static and functional view of the problem, 
i.e. there is one input, i.e. the user-given relation, and one output, i.e. the equi- 
valence. For an equivalence manager though, the problem is more involved. The 
relation is not passed as a whole, but every pair of connected elements is sub- 
mitted separately. The user may update the relation and inquire the equivalence 
dynamically many times in arbitrary order. Translated into the functional view, 
the transitive closure is applied to a dynamically changing input. 
An equivalence manager basically has two operations: an update operation and 
a query operation. For simplicity, pairs of related elements are only added by 
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Fig. 1. The reflexive, symmetric and transitive closure of a relation 

the update operation. The query operation allows to inquire the equivalence. 
Initially, the equivalence relation is the identity relation, i.e. the equivalence 
closure of the empty relation. We name the two operations equate and test (, as 
in the VDM example). In terms of our first specification in the next section, the 
manager maintains an equivalence. The operation equate relates two elements to 
each other and any transitively reachable element. A call to the operation test 
returns the equivalence relationship of two elements. 

3 A Variety of Specifications 

The B notation allows us to express the equivalence properties of a relation by 
built-in relational constructs. By that, the reflexivity, symmetry and transitivity 
of a relation is expressed in an elegant way without referring to the individual 
elements. (The relation is denoted with RR because variables need to contain 
at least two letters in B.) 

id (ASET)  C RR (Reflexivity) 
RR -1 C_ RR  (Symmetry) 
RR; RR  C_ RR (Transitivity) 

This formulation of the equivalence properties corresponds to the previous defin- 
ition. We can convince ourselves for example that symmetry is still symmetry. 
Reflexivity and transitivity can be shown to correspond as well. 

RR -1 = RR  
= { relational equality } 

(Vx, y.  x R R - l y  =- x R R y )  
= { definition of an inverse relation } 

(Vx, y- y R R x  =- x R R y )  
= { ping-pong argument } 

(Vx, y.  (y R R x  =~ x R R y )  A (x R R y  =~ y R R x ) )  
= { universal quantification distributes over conjunction } 

(Vx, y- x RR  y =~ y RR  x ) 

It is customary to omit the universal quantification in algebraic definitions. 
Hence, the last line coincides with the algebraic symmetry. The machine with 
the reformulated invariant is given next. 
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M A C H I N E  
Equivalence 

SETS 
A S E T  

V A R I A B L E S  
ER 

I N V A R I A N T  
E R E  A S E T  ~ A S E T  A 
id (ASET)  C_ E R A  
E R - 1  C_ E R A  
(ER;ER) C ER 

I N I T I A L I S A T I O N  
ER:=id(  ASET)  

O P E R A T I O N S  
e q u a t e (  aa, bb) = P R E  

aa E A S E T  A 
bb e A S E T  

T H E N  
ER:--c losure(  ER U { aa ~-~ bb, bb ~-~ aa} ) 

E N D ;  
equivalent +- test(aa,  bb) = P R E  

aa E A S E T  A 
bb E A S E T  

T H E N  
equivalent:=bool( aa ~-~ bb E ER) 

E N D  
E N D  

The function c lo su re  is the reflexive transitive closure of a relation, which is 
denoted hereafter as in algebra by a postfix asterix *. There is even a simpler 
way to express that  R R  is an equivalence relation. Consider the function rst 
tha t  returns the symmetric reflexive transitive closure of a relation. The function 
rst is constructed by applying the reflexive transitive closure to the unification of 
the relation with its inverse. Note that  the transitive reflexive closure maintains 
the symmetry of a relation. 

rst ^- ~x . ( x  U x - l )  * 

The function rst is the equivalence closure. Applied to an equivalence, the equi- 
valence remains unchanged. Hence, a relation is an equivalence relation, if it is 
a fixpoint of the function rst, i.e. R R  = rst( R R  ) or explicitly 

R R  = ( R R  U R R  - I )* 

Hence, for the specification, we have a choice of writing the invariant in two 
different ways, either as a conjunct of reflexivity, symmetry and transit ivity or 
simply by the fixpoint equality. This is a purely notational difference, which 
nevertheless affects the proofs. 
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M A C H I N E  
EquivalenceClo 

SETS 
A S E T  

C O N S T A N T S  
rst 

P R O P E R T I E S  
rst E A S E T  ~ A S E T - +  ( A S E T  ~ ASE7 )  A 
rst,= ~ rr.(rr E A S E T  ~ A S E T   c losure ( r r  U rr  -1 )) 

V A R I A B L E S  
ER 

I N V A R I A N T  
E R E  A S E T  ~ A S E T  A 
ER : rst( ER) 

I N I T I A L I S A T I O N  
ER:=id(  ASET)  

O P E R A T I O N S  
same as in the machine Equivalence 

E N D  

An important semantic difference is obtained from observing that  the machine 
Equivalence is very eager to compute the function rst. It is not necessary to 
compute rst as soon as the update information is available. Consider to compute 
the function at another instant. Indeed, the computation can be delayed for 
until the equivalence is inquired. Hence, rst can be computed right away (eager) 
when the update operation is performed or later (lazy) when the test operation 
is performed. In the latter case, the state space invariant does not denote an 
equivalence in order to satisfy the specifications of the two operations. In fact, it 
suffices to store the user-given relation. Consequently, the machine UserRelation 
specified below simply stores the user input. 

M A C H I N E  
UserRelation 

SETS 
A S E T  

C O N S T A N T S  
rst 

P R O P E R T I E S  
rst e A S E T  ~ A S E T - ~  ( A S E T  ~ ASET)  A 
rst = ~ rr.(rr E A S E T  ~ A S E T  I e losure ( r r  U rr  -1 )) 

V A R I A B L E S  
UR 

I N V A R I A N T  
UR E A S E T  ~ A S E T  

I N I T I A L I S A T I O N  
UR:= 0 
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O P E R A T I O N S  
equate(  aa, bb) = P R E  

aa E A S E T  A 
bb E A S E T  

T H E N  
UR:=UR U {aa ~-~ bb} 

END; 
equivalent +- test(aa,  bb) = P R E  

aa E A S E T  A 
bb E A S E T  

T H E N  
equivalent:=bool(aa ~-~ bb E rst(UR)) 

END 
END 

The eager machine Equivalence (or EquivalenceClo) and the lazy machine User- 
Relation are extreme in the distribution of the computational effort among their 
operations. Consider an implementation where the relation in question is stored 
as a Boolean bit matrix. In the eager specification, where the equivalence closure 
is stored, the test operation is cheap and requires only a lookup in the matrix, 
but the equate operation needs to perform the expensive closure operation. In 
the lazy specification, where the user-given relation is stored, the equate opera- 
tion is cheap: it flips a bit in the matrix. The test operation, however, requires 
an expensive search through the reachable elements. Hence, in both extreme 
cases, the computationally cheap implementation of the one operation goes to 
the expenses of an overly costly implementation of the other operation. 
Both specifications are also extreme in a further aspect. First, observe that an 
invariant in the B-method (in contrast to the Z specification method) is com- 
pletely redundant. The invariant could be left out and the specification would 
retain its meaning. In both specifications, the invariant is the strongest possible, 
i.e. all non-reachable states are excluded by the invariant. However the invari- 
ant of the machine Equivalence enjoys an additional property. Its invariant is 
tight, i.e. within the mathematical object of a relation and for a given sequence 
of updates, the state of the machine Equivalence is uniquely determined by its 
invariant to exhibit the future behavior whereas the state of the machine UserRe- 
lation is loose and depends on the input sequence. There are other states which 
produce the same future behavior. Such a unnecessary dependency of state and 
input is not compelling for a specification. 
The tightness of the specification invariant appears to be an objective criteria 
to discriminate among equivalent specifications. For example, think of a spe- 
cification variant of the machine UserRelation that includes the last inquired 
present relationship into the relation. Such a specification already includes an 
optimization that is comparable with a cache. Indeed, there are many possible 
ways to select a relation, such that its equivalence closure corresponds to the 
equivalence closure of the relation given by the user. All the possible relations 
can be characterized formally by 

{ O Irst( e ) = rst(u) ) 
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where u is the user-given relation. This variety of states is the start ing point 
for applying our strategies. The goal is to exploit the given freedom in order to 
minimize the cumulated effort of the update and test operations. 

4 T w o  Strateg ies  to D a t a - R e f i n e  an Equ iva l ence  to  a 

F o r e s t  

From the previous section, we know that  any relation whose equivalence closure 
is the same as the equivalence closure of the user-given relation may constitute 
the state space. So, we have many more relations than the two extreme ones 
to select from. Let us search for a restriction of the selection that  gives a good 
compromise between the computational effort of the two operations. 
Our first choice is guided by a general heuristic. 

Heuristic 1: Replace relations by/unctions 

The restriction of a relation to a function may be used as a heuristic because fi- 
nite functions have immediate computational counterparts, i.e. arrays or pointer 
fields in a record structure. In general a relation must be replaced by several 
functions. Fortunately, one function suffices for the particular case of an equi- 
valence. Moreover, we restrict a relation to a total and finite function. A total  
function is preferable because no test is needed to guard against undefined func- 
tion applications. 
The dereferencing of pointers or the calculation of array elements from indices 
repeatedly occur in reachability operations and there is a risk that  pointers or 
indices are followed ad infinitum, if the function is cyclic. We could impose the 
function to be acyclic. But,  "acyclicity" is a very restrictive requirement tha t  
inhibits elegant solutions in general. Nevertheless, a second general heuristic lays 
the base for the termination argument of loops in the operations. 

Heuristic 2: Eliminate non-detectable cycles. 

Since the function is desirably total, we can not be absolutely strict in eliminating 
all cycles. But,  there is an elegant way to state the desired property such that  
only trivial cycles, which are easy to detect, remain. 
The desired property is expressed by the antisymmetry of a transitive relation. 
Algebraically, antisymmetry is defined as follows: 

a 0 b A b 8 a =~ a - b (Antisymmetry) 

and has a relational counterpart  

RR n R R - I  C_ id (ASET) (Antisymmetry) 

The remaining cycles are reflexive and can be detected without the explicit 
introduction of additional state. 
In the particular example of an equivalence manager, we introduce a function 
f f .  The function is not transitive and we need to substitute RR by the transitive 
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closure of i f ,  i.e. f f  +. Because the mere transitive closure is not available in 
the B-Toolkit and AtelierB, we use the reflexive transitive closure, i.e. f f  * and 
obtain a property which we call transitive antisymmetry. 

f f  * n ( f f  *)-1 C_ id (ASET) (Transitive Antisymmetry) 

Intuitively, "acyclicity" may be observed as follows. Consider the directed edges 
of the graph as an indication of the direction of a current. The graph is acyclic, if 
there is no possibility to cover a distance going once exclusively in one direction 
and then exclusively in the opposite direction of the current. 
What  we have found by the two heuristics is the characteristics of a forest. 
Moreover, we found it by two generally applicable strategies. A forest is a set 
of trees, such that  every root of a tree has a reflexive cycle (see figure 2) 1. The 
trees in a forest are also called "Fischer/Galler-Trees". 

e 

b / 
S Construct 

a ~ c d trees from 

of edges 
~ x , ~  / 1 a given set 

f < g h 

@ 
/ \  

a c 

/\ 
f g 

O 
/ 

d 

\ 
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Fig. 2. A forest which represents an equivalence 

The taken choices yield a trade-off between the computational effort of the op- 
erations. On the one hand, the operation equate is implemented by joining two 
trees to one. We do so by replacing the reflexive cycle of the one root by an 
edge to the other root. The operation involves the search for the root for the 
two given elements. On the other hand, the operation test reduces to the search 
for a common root in the forest representation and the operation involves the 
root search for two elements. Hence, we have drastically reduced the cumulated 
computat ion cost of the equate and test operation by introducing the forest 
representation. The root search is specified by the function root which is built 
from the sequential composition of the transitive reflexive closure of the forest 
function and the reflexive root cycles. 

1 Note that the reflexive transitive closure of the function is a partial order and that 
the figure 2 can be regarded as a Hasse diagram. 
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R E F I N E M E N T  
Forest 

R E F I N E S  
EquivalenceClo 

V A R I A B L E S  
/f 

D E F I N I T I O N S  
root == (closure(l~);id( ASET)  n I~) 

I N V A R I A N T  
f f  E A S E T  -+ A S E T  A 
c losure (~)  n c losure( i f )  -1 _c i 4 (ASET)  A 
rst(1~) ---- ER 

I N I T I A L I S A T I O N  
f f .=id(  ASET)  

O P E R A T I O N S  
e q u a t e (  aa, bb) = P R E  

aa E A S E T  A 
bb E A S E T  

T H E N  
f f .=f f  <§ {root(aa) ~-~ root(bb)} 

E N D ;  
equivalent +- test(aa,  bb) = P R E  

aa E A S E T  A 
bb E A S E T  

T H E N  
equivalent'.=bool(root( aa) = root( bb ) ) 

E N D  
E N D  

4.1 An  Alternat ive  Strategy to e l iminate  non-detectable  cycles 

There is an alternative way to apply the second heuristic. After using the same 
first heuristic - restrict the relation to be a total function - we choose a sim- 
pler property to eliminate non-detectable cycles: we require the function to be 
idempotent,  i.e. 

(8 ; 8 ) = 0 (Idempotency) 

This is a stronger restriction than the previous transitive ant isymmetry because 
the forest consists now of trees not higher than a single edge. For convenience, 
we call them flat forest. The representation of an equivalence by an idempotent 
function results in a straight-forward specification of the operations. The opera- 
tion equate needs to redirect all edges from the members of one tree to the root 
of the other tree. Compared with the redirection of a single edge before, it seems 
to be more work even though no search for a root is necessary. The test opera- 
tion, obviously, is cheaper, since no iterative search for the root is necessary. The 
following specification uses the identification function to state the idempotence 
for typing reasons. 
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R E F I N E M E N T  
FlatForest 

R E F I N E S  
EquivalenceClo 

V A R I A B L E S  
Is 

I N V A R I A N T  
fs E A S E T  -+ A S E T  A 
(fs;fs) = (fs;id( ASET) ) A 
rst(ys) = ER 

I N I T I A L I S A T I O N  
s:=id(ASST) 

O P E R A T I O N S  
equa te (  aa, bb) = P R E  

aa E A S E T  A 
bb �9 A S E T  

T H E N  
fs:=fs <§ f s - 1  {fs(aa),fs(bb)} x {fs(aa)} 

EN D ;  
equivalent +- test(aa,  bb) = P R E  

aa �9 A S E T  A 
bb �9 A S E T  

T H E N  
equivalent:=bool(fs( aa) = fs( bb) ) 

E N D  
E N D  

The restriction of the data representation to fiat forests is stronger than to 
arbitrary forests. Figure 3 gives an overview of the different restrictions. The 
variety of all relations that have the same (unique) equivalence closure e as the 
user-given relation u is indicated as well. We need to distinguish between the 
behavioral non-determinism observable from the outside and the representational 
freedom of the data structure. Nothing prevents us from relaxing the single edged 
trees to arbitrary forests in a second data refinement. The refinement relation is 
the root function from before. 

R E F I N E M E N T  
DeepForest 

R E F I N E S  
FlatForest 

V A R I A B L E S  

ff 
D E F I N I T I O N S  

root = =  (e losure(~; id(ASET) n if) 
I N V A R I A N T  

f f  E A S E T  -+ A S E T  ^ 
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f s  : ~00t 
I N I T I A L I S A T I O N  

f f .=id(  ASET)  
O P E R A T I O N S  

equate(aa ,  bb) = P R E  

aa E A S E T  A 
bb E A S E T  

T H E N  

f f .=f f  <§ {root(aa) ~-~ root(bb) } 
E N D ;  

equivalent +- test(aa,  bb) = P R E  
aa E A S E T  A 
bb E A S E T  

T H E N  

equivalent:=bool( root( aa) = root( bb ) ) 
E N D  

E N D  

Fig. 3. Restrictions of Relations 
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5 Concluding Remarks 

The B method offers powerful operators on relations, which are well suited to 
specify the equivalence relation problem. We have presented several machines, 
which are all equivalent with respect to refinement (refinement-equivalent). The 
refinement order gives no hint of how to order the specifications even though the 
state space of the machines varies considerably between the two extremes of an 
eager and lazy specification. To discriminate among various specifications, the 
tightness of the invariant appears to be a criteria for the quality of a specification 
in a model-based approach. 
Exploiting the variety of specifications, we have identified two heuristics: re- 
place relations by functions and eliminate non-detectable cycles. Fhnctions can 
be mapped directly to computational equivalent structures and detectable cycles 
guarantee the possibility to establish termination conditions for repeated func- 
tion applications. 
The heuristics have been combined to two strategies by avoiding non-detectable 
cycles in two ways: by transitive asymmetry and by idempotence. Both eleg- 
ant formalizations lead to different restrictions of the initial variety: transitive 
asymmetry and idempotence characterize forests and fiat forests, respectively, 
where idempotence implies asymmetry for functions. We have documented the 
idempotence property already in 10. The direct characterization of forests by 
transitive antisymmetry is newly introduced in this paper. 
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A b s t r a c t .  In this paper we propose a construction method of multi- 
formalism specifications based on B and linear temporal logic. We exam- 
ined this method with a case study of a communication protocol between 
an integrated circuit card and a device such a terminal. This study has 
been carried out in collaboration with the Schlumberger company. We 
show the current advantages and limits in combining many specifications 
formalisms and the associated toolkits : Atelier B and SPIN. Finally, 
we draw conclusions about future directions of research on the proof of 
heterogeneous specifications, incremental verification and ontool cooper- 
ation to assist in the verification step (e.g. a prover, a model-checker and 
an animator). 

1 Why and how heterogeneous cooperation formal 
methods should be used? 

The need to use formal methods is growing in industry, especially for critical 
reactive applications such as t ransport ,  and the nuclear industry where security 
is an imposed goal. In the scientific community, examples such as 9 are chosen 
to compare various approachs such as VDM, Z, B, Lustre, Esterel, Lotos, SPIN, 
etc. Each method is efficient for some aspect (functionalities, state, concurrency, 
etc) but,  it is very rare that  real applications are reduced to a single aspect.  

In this paper,  we present an approach using several parallel formal techniques 
for the specification of the half duplex protocol which manages the communica- 
tion between the Integrated Circuit Card (ICC) and an interface device such as 
a terminal.  

The cooperation between heteregeneous formal techniques5 is today an ac- 
tive line of research222 designed to provide complementary advantages to 

* Specification is available on http://lib.univ-fcomte.fr/RECHERCHE/P5/ICC.html 
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formal methods. In this way, our approach is centred on a joint use of the B 
methodl and Linear Temporal LogicIS19 (LTL), as well as on the associated 
checking tools : Atelier S20 and SPIN15. 

Our project, originating from a pragmatic approach to the specification of 
a problem demonstrates the necessity to combine many formalisms. From this 
point of view, our work is comparable to the elements of construction method 
proposed in 22 and 17 to extend B or other formal descriptions such as Z++ 
and VDM++16. In contrast our work is different because it is based on model 
checking to verify temporal properties. 

The half duplex protocol of the communication between a card and a device 
is a complex application whose requirements analysis is presented in European 
standard EN 278168. This standard describes, through rules and scenarios, the 
expected properties of ICC-device communication. These properties correspond 
on one hand to the invariant in the relationship between variables and, on the 
other hand, dynamic properties such as the evolution of the system with time. 
In this standard, the description remains informal, and all the properties are 
expressed in natural language but perfectly structured. 

The Schlumberger division, Urban Terminals and Systems at Besanw is 
developing different vehicle parking control systems. This suggests the use of 
ICC for electronic credits or traditional bank cards. In this context, the company 
is developping device applications which must respect the EN 27816 standard. 
The use of a formal approach in this framework is designed at the same time to 
be able to certify the device software and also to be able to detect cards which 
do not meet the standard. The company also wishes to understand better the 
EN 27816 standard so that it may detect certain inconsistencies within it. 

In this article, we demonstrate how this multi-formal approach allows one to 
take specifications into account more precisely and completely, and how the joint 
implementation of the checking tools (Atelier B and SPIN) helps the definition of 
formal specifications. This approach using heteregeneous specifications presents 
numerous unresolved problems, as much at the theoretical level in the proof of 
the specification as at the level of the refinement strategy. But this experiment 
carried out in an industrial context and on a large scale application demonstrates 
the value of coupling the B method and LTL and also the complementarity 
between the proof approach, and verification by model checking. 

In the rest of this article, we present first of all the ICC application in section 
2 and we then describe our formal approach in section 3. Then, in section 4 we 
present the formal specification before describing the results of the verification 
process in section 5. Our conclusions are presented in section 6. 

2 I n f o r m a l  P r e s e n t a t i o n  o f  a n  I n t e g r a t e d  C i r c u i t  C a r d  

a p p l i c a t i o n  

This example belongs to the domain of communication protocols, more precisely 
between an integrated circuit card (referred to below as Card) and an interface 
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device such as a terminal (called here after Device) shown in figure 1. This sys- 
tem is used in many applications such as the electronic purse. The requirement 
analysis is described in depth in the European Standard EN 278168 written 
in April 1992 by a committee of The ISO. This draft covers many aspects such 
as voltage levels, current values, parity conventions, operating procedure, trans- 
mission mechanism and communication with the integrated circuit card. 

Dr 

Card 

Fig. 1. Terminal to read integrated circuit cards 

The principle of the operating procedure has five steps : 

1. activation of the contacts by the Device, 
2. reset of the Card by the device, 
3. the Card's reply to the resetting, 
4. information exchange in the case of an asynchronous Cards, 
5. deactivation of the contacts by the Device. 

Because of the complexity of this system, we have limited our work to one 
possibility of asynchronous protocol in step four. We suppose that  reset is per- 
formed correctly and that  the device and the card execute the selection of ex- 
change protocol. In Section 2.1, we define intuitively the chosen protocol called 
protocol T = I  in 8 and our intent in section 2.2 is to include an explanation of 
the standard in no more detail than is necessary. 

2.1 Protocol T = I ,  asynchronous half duplex block transmission 

This protocol defines the exchange of messages transmission in an asynchronous 
half duplex block transmission protocol between a Device and a Card. A message 
can be divided into one or many slices. The transmission of the smallest da ta  
unit (a slice) which is performed by a block exchange, called an information block 
(denoted by I-block), which is made up of a data  slice and some pieces of control 
information such as an identification of the block. The acknowledgment of an I- 
block is an I-block for the last slice of the messages and a response block (denoted 



276 

by R-block) for each slice of data  except for the last. The Device and the Card 
can exchange control blocks, called also supervisory blocks (denoted by S-block) 
allowing then to modify the exchange parameters to require for example an 
adjustment of the length of slices or of response delay, the abortion of a message 
transmission, etc. In summary, the card and the device transmit  three types of 
blocks : 

- I-blocks - denoted by I(identification, chaining) - their primary purpose are 
to transmit  application layer information. They are composed of : 

�9 an identification which is a bit which is comparable to the alternating 
bit in the alternating bit protocol, 

�9 chaining information indicating if the slice of data  is the end of the 
message; if this is true, we say that  the I-block is non chaining (denoted 
by NoLink), else it is chaining (denoted by Link), 

- R-blocks - denoted by R(identification) - contains positive or negative ac- 
knowledgments. They contains the block identification of the expected I- 
block, 

- S-blocks - denoted by S(type of request) - the block which contains transmis- 
sion control information; 4 pairs of request and response are possible : WtxReq 
and WtxRep adjust the response delay to continue exchanges, IsReq and I- 
sRep to change the length of slice of data, ResynchReq and ResynchRep to 
resynchronise transmission, AbortReq and AbortRep to abort  chaining ex- 
changes. 

Three kinds of error are possible: transmission error, a loss of synchronisation 
and a total  loss of message detected by a watch dog. To simplify the level of 
modelling explained in what follows, few details are specified for the error cases. 
The dialogue for error recovery is hidden at this refinement. However we specify 
the failure of recovery which leads to the sudden rejection of the card by the 
device without explaining the reasons more precisely. 

The processing principles for computing the identifications are as follow. An 
I-block carries its send sequence number denoted N(S) which consists of one bit 
and is counted modulo 2. Its value starts with 0 either after the start  of the block 
transmision protocol or after resynchronisation and is incremented after sending 
each I-block. The numbers of I-blocks sent by the device and blocks sent by the 
card are counted independently with respect to each other. Acknowledgment of 
an I-block is indicated when the number N(S) of the next received I-block is 
different from the N(S) of the previously received I-block. 

An R-block carries N(R), which is the value of N(S) in the next expected I- 
block. Acknowledgment of an I-block is indicated when the N(R) of the received 
R-block is different from the N(S) of the sent I-block (see rule 2.2 section 4.2.4). 

If a response does not come before the end of a delay fixed by the protocol, 
the device sends a request initiated by a watch dog. This situation handles the 
cases of loss of a slice of a message. 
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2.2 T h e  E u r o p e a n  s t a n d a r d  E N  27816 

The s tandard described in 8 explains in a very structured manner  the results 
of the requirement analysis step. We have used three parts  in particular: 

1. the main principles of processing procedures outlined above, 
2. the description of the 22 rules for transmission operations, 
3. 35 examples of scenario fragments of behaviour of system. 

To illustrate the last two parts,  the reader can find a few examples of rules 
in section 4.2.4. and can see scenario number 5 in table 1 and scenario number  
3 in table 2. Scenario 5 shows exchange of message between card and device. 
Deleting the events 1, 2, 3 and 4 in table 1, we obtain scenario number  1 which 
shows an exchange of messages in a single slice. Scenario 3 in table 2 shows a 
request for an adjustment  of length of slice. Deleting the events 2 and 3 in table 
2, we obtain also scenario number 1 which shows an exchange of messages in a 
single slice. 

3 P r e s e n t a t i o n  o f  t h e  f o r m a l  c o n s t r u c t i o n  m e t h o d  

The formal approach illustrated in figure 2 is based on a stage of verifying 
consistency formed of two elements: a descriptive specification and an operat ional  
specification. 

The descriptive specification is a B Abstract  System246, tha t  to say a 
da ta  model essentially describing system variables which must  satisfy the in- 
variant properties. This is completed by a group of LTL formulae describing 
the behav.ioural properties of the system such as rule 2.1 (section 4.2.4) in the 
example. 

Event I Device--+ 
1 I(0,Link) 
2 
3 I(1,Link) 
4 
5 
6 

+-- Card Observations 
Sending of the first slice of message 

R(1) 

R(0) 
I(0,NoLink) 

7 I(1,NoLink) 

etc. 

I(O,NoLink) 

I(1,NoLink) 

Rule 

Acknowledgment of reception of the second slice 2.2,5 
Sending of the second slice of message 5 
Acknowledgment of reception of the third slice 2.2~5 
Sending of the third and last slice of message 5 
Acknowledgment with sending of a new message 2.1 
in one slice 
Acknowledgment with sending of a new message 2.1 
in one slice 
Acknowledgment with sending of a new message 2.1 
in one slice 

Table  1. Exchange of messages composed of one or more slices 
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The operational specification is the final outcome of the stage of formal design 
by a transition system described by the B events. An event is an action which 
modifies a guarded state. From a formal point of view, the transition system is 
totally "flat" in such a way that its dynamic behaviour is the sum of the possible 
interleavings of events which act at the atomic level. But the choice of events 
involves the physical structure of the system such that the model approaches 
reality and real life operation. We approach the operational specification by 
breaking up the system, by identify the localization or generalizing state variables 
and designing events on the basis of physical reality. 

These two parts of the specification are based upon the standard document8. 
They constitute two different views of the system which must be checked for 
consistency. This stage is approached in different ways: 
- first we check the invariant properties by using the prover of Atelier B 20, 
- second we check behavioural properties by model checking techniques using 
the SPIN environment1215. 

We chose this solution for practical reasons such as the inmaturity of LTL 
proof techniques and the technological power of the SPIN environment. In effect, 
SPIN allows one to consider all the properties which can be expressed in LTL 
as well also integrating better techniques of reducing the complexity of model 
checking such as partial order21, optimisation of the memory representation 
of states1314 and heuristics. Despite all these advantages, there remain two 
problems, firstly the combinatorics explosion10ll continues and secondly we 
must represent the abstract B model in PROMELA with all the risks involved. 
We noted however that the simplicity of the model based on the data given by 
the example allows systematic approach to the task, so limiting the risk. 

R e q u i r e m e n t s  a n a l y s i s  

1 
D e s c r i p t i v e  spedfication 
-abstract  data m o d e l  
- sa fe ty  properti  es  ( invari  ant) 
-progress  properti  es  Coehaviour)  / 'l Invariant  M o d e l  C h e c k i n g  

p r o o f  qr o f  b e h a v i o u r s  

O p e r a t i o n a l  s p e c i f i c a t i o n  
- s u b s y s t e m  d e c o m p o s i t i o n  
- m a i l i n g  o f  v a r i a b l e s  
- e v e n t  de scr ip t ions  

Fig. 2. Method of formal construction 
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The approach presented above can be coupled with an approach by successive 
refinement3 4. Although it is not the object of our presentation, we note that  
the approach we have applied permits us to present a simplified model. Finally 
we note tha t  this has at least three advantages: it facilitates the transfer from 
expression of requirements to full specification, it leads to implementation and it 
allows one to do incremental model checking which is a response to the problem 
of complexity identified above. In this example, we have proceeded by successive 
refinements in four stages taking more and more details into account: 

- Level 1 : exchange of message in an atomic event, 
- Level 2 : taking into account the exchange of messages with several slices, 
- Level 3 : taking into account the modifications of conditions of the dialogue 

by exchange of S-blocks, 
- Level 4 : taking recovery of errors into account. 

In section 4 we present level 3. 

4 F o r m a l  s p e c i f i c a t i o n  o f  I n t e g r a t e d  C i r c u i t  C a r d s  

We present the specification in three parts : 

- the intuitive description of the main goal, 
- a descriptive specification divided in two parts, the data  model of the system, 

and its safety and progress properties, 
- an operational specification composed of two parts, the decomposition of the 

system towards many subsystems, and the formal description of operations 
called events in the case of reactive systems. 

4 . 1  G o a l  

The level of specification chosen allows the exchange of messages composed of 
one or many slices. It also specifies the possibility of aborting the transmission 
of a chain of slices and of adjusting many parameters of the exchange such as 
the response time (Wtx), the length of slice (Ifs), the synchronisation param- 
eters (Resynch), sending a control request (Req) and acknowledging (Rep) by 
transmission of a control block called S-block (see section 2.1). For example, the 
scenario number 3 in figure 4 shows a dialogue changing the length of slice. Note 
that  we are not concerned with the value of length. 

4.2 D e s c r i p t i v e  s p e c i f i c a t i o n  

The descriptive specification is divided into three parts: 

- the Data Model defining the sets and the state variables, 
- the Invariant defining the safety properties, 
- the Behavioural Properties defining the progress properties of the system. 
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Event Device 
1 I(0,Link) -+ 
2 
3 S(IfsRep) --+ 
4 

C a r d  Observations 
Sending a message composed of one slice 

+--S(IfsReq) Request modifying the length of slice 
Acknowledgment of the request 

~-I(0,NoLink) Acknowledgment of message and sending 
of an other messsage 

etc. 

Rule 
1 
3 
3" 
2.1 

Table  2. Scenario 3, request and acknowledgment of a change in the length of slice 

4.2.1 D a t a  M o d e l  The exchange of messages between the Card and the Device 
requires knowledge of the sending of the last block sent by the card and by the 
device. These are implemented by the variables TC and TD. The variables TC_tr 
and TD_tr  indicate if the last block is either acknowledged or not. The variable 
Dialogue indicates the state of transmission which is either active or interrupt.  

To change the exchange conditions during a message transmission, we must  
memorise the last I-block sent during the exchange of S-block. The variables 
ATD and ATC in the da ta  model memorise the last I-block which is waiting for 
an acknowledgment. After an interruption of a transmission of an information 
message by an S-block exchange, the message transmission restarts  normally 
using these variables. In order to ensure tha t  the values contained in the variables 
are correct, we will use the acknowledgment variables ATC_tr and ATD_tr. 

The set of blocks called BLOCK is the cartesian product  of four fields, the 
type of block (I, R or S), identification for I-blocks and R-blocks, binding infor- 
mat ion for I-blocks (indicating if the block carries the last slice of message or 
not) and a sort of control message for S-blocks. 

The B abst ract  machine is composed of the set descriptions, the definition of 
applications Negation and Next allowing respectively inversion of the acknowl- 
edgment and computat ion modulo 2 the state variables. The values Inde are 
interpreted as undefined values for each field of the cartesian product; for ex- 
ample it allows us to indicate tha t  the chaining information is not defined for 
R-blocks and S-blocks. 

S E T S  
ACK={Yes, No}; 

- "Yes" indicates that the block is acknowledged 
LINKING={Link, NoLink, Indef}; 

- "NoLink" indicates that the transmitted slice of message is the last 
DIALOGUE={Active, Interrupt}; 

- "Active" indicates that the transmission continues 
IDENT={Zero, One, IndefI}; 

- half duplex identification : 0=Zero and l=One 
TYPEBLOCK={I,  R, S}; 

- type of blocks : Information, Response, Control 
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CONTROL={ResynchReq, ResynchRep, IfsReq, IfsRep, 
AbortReq, AbortRep, WtxReq, WtxRep, IndefS} 

- type of S-blocks 
A B S T R A C T _ C O N S T A N T S  

BLOCK, Next, Negation 
P R O P E R T I E S  

Negation E A C K ~ - - - > > A C K A  Negation(Yes) -- No A Negation(No) = Yes A 
Next E {Zero, One}~-->>{Zero, One}A Next = {(Zeros+One), (One~-~Zero)}A 
BLOCK = TYPEBLOCK• IDENT • LINKING • CONTROL 

- type of block 
V A R I A B L E S  

TC, TD, ATC, ATD, TC_tr, TD_tr, ATC_tr, ATD_tr, Dialogue 

4.2.2 I n v a r i a n t  

Notations of variables: 
- w, w' : Identification of blocks (6 IDENT or 6 ID=IDENT-{Indefl}) ,  
- x, x' : binding (E LINKING or 6 LI=LINKING-{Indef}) ,  
- y, y '  : Type of control block (E CONTROL or 6 CONTROL-{IndefS}). 

The invariant is described in many parts: 
- the type of variables : 

TC E B L O C K A T D  E BLOCKA ATCE B L O C K A A T D E B L O C K A  
TC_tr E ACK A TD_tr E ACK A ATC_tr E ACK A ATD_tr E ACK A 
Dialogue E DIALOGUE A 

- restrictions of type relative to the type BLOCK for TD (the same properties 
are require for TC): 

V(w, x, y).((w 6 IDENT A x 6 LINKING A y 6 CONTROL A WC=(((I~4w)~-~x)~-~y)) 
:e~(w # IndefI A x #Indef A y=IndefS)) A 

V(w, x, y).((w 6 IDENT A x 6 LINKING A y 6 CONTROL A WC=(((S~-~w)~-~x)~-+y)) 
=t~(w = IndefI A x = Indef A y ~IndefS)) A 

V(w, x, y).((w 6 IDENT A x E LINKING A y 6 CONTROL A TC=(((R~-~w)~-~x)~+y)) 
=r ~ IndefI A x = Indef  A y = IndefS)) A 

- the waiting blocks are always I-blocks containing a message slice: 
3(w, x).(w E ID A x E L I  A AWD=(((I~-~w)~-~x)~+IndefS)) A 
3(w, x).(w 6 I DA x 6 LI A AWC=(((I~-~w)~-~x)~-~IndefS)) A 

- r u l e  6 which indicates that  the request of a new synchronisation cannot be sent 
by the card, and also that  the response cannot be transmitted by the device: 

TC # (((S~+Indefl)v-~Indef)~-~ResynchReq) A 
TD ~ (((S~-+IndefI)~-~Indef)~-~ResynchRep) A 

- r u l e  3 which indicates that the request of the response time modification cannot 
be transmitted by the device, and also that  the response cannot be transmitted 
by the card : 

TD ~ (((S~-~IndefI)~Indef)~-~WtxReq) A 
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TC ~ (((S~--~IndefI)~--~Indef)~-~WtxRep) A 
- the acknowledged block is the same as the last block sent if this is a message 
slice: 

V(w, x).((w e IDA x ELI)  =:~ 
(TC=(((I~+w)~-+x)~-~IndefS)::~ATC=TC) 
A (TD=(((I~-~w)~-~x)~-+IndefS) ::~ATD=TD)) A 

- the half duplex behaviour: TC_tr = Negation(TD_tr) A 
- there is at most one I-block waiting an acknowledgment, either in the Device 

or in the Card: 
(ATC_tr=No =~ATD_tr = Yes) A (ATD_tr=No =t~ATC_tr = Yes) 

4.2.3 B e h a v i o u r  P r o p e r t i e s  The progress properties are expressed by the 9 
rules, concerned at this level, described in the standard of ISO/IEC8. The set 
of rules mainly describes response properties in the classification of Manna and 
Pnueli in 1819. They are described using the three main operators of linear 
temporal  logic1819 denoted D, O and (> which ave respectively interpreted by 
Always, N e x t  and Eventually. 

We introduce a few significant examples of different kinds of formula : 

- rule 1 defines the initial state of any execution, 
- rules 2.1, 2.2 and 5 are typical examples of response (type of progress) 

properties, 
- rule 3 is an example of immediate response using the Next operator.  

- R u l e  1 : The  device sends the first block, either an S-block or an I-block 
(with identification zero and with or without a link). 
3 y E {ResynchReq, IfsReq}. 3 x E LI. 
(((TD=(((I~--~Zero)~--~x)~+IndefS) A ATD=TD A ATD_tr=No) 
V (TD=(((S~-~IndefI)~-~Indef)~-+y) A tTD=(((I~-~One)~-~NoLink)~+IndefS) A 
ATD_tr=Yes)))A ATC_tr=Yes A ATC---(((I~-~One)~NoLink)~-~IndefS) A 
TD_tr=NoA Dialogue=Active) 

Note : "ATC_tr=Yes A A T C = ( ( ( I ~ O n e ) ~ N o L i n k ) ~ I n d e f S ) "  determine 
the first identification of card to Zero alternating with One in the next trans- 
mission. 

- R u l e  2.1 : I(NA(S), NoLink) sent by A, is acknowledged by I(NB(S), x) 
sent by B to transmit application data  and to indicate readiness to receive 
the next I-block from A. 
- case where B is the card 
V w, w'E ID.V x' ELI.  3x ELI.  

O(ATD= (((I~-+w)~-~NoLink)~-~IndefS) A ATD_tr=No A 
Dialogue=Active A ATC=(((I~-~w')~-~ x')~-~IndefS)) 

==~ (~ ((TC= (((I~-~Negation(w'))~-~x)~-+IndefS) A TC_tr=No A 
V ATD_tr=Yes) Dialogue=Interrupt) 
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- R u l e  2.2 : I(NA(S), Link) sent by A is acknowledged by R(NB(S)) sent by 
B (where NA(S)~NB(S)) to indicate that  the received block was correct and 
the readiness to receive the next I-block from A. (or by an S(AbortReq), cf. 
rule 9). 
- case where B is the card 
V w C ID. D(ATD= (((I ~-~ w)~-+ Link)~+ IndefS) A ATD_tr=No) :=# 

( ( (TC=(( (R~ Negation(w))~--~ Indef)~-+ IndefS) V 
TC=(((Se-~IndefI)~-~ Indef)~-~ AbortReq) 

V WC=(((S~--~Indefl)~-+ Indef)~-+ AbortRep)) 
A TC_tr=No A ATD_tr=Yes) V Dialogue =Interrupt)) 

- R u l e  3 : If the card requires more time to handle the previously received 
I-block, it sends S(WtxReq). The device acknowledges by S(WtxRep).  
 ((TC=(((S~--~IndefI)~-+Indef)~-~WtxReq) A TC_tr=No A Dialogue=Active) ==~ 

0 ((TD=(S~rIndefI)~Indef)~-+WtxRep) A TD_tr=No) V Dialogue =Interrupt)) 
Note : A part of rule 3 is described in the invariant. 

- R u l e  4 : I(N(S), NoLink) is a non chained I-block or the last block of a 
chain. I(N(S), Link) is a part  of a chain and will be followed by at least one 
chained block. 
- chained transmission of card 
V w �9 ID. 3 w' �9 ID. D((ATC--(((I~+ w)~-~ Link)~-~ IndefS) A 

ATC_tr=No A Dialogue--Active) 
:=~ ~ ((ATC = (((I~+ w ' ) ~  NoLink)~+ IndefS) A ATC_tr=No) 

V (TD = ( ( (S~  IndefI)~-+ Indef)~-~ AbortRep) A TD_tr=No) 
V (TD=(((S~-~ IndefI)~+ Indef)~-+ AbortReq) A TD_tr=No) 
V Diaiogue=Interrupt)) 

4 . 2 . 4  O p e r a t i o n a l  s p e c i f i c a t i o n  

The operational specification is divided into two parts : 

- the system decomposition which is the result of an informal design step; this 
step divides the system into processes, maps the variables and defines the 
guarded events of each subsystems. 

- the transition system made up of a formal description of each guarded event. 

1. System decomposition 
We divide the system in two processes as shown in figure 3, the card and the 
device which can transmit messages using events EmC and EmD and can 
abort  an exchange of messages using events CardChainedTransStop and De- 
vChainedTransStop. The device can interrupt transmission rejecting the card 
using event RejectC. The set of variables is global at this abstraction level. 
In contrast, the variables will be located in processes in the next refinement 
step which will be a more realistic model. 

2. Transition System 
The transition system consists of describing the initial state and each event. 
The specification of events for the Card and the Device being symmetric, 
we only present the initialisation, the card events and the reject operation 
of the Device. 
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Fig.  3. System Decomposition 

(a) Initialisation ( implements rule 1) 

TC_tr := Yes II TD_tr := No II Dialogue := Activell ATC_tr := Yes II 
TC :-- (((I~-~One)~-~NoLink)~-~IndefS)II 
ATC := (((I~-~One)~NoLink)~+IndefS) I 
C H O I C E  

TD :-- (((I~-~Zero)~-~NoLink)~-~IndefS) II 
ATD :---- (((I~--~Zero)~-~NoLink)~-~IndefS)II ATD_tr :----No 

OR TD :-- (((I~4Zero)~-~Link)~-~IndefS) I I 
ATD :---- (((I~-~Zero)~-~Link)~-~indefS) II hTD_tr := No 

OR TD :-- (((Se-~IndefI)~-+Indef)~-~IfsReq)II 
ATD := (((I~-~One)~+NoLink)~-~IndefS)I iTD_t r  := Yes 

OR TD := (((S~-~IndefI)~-~Indef)~-~ResynchReq)I 
ATD :-- (((I~-~One)~-~NoLink)~-~IndeiS) II hTe_ t r  :-- Yes 

E N D  

(b) Event Transmission by the card 
Many  cases are possible according to  the response tha t  the card and the  
device wait  and the block tha t  the device sent. An  exhaust ive analysis 
of  cases limits the nomber  of  cases to three : 

i. if ei ther the card sent a message and the device answered the  last 
received block either by an I-block or by an R-block or the  card  
t r ansmi t t ed  a request and the device accepted it, then the  card  an- 
swers: 

- ei ther by an I-block, chained or not,  
- or by  an S-block t ransmi t t ing  a Wtx ,  Ifs or Abor t  response.  

ii. the device sent an informat ion message or it accepted a request  and 
waits for an acknowledgment  for the  last t r ansmi t t ed  block, the  card 
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(c) 

(d) 

answers either by an R-block whose identification is inverse, or by 
an S-block t ransmit t ing a Wtx, Ifs or Abort  request, 

iii. the device sent a request, the card answers by an acknowledgement. 
Event Rejection o/ Card 
At this level of abstract ion we can give very little detail because we have 
not yet specified the handling of the error. We verify simply tha t  the 
dialogue is interrupted without knowing the reasons. 
RejectC = SELECT Dialogue=Active THEN Dialogue := Interrupt E N D  
Event Stop chained exchange by the card 
The end of chained exchange occurs when the card receives an abor t  
request which it then accepts : 
CardChainedTransStop = SELECT 

(Dialogue=Active A TD_tr=No A TD=(((S~+IndefI)~-~Indef)~-~AbortReq)) 
THEN - the card accepts the abort request 

TC :-- (((S~-~IndefI)~-~I.adef)~-~AbortRep) 
END- ChainedTransStop 

5 F o r m a l  P r o o f  a n d  V e r i f i c a t i o n  

The verification was performed with the "atelier B" to prove the invariant and 
with SPIN to model-check the progress properties. Below, we report  our exper- 
iment with these tools and sum up the results of using both B and SPIN. 

5 .1  U s i n g  " a t e l i e r  B "  

Our basic specification was written using the B syntax and does not have any 
progress properties. We used version 3.2 of the tool to type-check it and to verify 
the invariant with the prover. The "atelier B" automatical ly proved the 450 proof  
obligations, which demonstrates tha t  the prover was mature.  

Operations obwous Proof Proof Obli- Interactive 
gatzons proof 

Initialization 21 52 0 
EmC 205 194 0 
EmD 185 184 0 
DeviceChainedTransStop 22 10 0 
CardChainedTransStop 22 10 0 
Total 481 450 O 

Automatical% 
proof 
52 100 
194 100 
184 100 
10 100 
10 100 
450 100 

Table  3. Status of B Machine 

We obtained this result by studying the proof obligations tha t  were not 
proved after the first step. This study leads to the correction of our specifi- 
cation. These proof obligations originated from mistakes in our specification or 
limitations of the prover. 
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We pointed out some errors out at the descriptive level as well as at the 
operational level. For example, our first operational specification allowed us to 
resume a message exchange after a control dialogue even if this dialogue did not 
stop any exchange. At most one device should be waiting for the acknowledgment 
of a message block: this property was violated by our specification. We have also 
corrected a faulty expression of the type restriction at the descriptive level. 

Another difficulty in realising the proof obligations originates from limitations 
of the prover. For example, the following test, defining the function Next in the 
PROPERTIES  clause, makes the prover fail, although it was equivalent to the 
section 4.2.1. clause. 

Next E {Zero, One} ~-->> {Zero, One} 
A Next(Zero)=One A Next(One)=Zero 

Proofs were performed on a SS4 SUN Station with 32 MB. This did not 
induce any major problems of performance or memory size with the most recent 
version of the specification. Previous versions was more space-consuming. 

5 . 2  U s i n g  S P I N  

We used the PROMELA language with the SPIN tool to verify linear tempo- 
ral logical properties. The first step consisted of translating the B specification 
into PROMELA, the second consisted of putting verifications with the model 
checker into action. Finally we recapitulate using SPIN working on our specifi- 
cation. Translating B specifications into PROMELA presents the following two 
questions: 

- How can one represent the abstract data  model and the B actions using the 
PROMELA concrete types? 

- How can one carry out the atomic events? 

These two questions did not cause difficulty in the example given because 
the data  was simple and the atomicity notion already existed in PROMELA. 
The PROMELA text is close to the original specification. It consists of three 
processes, the first, called init, cames out some initialisations and launches the 
two processes Card and Device. These processes consist of a loop with a non- 
deterministic choice among the different events, realised in the form of a guarded 
action. The reject event caused an exit from the loop. The verification consists 
of a liveness property such as the absence of deadlock and the unreachable code, 
the invariant and the LTL properties described into section 4.2.4. to perform 
these verifications. The user has to solve three kinds of problems: 

- the next operator encoding which is not provided by SPIN, 
- realisation of the fairness conditions, 
- a strategy between combinatory explosion and the memory used by exhaus- 

tive verification. 

SPIN uses an LTL next-free12. To cope with the unavailability of the fol- 
lowing operator,  we transform rules of the form O(p ~O q ) .  Such rules mean that  
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if p holds, q holds for the next state. This rule becomes O ( p ~ ( p  L/q)), that  is, 
if a state verifying p is reached, p holds until a state verifying q is reached. This 
latter property is not as strong as the former, but seems to us to be sufficient 
in the sense that  the following operator is often replaced with a "eventually" 
operator  after refinement. 

Some property verifications require fairness conditions amongst events and 
different cases about events. For example, a weak fairness is necessary in or- 
der that  some control dialogues do not stop a message exchange. However SPIN 
allows us to define weak fairness condition among processes but not among tran- 
sitions. There are three solutions to this problem, first, encoding fairness with 
counters to bound the number of message blocks, second, encoding it within 
Linear Temporal Logical properties, third, putting subsets of fair transitions as 
processes. We chose the first solution because it was the simplest to implement 
whereas the LTL encoding increases the complexity of verification. In addition, 
the first solution makes the rule easy to read. This technique limits the complex- 
ity graph exploration, but bounds the range of our verification to a maximum 
number of blocks. However, this limit is in an acceptable range for this example: 
if the exchange is correct for a message of 0 to 5 blocks, it is probably right for 
n blocks. 

The verification storage without fairness requirement did not cause any prob- 
lems with memory, because the accessibility graph was reasonably sized. With 
the fairness counter, the naive verification was not possible. We used two new 
compression modes in SPIN Version 3.0.0 : Collapse compression mode and BDD 
based compression. These improvements were efficient, because verifications were 
successful, although for some properties, it took approximately ten hours of com- 
putat ion with a R10000 processor and 512 MB of memory. Without compression 
the memory needed was near to 3 GB. SPIN was very efficient within a memory 
reduction but it was desirable to express the weak and strong fairness among 
transition efficiently with PROMELA. 

5.3 M i s t a k e s  d e t e c t e d  by  t h e  j o i n t  use  o f  B a n d  S P I N  

With SPIN, the verification was made in three steps: unreachable code and dead- 
lock detection, invariant verification and lastly, verification of progress proper- 
ties. 

In the first model, we detected some unreachable code and no deadlock. The 
unreachable code was eliminated by SPIN, which indicates the unreachable line 
in the specification text. B does not detect this problem because the invariant was 
fulfilled. At the second step, the whole of the invariant of the second specification 
was verified successfully. 

Another mistake was pointed out during the verification of property 3. In 
the first version it was possible to put an I-block instead of an R-block. This 
mistake had not already been detected because neither the invariant nor the 
other rules were violated. The trace provided by SPIN helped us understand 
why this property was not fulfilled. As soon as the mistake, which was located 
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in a conditional expression, was fixed, this property was verified easily in the 
operational specification. 

The verification of the response properties, expressed with next operators, 
did not cause any difficulty. On the other hand, the properties including the 
eventually operator were very time-consuming and required much memory (ten 
hours operation on an Ultrasparc). 

Using both the "atelier B" and SPIN allowed us to detect a mistake in the 
specification. This mistake was due to a bad translation of the property: "there is 
at the most one I-block waiting for the acknowledgment sent by the device or by 
the card". This was originally expressed initially with the formula: "ATC_tr=Yes 

ATD_tr=No A ATD_tr=Yes ~ ATC_tr---No" related to the use of pseudo B. 
In fact, ATD_tr was originally for "device block waiting for acknowledgment". 
Because this variable name was considered ambiguous, one of the people involved 
in the specification changed the interpretation of ATD_tr to "there is a waiting 
block". Three different people participated; one did the specification, another 
the verification using B, and the last the verification using SPIN. 

As a first step, the people who performed the verification using B modified 
events in order to achieve the proof. This way the mistake in the property above 
mentioned was carried foward to the operational specification. It is likely that  
the impossibility of performing the verification of some liveness properties with 
SPIN caused us to go back to the original specification and correct this property. 
We successfully verified this new property with B and SPIN. 

This mistake may seem to be minor but  such a mistake in interpretation 
is common in the case of cooperative work on a large problem involving many 
changes. 

5.4 S u m m a r y  of  the  verif ication 

Using the prover resulted in a very pedagogic approach since inconsistencies 
between our logical formulae and event descriptions were emphasized and such 
corrections were guided. However, we reasoned about the interpretation of for- 
mulae by steps involving the checking of formulae, events, and operations pointed 
out by proof obligations that  are not yet validated, this latter checking being 
systematic but  manual. It could be thought that  the tool guides the user. In the 
version used, it only signals that  the formula has not been proved, and that  we 
have to analyse all of the proof obligations ourselves. 

Take for example the checking of a part  of the 184 invariant induced proof 
obligations where 10 were not automatically proved. Each of these 10 proof obli- 
gations was described using two or three pages. The normalisation done by the 
prover produces an overcrowded presentation with much irrelevant information. 
As end-users, we would like to get more synthetic information identifying the 
nonproved part  of the invariant, more precisely the list of events that  made the 
prover fail. 

We could consider the prover as a guide to the actions. But this is not possible 
since the prover cannot know if this results from its own failure or if the property 
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itself is false. On the contrary, a model-checker could answer such a question, 
provided that  the generated graph is not too complex. 

Practically, using the SPIN model-checker for an invariant helped us finalise 
the specification: firstly, it tells if the invariant is not fulfilled, secondly, the SPIN 
simulator allows us to replay the scenario violating this property, tha t  is, we can 
debug the operational specification. Given this observation we suggest two ways 
to couple these two kinds of tool. Having a model-checker at the level of abstract  
da ta  model, could: 

- make information from the user complete when a proof obligation failed: he 
would know if the property is not validated or if the prover is not able to 
verify it automatically, 

- provide a scenario violating a property in order that  an "animator" can rerun 
this scenario again. 

6 C o n c l u s i o n s  a n d  P r o s p e c t s  

This full scale experiment in implementing a formal approach based on multi- 
formalism B / B T L  allows us to draw several conclusions: 

- on the cost of such an approach 
- on the real benefits of the application 
- on the difficulties associated with such an approach and the technical changes 

necessary. 

6.1 The  work involved in the specif ication 

The specification of the protocol ICC is a significant application which involves 
several hundred lines of B /LTL formalisation and more than 50 man-days of 
work (cf. table 4) on the specification by refinement. 

TASKS TIME IN MAN-DAYS 
Analysis and understanding the problem 5 
B/LTL Formalisation 15 
Checking and proof with Atelier B 15 
Representation and model-checking with SPIN 15 
Total 50 

Table 4. Time of work partition 

This phase of specification and checking took place over a period of approx- 
imately 6 months. It involved on one hand the project manager in SCHLUM- 
BERGER,  Urban Terminals and Systems division, in charge of the ICC ap- 
plication and on the other hand 4 researchers from the LIB who have a good 
knowledge of the techniques of formal B or LTL specification. 
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6.2 Benef i ts  o f  the  formal approach 

This use of the formal specification in SCHLUMBERGER gives perfect control 
of the EN 27816 standard describing the Half Duplex ICC/Device protocol. Dif- 
ferent aspects of the protocol, which are difficult and complex to understand by 
means of a normative document, have thus been specified, refined and better 
understood. For example Rule 6.1 leaves one with the impression that the 2 
mechanisms play symmetrical roles in the detection of loss of synchronisation 
whereas Rules 6.2 and 6.3 imply that only the device can produce a resynchro- 
nisation. 

Work based on this formalisation is continuing in three principal directions : 

1. Using the formal specification to check the conformity between cards from 
various sources. The idea is to record the sequences of the CC/Device com- 
munication over several transactions and to replay these scenarios through 
the animator of formal specifications. This encourages the detection of in- 
stances where the card does not respect the protocol. 

2. Checking the respect of the standard by an existing application. Schlum- 
berger's Urban Terminals and Systems Division has an application that has 
already been written in the Device group and which they would like to check 
is truly appropriate to the specification. This is in effect a process of "reverse 
engineering" in which they will abstract the source code of the application. 

3. This specification must finally act as the basis for the full development of an 
ICC/Device specification. 

6.3 H e t e r o g e n e o u s  Specif ications : Opportuni t i e s  and l imitat ions  
d e m o n s t r a t e d  by the  exper iments  

These experiments on the application show the benefits of a multi-formalism 
B/LTL approach on two levels : the power of expression and the synergy of the 
checking tools. Several rules expressed in the standard define both the static 
invariant properties and the dynamic properties of progress. Thus Rule 3 of the 
standard defines that: 

1. only the card may ask for a change in the response time (invariant), 
2. a request for modification must immediately be acknowledged by the device. 

The joint B/LTL specification allows an accuracy of expression which strength- 
ens the specification. Thus Rule 3 can be formalised in the following manner: 

1. (TD ~ (((S~+Indefl)~-~Indef)~-~WtxReq) A 
TC ~ (((S~-~IndefI)~--~Indef)~-~WtxRep)) A 

2.  ((TC=(((S~--~Indefl)~-+Indef)~--~WtxReq) A TC_tr=No A Dialogue=Active) :=~ 
O ((TD=(S~-~Indefl)~-~Indef)~-~WtxRep) A TD_tr=No) V Dialogue =Interrupt)) 

The authors' experiment is that the joint expression of the invariant and the 
progress properties facilitate the expression of the specification. All properties 
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can be taken directly into account without having recourse to tricks of represen- 
tation, as for example one is sometimes driven to do in order to express progress 
properties in B. In addition the parallel use of the checking tools Atelier B and 
SPIN allowed one to discover specification errors (cf. Section 5), which are diffi- 
cult to discover with each technique independently. Our experience is that this 
strengthens the specification and avoids the temptation to adapt the specifica- 
tion to the checking tool. One is obliged to refine the specification in order to 
detect an error, in a different but complementary manner, with the two different 
checking tools and then to correct it. The limitations of this multi-formalism ap- 
proach are related both to the theoretical aspects and to the problem of setting 
up the tools. In the approach presented here, given the limited development of 
proof techniques in LTL, we used a verification approach based on model check- 
ing. The dimensions of the problem and the machine used, (a Multi-Processor 
Power Challenge machine SGI R10000) allowed us to run exhaustively through 
the state spaces using SPIN. Nevertheless this does not represent proof, particu- 
larly taking account of the technique used to encode fairness. The other difficulty 
is related to the lack of a link between the checking tool B and the verification 
of properties in LTL. The checking process remains in parallel, which is still a 
valid process since it involves checking each property individually, but this poses 
practical problems. In particular the use of SPIN has the inconvenience that one 
must not use the abstract data model in PROMELA, i.e. without using abstract 
structures (sets, applications....) but rather classical computing data structures. 
For our application this did not create any great difficulties because of the simple 
data model used. But it represents a difficulty in the approach. 

6 . 4  F u t u r e  p r o s p e c t s  

This experiment allows one to identify future research opportunities in three 

fields : 

- in the theoretical aspects linked to the cooperation of various formalisms, 
- in the methodological aspects relating to the structuring of specifications, 
- and also in the toolkits designed to help checking. 

At the theoretical level the joint use of the B/LTL statements poses the 
question of proof and the sense to be given to the notion of refining temporal 
properties. By analogy with the incremental proofs based on refinement, we 
study the means of carrying out incremental model checking based on temporal 
refinement. 

At the methodological level, it is necessary to integrate a design approach 
which will produce a structured specification, for example from the physical 
structure of the system, and which would justify breaking it up into sub-systems 
and into events. 

As far as the toolkits are concerned, we study a model checker acting with an 
abstract data model in order to make the three functions, proof, model checking 
and animation operate together. 
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Abstract. This paper reports on the preparation of test cases using a 
prototype within the context of a formal development. It describes an 
approach to building a prototype using an example. It discusses how a 
prototype contributes to the testing activity as part of a lifecycle based 
on the use of formal methods. The results of applying the approach to 
an embedded avionics case study are also presented. 

Keywords: Prototype,  B-Method, Formal Software Lifecycle. 

1 Introduction 

This paper describes a formal development lifecycle and the practical application 
of the B-Method 1 within that  lifecycle to the production of an executable 
prototype.  The prototype is derived from an abstract specification for use in 
test case preparation. Knowledge of the B-Method is assumed when reading this 
paper. 

The prototyping approach described in this paper forms part  of a software de- 
velopment process which addresses the requirements of the UK Defence Standard 
00-55 13. It addresses the requirement that  tests generated from the executable 
prototype of a software specification are repeated on the final code. 

This work was mainly carried out as part  of the Measurable Improvement in 
Specification Techniques (MIST) 5 project and extended during the SPEC- 
TRUM project within GEC Marconi Avionics Limited (GMAv). The MIST 
project was an ESSI Application Experiment which investigated the develop- 
ment of safety-critical software using an integrated approach which combined 
formal and conventional software engineering techniques for software develop- 
ment.  SPECTRUM was an ESPRIT RTD project looking at the feasibility of 
integrating the formal methods B and VDM and the industrial benefits of such 
an integration. 
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The rest of this paper is laid out as follows. Section 2 describes a software 
development lifecycle which uses the B-Method. Section 3 details the typical test- 
ing activity carried out in a software development lifecycle. Section 4 describes 
the testing process in a formal development lifecycle. Section 5 shows how test 
cases are built based on the use of a prototype. The final sections contain results 
of building a prototype for an embedded avionics case study, a discussion, and 
conclusions. 

2 Overview of Formal Development  Lifecycle 

A formal development lifecycle (shown in figure 1), which would be used to de- 
velop critical functions of embedded avionics systems within GMAv, starts with 
a set of requirements written in an informal but structured notation. The B- 
Method is used to re-specify these requirements and produce a formal abstract 
specification written in Abstract Machine Notation (AMN) to provide an oper- 
ational description of the software. This includes a description of all the inputs 
and outputs of the system and all the critical functions that will be provided by 
the formally developed software. Some of the lower level implementation details 
are not included at this abstract level. 

The abstract specification is animated, formally proved consistent and, typi- 
cally, reviewed by an independent verification and validation team. The abstract 
specification contains enough detail to continue development along two inde- 
pendent parallel paths. The abstract specification may contain some limited 
non-determinism. The issues arising from prototyping non-deterministic specifi- 
cations are discussed in section 7. 

Both parallel development paths produce executable code. The main devel- 
opment is the formal refinement process which leads to an AMN implementation 
that is currently hand translated into Ada code. Ada is the preferred program- 
ming language for safety-critical software. 

In the refinement there are a number of intermediate levels where algorithms 
and data types are expanded by adding more detail. This design process is 
discussed in 7 and 8. The Ada code is verified by review and tested using 
test cases that are generated using the prototype, as described in section 4. 

The secondary development path involves the production of a prototype and 
the automatic generation of C code which can be executed to produce test cases 
which are applied to the Ada code. The efficiency of the C code of the executable 
prototype is not a concern because it is not used in the final system. 

3 Testing in a Conventional Software Development  
Lifecycle 

In a software development lifecycle the testing process can be broken into 4 
stages; Test Planning, Test Case Preparation, Test Performance and Test Output 
Review. 



295 

. ~ (  Requirements ~ ~ Test Inputs 1 f ,  Validation ~ "  ~. 
, 

I RevieW, "~ . . . .  - -  - " - -  1 

" - - ~ A M N A b s t r a c t f : , - ~  I .... ~ Animation  I 
, " -  ~ ,  Specification I 

! I x 

Formall | " ,,  
Proof 1~ | " I ? ". V 

( 1 f J , , ,  Refinement(s) Prototype. I 

I 

Formal,' , I 
| r" 

Proof ~ ~/ 
, ,  ~ I ( 

".--~Implementation I I Test Cases 

I Ip - 

,o 

L_ I~ J " " 
| ~ 1 7 6  

Review and ~ . - " "  
Static Analysis - - .-- . . . o - -  

Code 
Key: 

Automatic 

J 

Mixed - - 
Manual > 

Fig. 1. Formal Development Lifecycle 

Test planning is the process of identifying and documenting the required 
tests for a software system. In software testing there are three levels; Software 
Unit Testing, Software Integration Testing and Hardware/Software Integration 
Testing. 

The levels of testing are illustrated in figure 2, which shows the scope of each 
level in terms of the code objects being tested and their relationship with the 
design or requirement target. 

Software Unit Testing (SUT) tests each individual software module against 
the low level requirements for that module specified in the software detailed 
design. 

Software Integration Testing (SIT) test groups of integrated modules which 
implement a specific function described in the top level design. The main aim is 
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Fig. 2. Levels of Software Testing 

to demonstrate that the modules work together correctly with respect to data 
flow and end-to-end correctness. 

Hardware/Software Integration testing (HSIT) tests the fully integrated soft- 
ware within the target environment. It tests the software against the external 
interfaces and functionality described in the software requirements. It may also 
test individual interface modules as a addition to the basic unit tests. 

The test environment for each level of testing (host or target) is also doc- 
umented during test planning. In addition to deciding what functionality will 
be tested, test coverage measurements are defined that must be achieved during 
testing of each level. This will provide some assurance of the quality of the soft- 
ware in certification and provide evidence that the software has been exercised 
thoroughly. 

These measurements fall into two groups based on functional (black box) and 
structural (white box) testing 12. For example, during Software Unit Testing 
the minimum functional measurement would be that each function or procedure 
is tested at least once. More stringent requirements would be that each parameter 
of a procedure or function is is tested with a range of values. For numeric values 
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there would need to be a test case for the minimum, maximum, intermediate and 
out of bound values. Measurements based on structural testing would consider 
which statements have been exercised and which branches have been traversed. 
In addition to traversing each branch of a conditional statement it may also be 
necessary to achieve a decision coverage measurement which ensures that every 
boolean value is combined in all the different combinations at least once. 

During Software Integration Testing it is expected that the functional test 
coverage measurement will ensure that combined functions and procedures are 
being called rather than individual functions and procedures. Furthermore the 
structural measurement will ensure that all the lower level procedures and func- 
tions have been called. 

Test case preparation is the next stage in the testing process. In this stage, 
test case inputs are selected and expected outputs (or a range of acceptable 
outputs)are identified. The test cases are validated to ensure that the functional 
coverage metrics have been met. 

The test performance stage is the process of applying the test inputs to 
the software and recording the generated outputs. Tools support the test per- 
formance process by automatically applying the test and recording the results, 
usually by generating a test harness. Tools can also generate stubs for lower level 
modules to allow higher level modules to be tested before they are integrated. 

The final stage in the testing process is the test output review. This checks 
that the generated outputs are equivalent to the expected outputs and that 
the structural coverage metrics have been satisfied. Tools can help the output 
review process by automatically comparing the actual and expected output and 
by calculating the coverage metrics. 

4 T e s t i n g  in  a F o r m a l  D e v e l o p m e n t  L i f e c y c l e  

If the software has been developed using the B-Method then it is possible to use 
the formality of the top level specification and the automatic features of the B- 
Toolkit to assist in the test case preparation of the testing process. A prototype 
is built, as shown in section 5, and is used in the following three phases 14. 

Firstly, the abstract specification is analysed in order to identify all the be- 
haviours to be tested. At present it is done manually but tools are being devel- 
oped which will automate the process for B and Z 9. Once the behaviours have 
been identified, input values are chosen which will exercise these behaviours. 
Boundary value analysis and equivalence partitioning are used to choose these 
inputs. The inputs for the different behaviours are combined using a cross prod- 
uct to give a large set of test inputs. In order for the executable prototype to run 
with the test inputs they are translated into a suitable format. The prototype 
has a simple menu driven interface, offering the system operations. The inputs 
are extracted from the input list and written into a text file with the appropriate 
operation calls inserted where required. This formatting is currently performed 
with ML 16 but could be done with any suitable tool. 
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The executable prototype is run with the test inputs and the resulting outputs 
are stored in a file. The  combination of test inputs and expected outputs gives 
a large suite of test cases. 

The second phase is the refinement of the test cases into a format that  is 
suitable for use on the Ada code. All the values used in the test cases are ab- 
stract representations which must be converted into concrete form to match the 
interface to the final Ada code using ML. Most of the conversions are simple 
mappings but some will require complex calculations. For example, an input 
might be modelled as an enumerated set at the abstract level and refined into 
a sequence of booleans representing hardware registers at the Ada code level. 
The result of test case refinement is a test description file which describes the 
concrete test cases in a format that  is suitable for use by the test case application 
tools. 

The last phase is the execution of the Ada code with the test cases. This 
phase is supported by test application tools, such as AdaTest and TestMate. 
These tools generate test harnesses and test stubs, as well as applying the test, 
recording and comparing the actual and expected results. Any test failures are 
reviewed to see whether they were caused by an error in the main development 
path or an error in the test case generation. Coverage analysis is also carried out 
to confirm that  all the functionality of the Ada code has been exercised. 

The test cases generated using the prototype contribute to the functional 
testing of all the levels of testing described in section 3. Test cases which exercise 
the abstract inputs and outputs of the top level functions of the specification 
will form part  of Hardware/Software Integration Testing. The tests of the top 
level functions which call lower level functions contribute to Software Integration 
Testing. Testing of the lower level functions will be used in Software Unit Testing. 

The test cases are derived from examining the structure of the formal speci- 
fication, therefore the functional coverage measurement of the unit tests and the 
structural coverage of the software integration tests are expected to be high. It 
is also anticipated that ,  since there are a large number of tests produced, the 
structural coverage of unit testing will also be high. However, not all the re- 
quirements of the system are necessarily embodied in the executable prototype 
because it is derived from an abstract specification. The abstract specification 
contains only what is required to describe the safety functions and properties 
of the software in the system. This obviously affects the coverage metrics that  
can be achieved during testing. It may be necessary to consider an incremental 
development of the prototype to cover the new functionality introduced during 
the refinement process. Alternatively, additional tests can be added manually. 

5 E x a m p l e  P r o t o t y p e  

This section uses a small example to illustrate the process of building a proto- 
type using Version 4 Beta  Release of the BToolkit 2. The input to the process 
is an AMN abstract specification which is a formal description of the function- 
ality of the system. A prototype M A C H I N E  and I M P L E M E N T A T I O N  
are manually written based on the abstract specification, as shown in figure 3. 
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This effectively provides a test harness for the specification. The automatic cod- 
ing features of the Base Generator are used to generate all the MACHINEs  
which support the prototype I M P L E M E N T A T I O N  3. The I M P L E M E N -  
TATION together with its IMPORTed MACHINES form one development 
layer and capture all the functionality of the system. Once the I M P L E M E N -  
TATION is written, the Interface generator is used to provide a menu-driven 
interface which allows testing of the OPERATIONS in the prototype. This 
example only discusses those parts of the process which requires human inter- 
vention. 

The example used is a simple, embedded system. The software receives input 
commands from one hardware interface, validates them and stores the input 
commands which are used by the main functions of the software. This is typical 
functionality of embedded safety-critical systems where inputs are received from 
the system and used by the embedded software. 

( 
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(DescB:teion  

Base 
Generation 
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I Prototype  
Implementation J 
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Automatic ..... 
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Fig. 3. Prototyping Lifecycle 
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5.1 A b s t r a c t  S p e c i f i c a t i o n  

In the abstract  specification the states of a system are represented as V A R I -  
A B L E S  in M A C H I N E s .  These variables have a type and an initial state. For 
example,  in figure 4 the variables corn and checkeorn which represent par t  of the 
s tate  of the system have the type subset of C O M M A N D  and are initialised to 
the empty  set. 

Operat ions which manipula te  and query the state are also defined in a M A -  
C H I N E .  In the example  there are three operations; the load operat ion which 
takes commands  as inputs (via the parameter  inputcorns)  and assigns them to 
the state variable corn, the get operation which provides a query to retrieve the 

M A C H I N E  
Abstract  

SETS 
C O M M A N D  = { corn1 , corn2 , corn3 } 

C O N S T A N T S  
specialComrnands 

P R O P E R T I E S  
speciaiCommands = { coral , corn2 } 

V A R I A B L E S  
c0rn 
checkcorn 

I N V A R I A N T  
corn C C O M M A N D  A 
checkcorn C C O M M A N D  

I N I T I A L I S A T I O N  

c o r n  : =  ~ II 
checkcom := 0 

O P E R A T I O N S  
LoadCom ( inputcoms ) 

P R E  
inputcorns C C O M M A N D  

T H E N  
corn := inputcorns 

E N D  ; 
UpdateCheckCorn ~- 

B E G I N  
checkcorn := checkcom N specialCornmands U corn 

E N D  ; 
outcorn +--- GetCheckCom 

B E G I N  
outcorn := checkcom 

E N D  
E N D  

Fig. 4. Example Abstract Machine 
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validated state checkcom and the update operation which provides a validation 
function which updates the validated state. 

The validation function makes use of the constant specialCommands. The 
constant is defined in the C O N S T A N T S  clause and the explicit property of this 
constant is included in a P R O P E R T I E S  clause. In some instances properties 
of the declared constants may  still be abstract. However, all constants must have 
explicit properties in order to write a prototype I M P L E M E N T A T I O N .  The 
structuring mechanisms provided by the B-Toolkit support  the adding of these 
explicit properties during the prototyping process. This separation of concerns 
provides a way of clearly identifying the extra detail added during prototyping. 

5.2 P r o t o t y p e  Specification 

The purpose of the prototype M A C H I N E  is to capture the functionality of the 
system so that  it can be exercised using a menu-driven interface and to remove 
non-determinism in the abstract specification. This example is deterministic and 
therefore concentrates on providing a suitable reference basis for test case gen- 
eration. 

The prototype M A C H I N E  is built on top of the abstract specification using 
the I N C L U D E S  clause. This means that  the prototype M A C H I N E  inherits 
all the state (corn and checkcom) and can use all the O P E R A T I O N S  of the 
abstract specification. 

O P E R A T I O N S  which do not have any input or output  arguments can 
simply be promoted into this new specification M A C H I N E  as shown by Up- 
dateCheckCom in figure 5. However, O P E R A T I O N S  with abstract inputs and 
outputs need to be handled differently. These O P E R A T I O N S  are replaced by 
new O P E R A T I O N S .  The new O P E R A T I O N S  simply define a new interface 
but the information content will be the same. This is necessary so that  inputting 
and outputt ing of parameter  values can be implemented in the body of these 
new O P E R A T I O N S  using the support of the automatic  coding features of the 
BToolkit. 

For example, in the abstract specification there is an O P E R A T I O N  which 
loads commands, LoadCom, and assigns the input argument inputcoms to the 
state variable com. In the prototype specification, Proto, the operation is re- 
placed with PLoadCom. The body of the specification indicates how the state 
of the system changes; a set of the correct type is assigned to the state corn 
via a call to LoadCom. This clearly shows that  the effect on the system is the 
same whether LoadCom or PLoadCom is called. However, the interface to the 
PLoadCom O P E R A T I O N  makes it possible to write an implementation which 
allows the user to input each element of the set interactively using the menu- 
driven interface. 

Another O P E R A T I O N  which illustrates this interface refinement is the 
query O P E R A T I O N  PGetCheckCom. The purpose of this O P E R A T I O N  is 
to output  the value of the state checkcom. Notice that  the specification for this 
new output  O P E R A T I O N  is different to PLoadCom. PGetCheckCom does not 
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M A C H I N E  
Proto 

I N C L U D E S  
Abstract 

P R O M O T E S  
UpdateCheckCom 

O P E R A T I O N S  
PLoadCom ~- 

A N Y  coraset W H E R E  
comset C COMMAND 
LoadCom ( comset ) 

END ; 
PGetCheckCom ~-- 

B E G I N  
skip 

E N D  ; 
PGetCom ~- 

B E G I N  
skip 

E N D  

E N D  

T H E N  

Fig. 5. Example Prototype Specification Machine 

change the state checkcom and so the function skip was used in the body of the 
specification to indicate that  the value of the variable does not change. 

The prototype specification also provides new O P E R A T I O N S  so that  all 
the state variables in the system can be set and retrieved. This is important  
during test case generation because the system must be put into a specific state 
before running the test scenario. Thus in this example the prototype specifies 
an additional access O P E R A T I O N S  for the state variable corn, P G e t C o m .  

5 .3  B a s e  G e n e r a t i o n  

The state of the prototype system defined in the specification must be completely 
encapsulated in the prototype I M P L E M E N T A T I O N  to allow a direct trans- 
lation into C source code. The example needs to encapsulate the state variables, 
corn and checkcom. The state is not of simple types such as naturals, strings or 
booleans and so the Base Generator is used to build appropriate encapsulating 
structures for these sets. 

The Base Generator takes as its input a description of the structure of the 
state it captures. Figure 6 shows declarative statements for cmd  and checkcmd. 

The identifiers are of the same set type, COM, with a maximum size of three 
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elements. The identifiers must be different from the state variables but a link 
between the commands will be established in an I N V A R I A N T  when the pro- 
totype I M P L E M E N T A T I O N  is written in section 5.4. 

The Base Generator uses this description to build a system M A C H I N E  con- 
taining a collection of O P E R A T I O N S  which form a basic instruction set that  
can be used to manipulate the cmd  and checkcmd data  structures. For example, 
an O P E R A T I O N  add_cmd with one input argument will add a command to 
the set cmd. The O P E R A T I O N  returns a boolean value indicating whether the 
command element has been added to the set cmd  successfully. These instruction 
sets are used to implement O P E R A T I O N S  in the prototype I M P L E M E N -  
T A T I O N .  

Sets and sequences which are C O N S T A N T S  also need to be encapsulated 
using base generation. Thus the declarative statement for the identifier special- 
cmd, in figure 6, is used to encapsulate the structure of the constant set special- 
Commands  in the example. Again a link will be provided between the identifier 
and the constant in the I N V A R I A N T  of the prototype I M P L E M E N T A -  
T I O N .  

S Y S T E M  
ProtoBase 

S U P P O R T S  
Proto_l 

IS 
G L O B A L  

cmd E SET ( C O M  )  3  ; 
check.cmd E SET ( COM )  3  ; 
specialcmd E SET ( COM )  3  

END 
END 

Fig. 6. Example Prototype Base Description 

5.4 Prototype  Implementat ion 

The final manual stage in producing the prototype is to make use of the M A -  
C H I N E s  generated from the system building block in the prototype I M P L E -  
M E N T A T I O N .  

The I M P L E M E N T A T I O N  is written in a restricted subset of AMN. It 
contains constructs which are familiar to programmers, such as IF  T H E N  
E L S E  and C A S E  statements. 

In order to produce code, all the state of the system must be encapsulated in 
instantiations of library M A C H I N E s  or M A C H I N E s  produced during base 
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generation using the I M P O R T S  clause, as shown in figure 7. When importing 
the system M A C H I N E  (ProtoBase) the abstract enumerated set COMMAND 
is passed as a parameter. This is matched with the formal parameter COM in the 
generated system M A C H I N E  which is derived from the set name used in the 
system declarative statements in figure 6. A basic_io M A C H I N E  is also IM- 
P O R T e d  so that input and output facility provided by the system M A C H I N E  
can be used. 

The I N V A R I A N T  clause in the I M P L E M E N T A T I O N  allows the defi- 
nition of relationships between the abstract and concrete state. For example, in 
figure 7 the set variable cmd in the system M A C H I N E  is connected with the 
variable corn in the abstract specification. 

In a M A C H I N E ,  sets are declared in the S E T S  clause, constants are 
declared in a C O N S T A N T S  clause and their properties are defined in the 
P R O P E R T I E S  clause. In an I M P L E M E N T A T I O N ,  constants and sets are 
captured in a Base description. When the generated system M A C H I N E  is 
I M P O R T e d  these constants and sets are not initialised. The I N I T I A L I S A -  
T I O N  clause contains O P E R A T I O N S  to fill the sets with their enumerated 
elements and provide constants with the appropriate values. For example, crad 
is initialised to the empty set using the operation clear_cmd. Any temporary 
storage declared in the system M A C H I N E  is not initialised until it is used. 

The style adopted in a prototype I M P L E M E N T A T I O N  is important. The 
structure of the clauses should remain as close to the original specification as pos- 
sible to aid manual verification by review. For example, in a parallel composition 
of two O P E R A T I O N S  their sequential implementation should have the same 
order as that of the specification. This is illustrated by the I N I T I A L I S A T I O N  
clauses of figure 4 and figure 7. 

Prototype O P E R A T I O N S  which are specified using a parallel composi- 
tion of O P E R A T I O N S  are implemented as one O P E R A T I O N  containing 
the combined functionality. This tends to lead to a very large fiat implementa- 
tion. However, provided the code is commented clearly it is easy to identify the 
O P E R A T I O N  boundaries and provide traceability back to the abstract spec- 
ification. This aids the process of manually verifying the low level AMN against 
the specification. 

The O P E R A T I O N S  used to load and retrieve the state make use of the 
read_cmd, write_cmd and write_checkcmd from the system M A C H I N E  to han- 
dle the inputting and outputting of sets automatically. Notice outbool is simply 
a report boolean indicating success or failure of the operation which is called. 

5.5 Interface G e n e r a t i o n  and  Code  

Once all the supporting constructs have been generated and the prototype MA- 
C H I N E  and I M P L E M E N T A T I O N  have been analysed, code generation is 
an entirely automatic and straightforward process. An Interface description is 
introduced which contains all the O P E R A T I O N S  from the prototype. This list 
of O P E R A T I O N S  is reviewed and any that are not needed can be removed. 
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I M P L E M E N T A T I O N  P r o t o I  

R E F I N E S  
Pro to  

SEES 
B o o L T Y P E  , S c a l a r _ T Y P E  , S t r i n g _ T Y P E  

I M P O R T S  
P r o t o B a s e  ( C O M M A N D  ) , basic_io 

I N V A R I A N T  
corn = crnd A checkeorn = cheekcrnd A spec ia lCornmands  = specialcrnd 

I N I T I A L I S A T I O N  
VAR outbool IN 

clear_cmd ; e lear_eheckcmd ; elear_specialernd ; 
outbool  ~ - -  add_specialcrnd ( eornl  ) ; 
outbool ( add_speeialernd ( corn2 ) 

E N D  

O P E R A T I O N S  
PLoadCorn  -~ 

VAR outbool IN 
clear_cmd ; 
outbool ~ read_crnd 

E N D  ; 
P G e t C h e c k C o m  -~ 

wri te_checkcrnd ; 

P G e t C o m  
wr i t e_cmd  ; 

UpdateCheckCorn  -~ 
VAR spec , cc , outbool IN  

spec 6 - -  val_specialcmd ; 
in ter_checkcrnd ( spec ) ; 
cc 6--- val_cmd ; 
outbool  e--- un ion_checkcmd  ( cc ) 

E N D  
E N D  

Fig. 7. Example Prototype Implementation Machine 
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The Interface Generator is used to build the interface M A C H I N E s  and auto- 
matically carry out all the code translation and linking to provide an executable 
prototype in C code. 

6 R e s u l t s  

The main aim of the MIST project was to apply the B-Method to a Case Study 
and to compare this with a parallel development of the same system using a 
conventional software development process 6. This allowed the B-Method to be 
evaluated and procedures to be developed which can be used on future avionics 
projects within GEC Marconi Avionics Limited. 

The Case Study used for the MIST project addressed part of the software 
controlling a Station Unit on a military aircraft. The Station Unit holds one 
store (e.g. a fuel tank or missile). The Station Unit receives commands from a 
central armament control unit. These commands can order a store to be armed 
or released, or the Station Unit to perform tests on itself. Before reacting to any 
commands, the Station Unit checks that the message containing the command 
is valid by performing a number of data encoding checks. The Case Study was 
restricted to the main control and function of the Station Unit. It did not include 
the tests performed continuously, on power-up or on demand, nor any of the 
minor functions performed by the software. The Case Study covers 36% of the 
total software for a Station Unit. 

This section summarises a testing comparison for the main control of the 
Station Unit (about 9% of the total software). The effort required to code, unit 
and integration test these functions using the formal approach was 78% of the 
effort taken using the standard approach. This reduced effort later in the devel- 
opment lifecycle compensates for the greater effort needed in the requirements 
and specification phases early in a formal lifecycle. 

The effort taken to write tests for these critical functions using the formal 
approach was 12 man weeks. This included 3 man weeks for writing the proto- 
type which could be considered as part of the validation effort for the abstract 
specification. The effort expended on writing the tests using the conventional ap- 
proach was only 9 man weeks. However the number of tests that were produced 
using the formal approach was significantly more than the number developed 
manually, in the order of 40 times more tests. It has already been stated that 
100% coverage of statement, branch and LCSAJ (Linear Code Sequence and 
Jump) may not be achieved for all operations using tests based on the prototype 
due to the level of abstraction in the abstract specification. However, the con- 
ventional approach achieved lower coverage than the formal approach. It would 
not be impossible to write the tests needed to achieve the same level of coverage 
but it would increase the effort required. The highly automated nature of the 
formal test case generation means that no more effort is needed to produce large 
combinations of tests. It is also felt that the formally produced tests would be 
more robust in terms of coverage against minor changes to the Ada code. 
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The formal development lifecycle is based on an integrated verification ap- 
proach 10 where each step in the specification and refinement process is verified. 
Given the high degree of verification it was expected that errors introduced dur- 
ing specification and refinement would also be found early in the lifecycle. This 
means that any errors found during testing would mostly be due to errors in 
coding. For example, figure 8 shows where the errors were introduced and de- 
tected during the formal development of the critical functions of the case study. 
As was expected most of the errors were detected by the verification and vali- 
dation processes. The two errors detected during testing were introduced when 
translating the AMN design into Ada code. 

Specifi, 

I Spec 
Spec 

Spec 

Refiner 
I Ref P 

Ref I~ 
Code T 

I Code 

SPAF 

Test 
Formal Development 

\ 
Requirement~ 

O~ 

Unit Test ~ 

SPARK 

Integration / 

Conventional Development 

Fig. 8. Errors in Developments 

A fault grid 4 was also produced for the same critical functions which were 
developed using conventional development methods, shown in figure 8. It shows 
that most of the errors were found during testing. For example, seven errors were 
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found during unit test which were introduced during the design phase. It is clear 
that  the conventional development lifecycle detects many more errors later in 
the lifecycle which means that  the cost of re-work is relatively high. 

7 Discussion 

The example in section 5 showed that  prototyping deterministic specifications 
is not difficult. However, there are further issues involved in prototyping non- 
deterministic specifications. 

A prototype I M P L E M E N T A T I O N  cannot contain any non-determinism 
which means that  non-determinism present in an abstract specification must be 
resolved during its implementation. There are two main problems with resolv- 
ing the non-determinism. The first problem occurs when the abstract specifica- 
tion contains an error. It is hoped that the review of the abstract specification 
against the requirements and its validation using animation would capture the 
error. However, if the error is undetected it gives rise to the following scenario. 
The prototype could resolve the non-determinism to exhibit the valid behaviour 
of the system whereas the main development is refined to an implementation 
which contains the erroneous behaviour. This would be a real error in the final 
system. Conversely, if the implementation of the final system described the valid 
behaviour the prototype would be invalid and the test cases faulty. 

The second problem arises when the abstract specification contains non- 
determinism where the prototype resolves the non-determinism one way and 
the implementation of the system resolves it the other way. This would provide 
spurious errors in testing. 

The style of specification adopted within GMAv is to restrict the non-determinism 
in the specification and to resolve it as early as possible in order to control both 
the problems that  could arise. In the abstract specifications the only place where 
non-determinism could occur is in the I N I T I A L I S A T I O N  of the specification 
or through under-specification in the definitions of a constant function. 

In practice, a non-deterministic I N I T I A L I S A T I O N  is not a concern be- 
cause of the way the system will be used. It is assumed that  there is no control 
over the initial state of the system and so the style used to model the initial 
system state is with a non-deterministic A N Y  clause. It is always the case that  
in large systems there will be an O P E R A T I O N  to reset all the state variables 
to a safe state. This O P E R A T I O N  will always be invoked after powering up 
the system. Thus the system will never depend on the I N I T I A L I S A T I O N  of 
the M A C H I N E .  

The following C O N S T A N T  function, checkfun, illustrates how non-determinism 
is resolved for under-specified functions. 

checkfun E I~ ( COMMAND ) x CHECKDATA --+ BOOL 

Checkfun takes two inputs of a power set of type COMMAND and CHECK- 
DATA. In the abstract specification the set COMMAND is enumerated but 
CHECKDATA is under-specified and remains abstract. This is because it will 
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be refined to several different inputs but the details are unimportant in the 
abstract specification. 

Before the prototyping process can begin the non-determinism must be re- 
solved. Thus the prototyping specification would include an enumeration for 
CHECKDATA by introducing another enumerated set of good and bad elements 
and stating in the P R O P E R T I E S  clause that this set is equivalent to CHECK- 
DATA. It would also include a property resolving the non-deterministic function. 
For example, 

V ss . ( ss  E ~ ( C O M M A N D  ) ::~ check fun  ( ss  , good ) = T R U E  ) A 
V s s .  ( ss  E IP ( C O M M A N D  ) ::~ check fun  ( ss , bad ) = F A L S E  ) 

It would have been possible to include this detail in the abstract specification 
but this would have introduced too much unnecessary detail. It would also have 
involved writing a more complex refinement relation in the main development 
which would increase the proof effort. However, by excluding it there is a danger 
of resolving the non-determinism in a different way in the prototype and in the 
main development. Thus the test cases produced from the prototype would not 
be appropriate for application to final Ada code. 

Nevertheless, the way the non-determinism was resolved still retained the 
shape of the function. The barest minimum of detail was introduced to make 
it deterministic and implementable so that when the test cases are refined from 
abstract to concrete values they could still be refined to be compatible with 
the final code. There is no explicit refinement relation between the prototype 
and the refinement specification in the main development, the relationships are 
embedded into the ML which performs the conversion from abstract to concrete 
test cases. 

One alternative solution would be to produce a set of possible outputs for 
each case of non-determinism in the specification. Even in this situation the 
prototype would still have to define all the abstract sets in order to be able 
to build the prototype. Producing sets of outputs would add an extra level of 
complexity when building the prototype and is a topic for further research. 

The prototyping aims to be a fast process as shown by the results of the 
Case Study. This was made possible by building the prototype as one develop- 
ment layer and using B-toolkit library M A C H I N E s .  A layered design approach 
was not adopted. However, in very large systems the prototype I M P L E M E N -  
T A T I O N  would simply be too large to control as one entity. In such cases a 
layered development approach would be necessary but the principles of resolving 
the non-determinism early would still apply. 

In this paper an executable prototype has been used in the testing process. It 
could also be used to provide preliminary validation of the formal specification 
which is another requirement of the Defence Standard 00-55. In the lifecycle 
described in section 2 preliminary validation of the specification, to identify 
errors in expected behaviour against the informal requirements, was carried out 
using the animation facility of the B-Toolkit. 

The Ada code produced from a formal development may not be the code for 
the whole system. Other functions may have been developed using a conventional 
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development lifecycle. Thus all the Ada code would be integrated together to 
provide the source code for the complete system. The test cases produced for 
the formally developed code would still be valid and would form almost all the 
test cases needed to test these formally developed software functions. The only 
additional tests, developed using conventional testing methods, would be ones 
needed to achieve the required structural coverage metrics. 

8 Conclusions 

This paper described an integrated approach to formal software development 
and focused on a testing process based on the use of a prototype. The approach 
to prototyping using the automatic code generation features of the B-Toolkit 
enabled a prototype to be produced rapidly from a formal specification. Tests 
were generated using this prototype taking no significantly greater effort than 
the equivalent tests produced using the conventional approach but provided a 
much higher number of tests and a higher test coverage. 

The formal development lifecycle has been tested on a large Case Study which 
captured all the safety critical functions of a typical avionics system. When a 
formal approach is used within the development of systems less effort will be 
required during testing. 
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A new line of metro is Paris is going to open in August 1998. This line,
operated by RATP, is equipped with the MÉTÉOR system, which enables fully
automatic driverless trains as well as conventional trains. The safety critical
software of the MÉTÉOR system was formally developed in 1996-1997 using the
B method by Matra Transport International. The development includes :

– abstract models of the software components;
– refinement design to concrete models;
– automatic translation into Ada code.

The total size of the models is about 100.000 lines of B (excluding the com-
ments and the empty lines); the total size of the software is about 87.000 lines
of Ada code.

The validation includes :

– formal proof (up to 100%) of the proof obligations of the method (about
28.000 lemmas);

– proof of the mathematical rules added to discharge the proof of the lemmas
(about 1.400 rules, 900 of which are automatically proved);

– a safety process to protect against errors in the translation to code.

The talk will emphasis on key points which led to the success, in particular:

– how the work had to be redefined for the development and validation teams
at Matra Transport International and for the validation team at RATP;

– the method was enriched with a set of guidelines books (how to build the
abstract models, how to refine to concrete models, how to prove, how to
document models, etc.);

– the Atelier B was strenghthened to deal with very large models.

The talk will evaluate the use of a formal method for a large project in an
industrial context.
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c© Springer-Verlag Berlin Heidelberg 1998



Cost Effectiveness of Formal Methods in the
Development of Avionics Systems at
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aerospatiale has been using formal methods since the early 80’s to develop
part of the embedded systems, and more specifically most of the avionics systems.
During the last two decades, such an approach has demonstrated significant cost
savings. This paper presents some aspect of this approach and focuses more
precisely on the way it has helped in reducing embedded systems development
and maintenance costs.

This first section of this paper is devoted to a general description of the
overall context and it gives same elements of history. Basically this section is
focused on the tool scade and its predecessors (sao) which implements the
main, though not only, formal method used at aerospatiale.

In this section the reader will see that the first driver to introduce formal
methods was to allow all the people involved in system development, to com-
municate. That was in the early 80’s and was in itself the first cost reduction in
reducing the number of mis understandings, re-design to more generally speak-
ing design iterations. In fact this was a formalisation of a basic engineering
language. This formalised language was finally named sao which stands for the
French translation of ”Computer Aided Specification”.

The next step in cost saving was achieved in the early 90’s with the general-
ization of automatic coding and the simulation of the specifications themselves.

This improvement in the approach induced three main benefits :

– firstly, an appreciable shortening of the modification cycle which can be, in
same cases, as short as one week and even less, between the identification of
a need-to-modify and its flying-solution, compared to some weeks before.

– secondly, a significant reduction of the number of iterations to tune the
specification by simulating it : the sometimes needed iterations are performed
by the designer himself and so he produces a ”good specification” the very
first time, which is then coded and embedded. This is what can be found in
the litterature as the ”Y life cycle” instead of the ”V life cycle”.

– thirdly, a significant reduction of the unit testing (of the embedded code)
thanks to the qualification of the code generators. This has induced a cost
reduction by a factor of 2 and more.
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The second section summarizes the benefits aerospatiale have found in us-
ing SAO first and now scade and constitutes an attempt to synthesize the prop-
erties and characteristics which make a formal method efficient (at aerospa-
tiale).

In this second section the cost aspects are emphasized instead of safety as-
pects. Indeed when speaking about formal methods one generally thinks of proof
techniques in order to ensure ”a complete and exhaustive” validation. It is ob-
vious that these techniques, when applicable are useful, but it is a fact that
aircrafts (Airbus A320, A340, for example) have already been certified, and are
now flying safely every day, thanks to classical techniques such as RAMS anal-
ysis, ground tests, flight tests, ... So, the benefits of formal methods are not
related to safety. The point is that such methods allow :

– better communication between the people involved in the development pro-
cess provided that these people do agree to use the language (almost) as nat-
urally as their mother language. Indeed, as far as engineers are concerned,
an engineering language is accepted, and as far as automatic subjects are
addressed, block diagrams are certainly good candidates.

– automatic code generation and so simulation capability. Moreover, a “high
fidelity” simulation of the specification can be achieved provided the seman-
tics of the language are completely defined and broadcasted.

– qualified code generation provided the code generator is simple enough. Of
course this last point is certainly not easy to achieve and generally needs
pure mathematical research. Obviously the ”synchronous” theory has been
a definitely significant step towards the simplicity of the languages and the
associated code generators.

The third section summarises some aspects of formal methods, which have
not been extensively used yet but which are likely to induce extra cost reduction,
namely proof techniques.

Indeed, proof techniques are alternate techniques for validating specifications.
Of course the current state of the art will not allow the use of such techniques
on the overall system specification because of its size, and even if this could be
done it may not be of major interest because of some reasons detailed in this 3rd
section. Nevertheless proof techniques are definitely of great interest because :

– they can be applied statically on the specification itself which means very
early in the design process.

– when they are applicable, and within their intrinsic limits, they provide
exhaustive results.

– finally, these techniques generally produce counter examples in the case of
nogo results and they may produce test cases to be executed on benches
which allow a better confidence in the result of the proof in itself.

As a conclusion it is recalled that formal methods have been demonstrated to
be cost effective at aerospatiale, especially sao and now scade. In addition
same extra cost saving is expected, thanks to the industrial maturity of proof
techniques.
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Abstract. B is a language with a three-valued semantics: terms like
min(∅) or 1/0 are ill-defined, consequently formulas containing ill-defined
terms may also be ill-defined. Therefore the deduction system we use to
discharge the proof obligations should be constructed from a three-valued
logic. In this paper, we introduce a deduction system that allows to rea-
son in a two-valued logic if new proof obligations called well-definedness
lemmas are also proved. We define this deduction s ystem and the new
proof obligations that ensure the well-definedness of B components. The
practical benefits on the proof mechanisms are then outlined.

1 Introduction

Most of the time, in mathematics, we are not interested in reasoning about
meaningless expressions1. If a division by 0 occurs in a demonstration, we usually
consider it to be faulty and skip the demonstration. In computer science, the
situation is more intricate for, at least, two reasons:

– in the domain of the semantics of programming languages, since meaningless
expressions (such as 1/0) cannot be forbidden by the syntax of programs, a
specific denotation has to be introduced to modelize these expressions;

– if one uses a software tool to reason about pieces of program or specification
which may include meaningless expressions, the tool has to handle such
expressions.

But how to deal with meaningless expressions? In particular, what is the
truth-value of a predicate including meaningless expressions? Is 1/0 = 1/0 really
true? What about 1/0 < 2/0?) One way to tackle this problem is to introduce a
third value, besides true and false, to denote a predicate for which you don’t know
whether it is true or false, and to extend the logic to reason about specifications
1 Such expressions appear as soon as a partial operator or function is used out of its

domain, e.g. 1/0.
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and programs with meaningless expressions. The Logic for Partial Functions of
VDM is an example of a three-valued logic.

For the developer, the drawback of this type of approach is to complicate
the proofs with a logic that may appear unnatural (in particular the deduction
rule and the law of the excluded middle do not hold in LPF; in other three-
valued logics, conjunction and disjunction are not commutative). We are all the
more concerned with this problem as, in our industrial context, we cannot ask
developers to be expert in sophisticated mathematics.

The alternative approach we have experimented and formalized at Matra
Transport International for several years is quite different. The idea is: before
proving any other property on a formal model, first make sure that the model is
well-defined (free from meaningless expressions). This is achieved, in the context
of the B method, by producing well-definedness lemmas from the models; these
lemmas are proved in the usual two-valued set theory logic with a restriction: you
may only introduce well-defined expressions during proofs (when a hypothesis is
added and when a quantifier is instantiated).

In other words, in the chain of validation of formal models, we add a step
before the classic proof obligations: the well-definedness of models.

validation step technique used
syntax automatic checking
type automatic checking

Well definedness proof
proof obligation of the method proof

The aim of this paper is to formalize this approach and to outline its advantages:
how it fully addresses the problem of meaningless expressions keeping as close
as possible to the usual two-valued logic framework, and, as a by-product, how
it simplifies and strengthens the proof mechanisms.

In section 2, a three-valued semantics is provided for B: an extension of
the first order logic with partial functions is introduced; the semantics is then
defined, with the support of the ∆e operator which returns whether a term is
well-defined or not.

In section 3, a well-definedness operator on predicates (∆p) is used to define
a deduction system; we then give the main result of the paper: the deduction
system is consistent and complete if, before proving a predicate, you first prove
that it is well-defined.

In section 4, we restrict ∆p (from Kleene to Mc Carthy) to ease the defini-
tion and the implementation of the well-definedness of B components (machines,
refinements and implementations) and the well-definedness operator on B sub-
stitutions ∆s is introduced. We finally define the ∆ operator on a B component
that gives lemmas sufficient to establish the well-definedness of the component.

In section 5, we focus on practical benefits on the proof mechanisms, in
particular at the B0 level.
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2 The B Language: A Three-Valued Semantics

2.1 Syntax

The language signature Σ is defined by a set V of variable symbols, a set F of
function symbols and a set P of total predicate symbols.

Definition 1. TΣ, the set of Σ-terms is inductively defined by:
each variable of V is a term;
if f ∈ F , arity(f) = n and e1, ..., en are terms, then f(e1, ..., en) is a term.

Example 1. Let F be {succ, pred, zero, one} then,
pred(zero) is a term of TΣ but it is ill-defined: intuitively, a term is ill-defined
if it contains a function that is called out of its domain;
succ(pred(zero)) is also ill-defined because it contains an ill-defined subterm.

Definition 2. We inductively define FΣ, the set of Σ-formulas:

p(e1, ..., en) is a formula if p ∈ P , arity(p) = n and e1, ..., en are terms;
True is a formula;
False is a formula;
ϕ ∧ ψ is a formula if ϕ and ψ are formulas;
ϕ ∨ ψ is a formula if ϕ and ψ are formulas;
ϕ⇒ ψ is a formula if ϕ and ψ are formulas;
¬ϕ is a formula if ϕ is a formula;
∀x.ϕ is a formula if x ∈ V and ϕ is a formula;
∃x.ϕ is a formula if x ∈ V and ϕ is a formula.

Since all predicates are total, ill-definedness only comes from terms.

Example 2. Let P be {equal} then,
∀x.equal(succ(pred(x)), x) is ill-defined;
∀x.¬equal(x, zero) ⇒ equal(succ(pred(x)), x) is well-defined because the ill-
defined subformula is guarded by a formula that ensures the well-definedness
of the global formula;
equal(pred(zero), zero) ⇒ equal(succ(zero), one) is well-defined or ill-defined
depending of the definition of well-definedness.

These notions of well-definedness are defined in the next paragraph.

2.2 Semantics

We define a model and then an interpretation of terms and formulas. We in-
troduce an interpretation defined by Kleene: the model and interpretation def-
initions are unusual because we are in a three-valued logic so we do not have a
usual interpretation as we do in first order logic. To deal with ill-definedness, we
introduce an operator ∆e that allows to construct the interpretations.
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Models. Let A be a set with ⊥A not belonging to A. We define A⊥ as A∪{⊥A}.
Let FA be a set of total functions from An

⊥ to A⊥, and PA a set of total predicates
from An

⊥ to {t, f,⊥}. We say that < A,FA, PA > is a model for our language
that associates to each function of zero arity c an element cA from A, to each
partial function of non zero arity f of F a total function fA of FA and to each
total predicate p of P a total predicate pA of PA.
We have an interpretation J for terms J : TΣ → A⊥ such that:
J (x) = x
J (c) = cA

J (f(e1, ..., e2)) =
{
fA(J (e1), ..,J (en)) if f is defined in e1, ..., en

⊥A otherwise
We get a three-valued interpretation J : FΣ → {t, f,⊥} for formulas. ⊥ rep-
resents ill-definedness and t, f respectively the two well-known values: true and
false.

Example 3. Let A⊥ be {0, 1, 2,⊥} then
J (succ(zero)) = 1,
J (pred(zero)) = ⊥

The ∆e Operator. We define the ∆e operator on terms, ∆e : TΣ → FΣ

assigns a well-definedness predicate to each term. A term is either well-defined
or not: the well-definedness predicate should not be ill-defined. To do this, a
predicate df is associated to each function f . df represents the domain of the
function. We can say that if this predicate instantiated with e1, ..., en is true and
the ei are recursively all well-defined then the term f(e1, ..., en) is well-defined
too.
We inductively define ∆e on TΣ :
∆ev = True for each variable v from V
∆ec = True for each function c from F with zero arity

∆ef(e1, ..., en) =



df (e1, ..., en) ∧
n∧

i=1

∆eei

for each function f from F with arity n
and each terms e1, ..., en

df corresponds to the side-conditions defined in [Abr96] for each operator. To
ensure well-definedness of the well-definedness predicate, this predicate should
only contain total predicates and functions.

Example 4. Let dpred be ¬(equal(x, zero) and dsucc be True then
∆e(succ(zero)) = True,
∆e(pred(zero)) = ¬(equal(zero, zero)).

Interpretation. We now present a formula interpretation called Kleene’s in-
terpretation, denoted J . This interpretation is as close as possible to the classic
interpretation.
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J (False) = f
J (True) = t

J (p(e1, ..., en)) =




t if pA(J (e1), ...,J (en)) = t and
n∧

i=1

J (∆eei) = t

f if pA(J (e1), ...,J (en)) = f and
n∧

i=1

J (∆eei) = t

⊥ otherwise

J (ϕ ∧ ψ) =



t if J (ϕ) = t and J (ψ) = t
f if J (ϕ) = f or J (ψ) = f
⊥ otherwise

J (ϕ ∨ ψ) =



t if J (ϕ) = t or J (ψ) = t
f if J (ϕ) = f and J (ψ) = f
⊥ otherwise

J (ϕ⇒ ψ) =



t if J (ϕ) = f or J (ψ) = t
f if J (ϕ) = t and J (ψ) = f
⊥ otherwise

J (¬ϕ) =



t if J (ϕ) = f
f if J (ϕ) = t
⊥ otherwise

J (∀x.ϕ) =



t if for all a in A, J (ϕ)[x← a] = t
f if there exists an a in A such that J (ϕ)[x← a] = f
⊥ otherwise

J (∃x.ϕ) =



t if there exists an a in A such that J (ϕ)[x← a] = t
f if for all a in A, J (ϕ)[x← a] = f
⊥ otherwise

Remark 1. This interpretation is close to the usual interpretation because if we
erase the lines ⊥ otherwise, we get the usual interpretation of operators.

Example 5. To ease the reading, we shall use the notation a = b instead of
equal(a, b):
J (∀x.(¬(pred(x) = zero))) = f
J (pred(zero) = pred(zero)) = ⊥
J (x = one⇒ pred(x) = zero) = t
J (pred(zero) = zero⇒ succ(zero) = zero) = ⊥
J (pred(zero) = zero⇒ succ(zero) = one) = t
J (succ(zero) = zero⇒ pred(zero) = zero) = t

The interpretation permits to have an ill-defined subformula in a well-defined
formula if the context contains the subformula well-definedness. In the third
formula of the previous example, pred(x) = zero is an ill-defined subformula
but the negative occurrence of the implication (x = one) ensures the global
formula well-definedness. Also, the fifth formula of the previous example is well-
defined even though the subformula pred(zero) = zero is ill-defined, because the
positive occurrence is obviously true.
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3 Deduction Systems and Well Definedness Operator

3.1 Weak Strong Validity Notion

In a three-valued logic, unlike in a two-valued logic, different validity notions may
be defined. The validity notion depends on the way ill-definedness is treated. The
different consequence relations (and consequently validity notions) are described
in [GL90]. So we have to choose a validity notion for the B language.

Definition 3. Γ |= ϕ if and only if for every interpretation J ,
J (Γ ) = f or J (ϕ) = t

The validity notion that we choose, is like the interpretation, as close as
possible to the usual validity notion. It is completely described in [Owe93]. If we
look at the previous definition, we could believe that it is the same as the usual
validity notion but we should note that, here, the negation of t is not f but f
or ⊥. In fact we can give an equivalent definition which would be:

Proposition 1. Γ |= ϕ if and only if for every interpretation J ,
if J (Γ ) = t or J (Γ ) = ⊥ then J (ϕ) = t

Example 6. Let us look at the validity of the formulas in the previous example :
/|= ∀x.(¬(pred(x) = zero))
/|= pred(zero) = pred(zero)
x = one |= pred(x) = zero
pred(zero) = zero /|= succ(zero) = zero
pred(zero) = zero |= succ(zero) = one
succ(zero) = zero |= pred(zero) = zero

3.2 The ∆K
p Operator

To construct a sound and complete deduction system, we have to define the
operator ∆K

p .
∆K

p assigns a well-definedness predicate to each predicate, like term well-defi-
nedness predicates the formula well-definedness predicates are well-defined.

Definition 4. ∆K
p : FΣ → FΣ is defined as

∆K
p ϕ =

{
t if for all J ,J (ϕ) = t or f
f if for all J ,J (ϕ) = ⊥

Proposition 2. We can give an inductive definition too, this definition is equiv-
alent to the precedent :

∆K
p (p(e1, ..., en)) =

n∧
i=1

∆e(ei)

∆K
p True = True

∆K
p False = True
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∆K
p (ϕ ∧ ψ) = (∆K

p ϕ ∧∆K
p ψ) ∨ (∆K

p ϕ ∧ ¬ϕ) ∨ (∆K
p ψ ∧ ¬ψ)

∆K
p (ϕ ∨ ψ) = (∆K

p ϕ ∧∆K
p ψ) ∨ (∆K

p ϕ ∧ ϕ) ∨ (∆K
p ψ ∧ ψ)

∆K
p (ϕ⇒ ψ) = (∆K

p ϕ ∧∆K
p ψ) ∨ (∆K

p ϕ ∧ ¬ϕ) ∨ (∆K
p ψ ∧ ψ)

∆K
p (¬ϕ) = ∆K

p ϕ

∆K
p (∀x.ϕ) = ∀x.∆K

p ϕ ∨ ∃x.(∆K
p ϕ ∧ ¬ϕ)

∆K
p (∃x.ϕ) = ∀x.∆K

p ϕ ∨ ∃x.(∆K
p ϕ ∧ ϕ)

Example 7. ∆K
p (pred(zero) = pred(zero)) = False

∆K
p (x = one⇒ pred(x) = zero) = True

∆K
p (pred(zero) = zero⇒ succ(zero) = zero) = False

∆K
p (pred(zero) = zero⇒ succ(zero) = one) = True

∆K
p (succ(zero) = zero⇒ pred(zero) = zero) = True

3.3 Two Proofs For One

Γ, P ` P
axiom

Γ ` P

Γ, Q ` P
weakening

Γ, P, P ` Q

Γ, P ` Q
contraction

Γ1, P, Q, Γ2 ` R

Γ1, Q, P, Γ2 ` R
permutation

Γ, P ` Q

Γ ` P ⇒ Q
⇒ -right

Γ ` P Γ, Q ` R

Γ, P ⇒ Q ` R
⇒ -left

Γ ` P Γ ` Q

Γ ` P ∧Q
∧ -right

Γ, P, Q ` R

Γ, P ∧Q ` R
∧ -left

Γ ` P

Γ ` P ∨Q
∨ -right

Γ ` Q

Γ ` P ∨Q
∨ -right

Γ, P ` R Γ, Q ` R

Γ, P ∨Q ` R
∨ -left

Γ, P ` False

Γ ` ¬P
¬ -right

Γ ` P

Γ, ¬P ` Q
¬ -left

Γ, False ` P
False -left

Γ ` P

Γ ` ∀x P
∀ -right if x \ Γ

Γ, P ` Q

Γ, ∃x.P ` Q
∃ -left if x \ Γ

Γ ` ∆K
p P Γ ` P Γ, P ` Q

Γ ` Q
cut

Γ, P [x← t] ` Q Γ ` ∆et

Γ, ∀x.P ` Q
∀ -left

Γ ` P [x← t] Γ ` ∆et

Γ ` ∃x P
∃ -right

Fig. 1. B-Logic
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We define (fig. 1) the B-Logic. The logic is close to the classic sequent calculus,
only the cut ,∀ − left and ∃ − right rules have been changed because they can
introduce ill-defined formulas.

These three rules are the only rules that introduce formulas or terms. The
cut rule gets a new antecedent that represents the new formula’s well-definedness
proof. The ∀−left and ∃−right rules get a new antecedent too which represents
the introduced term’s well-definedness proof. These rules are difficult to use in an
automatic prover, because it has to find a new term, however they are useful in
an interactive prover. It means that when new terms are introduced in a manual
proof, their well-definedness has to be proved.

The following theorem means that this logic is sound and complete with the
validity notion that we defined if we make two proofs for one formula.

Theorem 1. Given a set of formula Γ and a formula ϕ,
Γ ` ϕ and ` ∆K

p (Γ ⇒ ϕ) if and only if Γ |= ϕ

We call the first lemma validation lemma and the second well-definedness
lemma.

We could have constructed a deduction system in which one proof would
have been sufficient but it would have been much less efficient while the axiom
rule would not have been sound. So we prefer to prove two lemmas in an efficient
deduction system rather than one lemma in a less efficient one.

When one proves a lemma, rather than proving the well-definedness at the
leaves of the proof tree (at the axiom rules), the well-definedness of the lemma
is proved at the beginning of the proof and the well-definedness of introduced
terms is also checked.

We will see in the next section that the well-definedness lemmas associated to
each B proof obligations will not be really proved. Instead they will be factorised
in new lemmas defined directly from machines: we will call them delta lemmas.

4 Well Defined Proof Obligations and Proof Obligations
of Well Definedness

Our aim is to apply the previous result to the proof obligations of B. The first
idea is to really discharge proof obligations and their associated well-definedness
lemmas in our deduction system. But we consider that the well-definedness lem-
mas of the proof obligations of a given machine could be factorised in what we
call delta lemmas.

We first define the proof obligations of machines, refinements and implemen-
tations and then we define the lemmas that are sufficient to be proved to ensure
the well-definedness of these proof obligations. To do this we have to define what
is a well-defined substitution. Moreover we define a weaker ∆K

p operator.
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4.1 A Weaker ∆

First, we define a new ∆MC
p operator for all formulas of the B language, we use

a delta defined by Mc Carthy that is a weaker version of the ∆K
p operator. We

use ∆MC
p because it produces predicates that are simpler and easier to prove

automatically than ∆K
p .

Definition 5. We define well-definedness of formulas:

∆MCp(P ⇒ Q) ≡ ∆MCpP ∧ (P ⇒ ∆MCpQ)
∆MC

p (P ∧Q) ≡ ∆MC
p P ∧ (P ⇒ ∆MC

p Q)
∆MC

p (¬P ) ≡ ∆MC
p P

∆MC
p (∀x.P ) ≡ ∀x.∆MC

p P
∆MC

p (a = b) ≡ ∆ea ∧∆eb
∆MC

p (a ∈ s) ≡ ∆ea ∧∆es
∆MC

p (P ∨Q) ≡ ∆MC
p P ∧ (¬P ⇒ ∆MC

p Q)
∆MC

p (P ⇔ Q) ≡ ∆MC
p P ∧∆MC

p Q
∆MC

p (∃x.P ) ≡ ∀x.∆MC
p P

∆MC
p (True) ≡ True

∆MC
p (False) ≡ True

∆MC
p (s ⊂ t) ≡ ∆es ∧∆et

∆MC
p (s ⊆ t) ≡ ∆es ∧∆et

∆MC
p (n < m) ≡ ∆en ∧∆em

∆MC
p (n ≤ m) ≡ ∆en ∧∆em

∆MC
p (n > m) ≡ ∆en ∧∆em

∆MC
p (n ≥ m) ≡ ∆en ∧∆em

Proposition 3. Given a formula P, if ∆MC
p P is true then ∆K

p P is also true.

Checking Mc Carthy’s delta is sufficient to ensure Kleene’s delta, so the next
proposition may be deduced from theorem 1.

Proposition 4. Given a set of formula Γ and a formula ϕ,
if Γ ` ϕ and ` ∆MC

p (Γ ⇒ ϕ) then Γ |= ϕ

This proposition is weaker than the theorem 1; with Mc Carthy’s delta, we
lose the completeness but the soundness is preserved.

Remark 2. Notice that ∆MC
p (P ∧Q) may be true whereas ∆MC

p (Q∧P ) may not.
It does not mean that the conjunction is not commutative any more, but only
that one has to use the right order when writing models. No order is required
during proofs. Exactly the same constraint exists for the type checking in B:
x ∈ IN ∧ x ≤ 1 is well-typed whereas x ≤ 1 ∧ x ∈ IN is not.

Example 8. x = zero ∨ pred(x) = pred(x) is still well-defined but
pred(x) = pred(x) ∨ x = zero is no more well-defined.

In the remainder of the text, we shall write ∆p instead of ∆MC
p .
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4.2 Well Defined Proof Obligations

We give in this section the different proof obligations and their well-definedness
lemmas. We distinguish machines, refinements and implementations because
they do not have the same validation lemmas but we will show that, because a
formula and its negation have the same well-definedness, the delta lemmas are
quite similar for the three abstract machine types. We call V L(M), the validation
lemmas of the abstract machine M .

Definition 6. An abstract machine M is well-defined if and only if its proof
obligations are well-defined i.e. if and only if there exists a proof ` ∆p(V L(M)).

This definition of machine well-definedness does not care about ill-defined
terms that do not occur in any of proof obligations.
In order to clarify the definitions, we only present abstract machines without
parameters and constraints.

Machine Proof Obligations.

Definition 7. We remind the validation lemmas of a machine as defined in
[Abr96]:

V L




MACHINE M
CONSTANTS c
PROPERTIES P
VARIABLES v
INVARIANT I
ASSERTIONS J
INITIALISATION U
OPERATIONS
u ← O(w) =
PRE Q
THEN V
END

END




≡




P ⇒ [U ]I

P ∧ I ⇒ J

P ∧ I ∧ J ∧Q⇒ [V ]I

Applying the definition of a well-defined machine, we obtain the next propo-
sition.

Proposition 5. The machine M is well-defined if an only if
` ∆p((P ⇒ [U ]I) ∧ (P ∧ I ⇒ J) ∧ (P ∧ I ∧ J ∧Q⇒ [V ]I))

Applying the definition of Mc Carthy’s Delta, we obtain this sufficient defi-
nition of a well-defined machine.

A machine is well-defined if its properties, invariant, assertions, preconditions
are well-defined, if the initialisation applied to the invariant gives a well-defined
formula and for each operation, if the precondition is well defined and the formula
resulting from the application of the substitution to the invariant is well-defined.
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Proposition 6. The machine M is well-defined if
` ∆pP and
` P ⇒ ∆p([U ]I) and
` P ⇒ ∆pI and
` P ∧ I ⇒ ∆pJ and
` P ∧ I ∧ J ⇒ ∆pQ and
` P ∧ I ∧ J ∧Q⇒ ∆p([V ]I)

Refinement Proof Obligations.

Definition 8. We remind the validation lemmas of a refinement as defined in
[Abr96]:

V L




REFINEMENT Mr

REFINES M
CONSTANTS cr
PROPERTIES Pr

VARIABLES vr

INVARIANT Ir
INITIALISATION Ur

OPERATIONS
u ← O(w) =
PRE Qr

THEN Vr

END
END




≡




P ∧ Pr ⇒ [Ur]¬[U ]¬Ir
P ∧ Pr ∧ I ∧ Ir ∧ J ∧Q⇒ Qr

P ∧ Pr ∧ I ∧ Ir ∧ J ∧Q ∧Qr

⇒ [Vr]¬[V ]¬Ir

Proposition 7. The refinement Mr is well-defined if
the machine M that it refines is well-defined and if
` P ⇒ ∆pPr and
` P ∧ Pr ⇒ ∆p([Ur]¬[U ]¬Ir) and
` P ∧ Pr ⇒ ∆pIr and
` P ∧ Pr ∧ I ∧ Ir ∧ J ∧Q⇒ ∆pQr and
` P ∧ Pr ∧ I ∧ Ir ∧ J ∧Q ∧Qr ⇒ ∆p([Vr]¬[V ]¬Ir) and

Implementation Proof Obligations.

Definition 9. We remind the validation lemmas of an implementation as de-
fined in [Abr96]:
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V L




IMPLEMENTATION Mi

REFINES Mr

CONSTANTS ci
PROPERTIES Pi

VALUES ci = di

VARIABLES vi

INVARIANT Ii
INITIALISATION Ui

OPERATIONS
u ← O(w) =
PRE Qi

THEN Vi

END
END




≡




P ∧ Pr ∧ Pi ⇒ [Ui]¬[Ur]¬Ii
P ∧ Pr ∧ Pi ∧ I ∧ Ir ∧ Ii∧
J ∧Q ∧Qr ⇒ Qi

P ∧ Pr ∧ Pi ∧ I ∧ Ir ∧ Ii∧
J ∧Q ∧Qr ∧Qi

⇒ [Vi]¬[Vr]¬Ii
∃(c, cr).([ci := di](P ∧ Pr ∧ Pi))

Proposition 8. The implementation Mi is well-defined if
the abstract machines that it refines are well-defined and if
` P ∧ Pr ⇒ ∆pPi and
` P ∧ Pr ∧ Pi ⇒ ∆p([Ui]¬[Ur]¬Ii) and
` P ∧ Pr ∧ Pi ∧ I ∧ J ∧ Ir ⇒ ∆pIi and
` P ∧ Pr ∧ Pi ∧ I ∧ J ∧ Ir ∧ Ii ∧Q ∧Qr ⇒ ∆pQi and
` P ∧ Pr ∧ Pi ∧ I ∧ J ∧ Ir ∧ Ii ∧Q ∧Qr ∧Qi ⇒ ∆p([Vi]¬[Vr]¬Ii) and
` ∀(c, cr).∆p([ci := di](P ∧ Pr ∧ Pi))

Remark 3. The lemmas from propositions 7,8 are close to the machine proof
obligations of well-definedness (proposition 6); except for the hypothesis, we
have almost the same lemmas.

4.3 Well-Definedness of Generalised Substitutions

In propositions 6,7,8 we have to prove predicates like ∆p([S]P ). For this, we
define the ∆s operator that assigns a well-definedness predicate to each substi-
tution such that the following theorem holds.

Theorem 2. ∆pI ∧∆sS ⇒ ∆p([S]I)

This theorem means that if a substitution is well-defined then it transforms
a well-defined predicate into a well-defined predicate.

Definition 10. We define the well-definedness of substitutions:
∆s(x := E) ≡ ∆eE

∆s(skip) ≡ True
∆s(P | S) ≡

{
∆pP ∧
P ⇒ ∆sS

∆s(S1[]S2) ≡
{
∆sS1 ∧
∆sS2
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∆s(P =⇒ S) ≡
{
∆pP ∧
P ⇒ ∆sS

∆s(@x.S) ≡ ∀x.∆sS

∆s(S1||S2) ≡
{
∆sS1 ∧
∆sS2

∆s




WHILE P
DO S
INVARIANT I
VARIANT V
END


 ≡




∀x.∆pI ∧
∀x.(I ⇒ ∆pP ) ∧
∀x.(I ⇒ ∆eV ) ∧
∀x.(I ∧ P ⇒ ∆sS)

where x is the list of
the variables modified
in the body of the loop

∆s((x := E);T ) ≡
{
∆eE ∧
[x := E]∆sT

∆s((S1||S2);T ) ≡
{
∆s(S1;T ) ∧
∆s(S2;T )

∆s




WHILE P
DO S
INVARIANT I
VARIANT V
END;
T



≡




∀x.∆pI ∧
∀x.(I ⇒ ∆pP ) ∧
∀x.(I ⇒ ∆eV ) ∧
∀x.(I ∧ P ⇒ ∆sS) ∧
∀x.(I ∧ ¬P ⇒ ∆sT )

where x is the list of
the variables modified
in the body of loop

This definition is sufficient to ensure the previous theorem. We can remark
that the well-definedness of substitution mainly depends on the well-definedness
of affected terms and conditions.

The well-definedness of a sequence of two substitutions cannot be defined
using only the well-definedness of the two substitutions. We choose to define
it by induction on the first substitution, finally we get only three definitions
(for assignment, parallel and loop), since sequencing operator distributes on the
other operators.

The well-definedness of proof obligations does not ensure the well-definedness
of the source. For example, the proof obligation generated by the substitution
x := 1/0;x := 1 does not contain the term 1/0. So we could have defined
∆s(x := E;x := F ) to be ∆eF and the theorem 2 would still have been valid.

In fact, our definition of ∆s ensures that all the terms of a substitution are
well defined. So the ∆ - lemmas that we define in the next section ensure not
only that the proof obligations are well defined, but also that the source does
not contain any ill-defined term.

4.4 Proof Obligations of Well Definedness: ∆ - lemmas

Finally, we define the ∆ - lemmas associated to machines, refinements and imple-
mentations. These lemmas are sufficient to ensure the well-definedness of proof
obligations. Formally, we define the∆m operator that assigns lemmas to abstract
machines, so that the next proposition holds.
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Proposition 9. ∆m correctness :

1. ∆m(M)⇒ ∆p(V L(M))

2. ∆m(M) ∧∆m(Mr)⇒ ∆p(V L(Mr))

3. ∆m(M) ∧∆m(Mr) ∧∆m(Mi)⇒ ∆p(V L(Mi))

Definition 11. We define well-definedness of machine, refinement and imple-
mentation:

∆m




MACHINE M
CONSTANTS c
PROPERTIES P
VARIABLES v
INVARIANT I
INITIALISATION U
OPERATIONS
u ← O(w) =
PRE Q
THEN V
END

END




≡




∆pP

P ⇒ ∆pI

P ⇒ ∆sU

P ∧ I ⇒ ∆pQ

P ∧ I ∧Q⇒ ∆sV

∆m




REFINEMENT Mr

REFINES M
CONSTANTS cr
PROPERTIES Pr

VARIABLES vr

INVARIANT Ir
INITIALISATION Ur

OPERATIONS
u ← O(w) =
PRE Qr

THEN Vr

END
END




≡




P ⇒ ∆pPr

P ∧ Pr ⇒ ∆pIr

P ∧ Pr ⇒ ∆sUr

P ∧ Pr ∧ I ∧ Ir ∧Q⇒ ∆pQr

P ∧ Pr ∧ I ∧ Ir ∧Q ∧Qr ⇒ ∆sVr

Remark 4. As ∆p¬P is equivalent to ∆pP , the double negation of proof obliga-
tions does not influence the well-definedness lemma; if we know that the substi-
tutions of machine operations preserve well-definedness, we just have to check
that the substitutions of refinement operations have the same property, i.e. this
property holds : ∆pP ∧∆sS ∧∆sT ⇒ ∆p([T ]¬[S]¬I)
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∆m




IMPLEMENTATION
Mi

REFINES Mr

CONSTANTS ci
PROPERTIES Pi

VALUES ci = di

VARIABLES vi

INVARIANT Ii
INITIALISATION
Ui

OPERATIONS
u ← O(w) =
PRE Qi

THEN Vi

END
END




≡




P ∧ Pr ⇒ ∆pPi

P ∧ Pr ∧ Pi ∧ I ∧ Ir ⇒ ∆pIi

P ∧ Pr ∧ Pi ∧ I ∧ Ir ⇒ ∆sUi

P ∧ Pr ∧ Pi ∧ I ∧ Ir ∧ Ii ∧Q ∧Qr ⇒ ∆pQi

P ∧ Pr ∧ Pi ∧ I ∧ Ir ∧ Ii∧
Q ∧Qr ∧Qi ⇒ ∆sVi

∆edi

We see that we do not check the ∆-lemmas due to the values lemmas because
the well-definedness of the properties is checked in the machines and refinements.

5 Repercusions

5.1 Consequences on the rules

As we have seen in section 3, the proof of each lemma is divided into two parts.
The first one is the proof of the well-definedness of the lemma, and the second
one is the proof of the lemma itself, assuming its well-definedness. This hypoth-
esis allows to simplify the demonstration and especially the rules used for this
demonstration. Indeed, assuming that the lemma is well defined, the rules need
no more be protected against ill-defined expressions.

For example the following backward and rewriting rules can be simplified as
shown in the table:

Initial rule Simplified rule
R1 c 6= 0 ∧ a = b⇒ a/c = b/c a = b⇒ a/c = b/c.
R2 c = a⇒ {a 7→b}(c) == b {a 7→b}(c) == b

R3
s 6= ∅ ∧ s ∈ FIN(ZZ)
⇒ min(s) ≤ max(s) min(s) ≤ max(s)

R4
x ∈ dom(f)∧

f ∈ dom(f)+→ ran(f) ∧ f−1 ∈ ran(f)+→ dom(f)
⇒ f−1(f(x)) == x

f−1(f(x)) == x

This simplification of the rule base has two advantages. First of all, the
rules are easier to write, to understand and to validate. Secondly, it improves
significantly the speed of the tool and the number of the lemmas proved, as we
had noticed in 1992 on our automatic prover based on such a simplified rule
base.
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5.2 Consequences on the method

In B, the arithmetic symbols have a dual interpretation: in machines (or re-
finements) they denote the mathematical operator, whereas in implementations,
they also denote the corresponding function of the programming language into
which the implementations are to be translated.

Consequently, in the machines the domain of each operator is the one given
by the mathematical theory (Cf. [Abr96]) whereas in the implementations it is
the more restrictive (the intersection) between the one given by the theory and
the one given by the programming language 2. In order to take into account the
inherent partialness of the arithmetic operator in programming languages, the
B-method limits drastically the use of these operators in the implementations
(Cf. [Abr96] 12.1.11. Allowed Constructs in an Implementation). For example,
the operators /, + and − are syntaxically forbidden in IF and WHILE condi-
tions (the source : IF (a+1 < 2) THEN ... is not allowed in implementations),
because their evaluation could overflow at run time. In this restrictive way, the B-
method guarantees that all the expressions in implementations can be correctly
evaluated.

These limitations on the expressivity of B in implementations could be re-
moved by using the notion of well-defined model introduced previously. Indeed,
the definition of ∆ that we have chosen (Cf. 4) guarantees that if the well de-
finedness lemmas are proved, then there is no ill-defined term in the source. In
other words it means that programming operators are used in their domain and
then that the computer can evaluate them.

We just have to notice that the definition of ∆e for the arithmetic operators
is not the same in machines and in implementations because we have to take into
account the duality of the arithmetic symbols in implementations. In machines
the definition of∆e is based on the mathematical domain whereas in implementa-
tions it is based on the domain of the corresponding function in the programming
language. For example, in machine, ∆e mch(x+ y) ≡ ∆e mchx ∧∆e mchy but in
implementation, ∆e imp(x+ y) ≡ ∆e impx∧∆e impy∧ (x+ y ∈ minint..maxint)
which means that the result must be in the range of the language (supposed to
be minint..maxint).

6 Conclusion

How to deal with the meaningless expressions that may occur in formal mod-
els without disturbing engineers which unnecessary mathematical complexities?
This paper answers, in the context of the B method, by an original approach in
which new proofs obligations, the ∆-lemmas, have to be discharged before the
proof obligations of the method. All the proofs can be done in the usual two-
valued framework if you check the well-definedness of the terms you introduce
during the proofs.

2 to be more precise we should also take into account the compiler and the hardware.
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This technique was first prototyped at Matra Transport in 1992: an extension
of the proof obligation generator of the B-Toolkit was developed internally to
produce the ∆-lemmas. A major benefit was to simplify and to improve signif-
icantly the performances of the automatic prover we were developing at that
time.

It is now currently being implemented in the Atelier B. This article provides
the specification of the tool and formally establishes the results upon which the
specification is built.
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Abstract. In this paper, we propose a framework to study refinement
of abstract machines in the B-method. It allows us to properly deal with
shared variables, possibly introduced by composition primitives sees and
imports. We exhibit local conditions on components which are sufficient
to ensure global correctness of a software system. Finally, we show how
restrictions on the architecture of software systems may guarantee these
conditions.

1 Introduction

Modularity is pointed out as a principle allowing to master the complexity of
software development or maintenance. A modular method must help designers to
produce software systems from autonomous components. Modularity must be of-
fered at each level of software development: programming as well as specification
and design.

In the framework of formal methods, modules or components correspond to
syntactic entities which can be combined by composition primitives. If a method
offers stepwise refinement, adding modularity requires to precisely define com-
position primitives and how they interact with the process of refinement. Mod-
ularity and refinement has been widely studied in the framework of algebraic
specifications [ST88]. In the framework of model oriented specifications, some
methods offer a concept of modularity (for instance B [Abr96], VDM [Gro94])
but problems appear when combining refinement and composition.

The work presented in this paper was initially motivated by an example
communicated by P. Behm, from Matra Transport International. This exam-
ple exhibits an incorrect B-development in which each component refinement
is locally correct. We aimed to extend the architectural conditions given in the
B-book (transitivity and circularity, p. 583), in order to detect such pathologi-
cal examples. So we developped a framework to define refinement of structured
components, in order to prove their correctness. This paper presents a simplified
version of this framework.

Section 2 presents the B-clauses which allows designers to build structured
development (in particular sees and imports clauses), and we give a paradig-
matic example, illustrating the problem due to refinement composition (section
2.4). In section 3, we propose a semantics for structured components, in terms

Didier Bert (Ed.): B’98, LNCS 1393, pp. 46–65, 1998.
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of flat components. From this definition, we show that the proofs obligations
relative to each refinement step of structured components, as defined by the
B-method, are correct. Then, we introduce a notion of code component and we
exhibit sufficient conditions to prove its correctness. This amounts to study how
monotonicity and transitivity of the refinement relation interact. By a top-down
approach we propose several sufficient conditions. The last one is presented in
section 4. It is based on the dependency graph between components and it cor-
rects the conditions proposed in the B-Book.

1.1 Composition Primitives

Designing appropriate composition primitives for a specification language or
method is a non-trivial task. During the various phases of the software life cycle,
expected characteristics can differ. For instance, at the stage of system specifica-
tion, composition primitives must allow to easily combine pieces of specifications
and, if possible, their properties. At the architectural design stage, major sys-
tem components and their inter-relationships must be identified. So composition
primitives must favour the independence of coding activity. This duality is il-
lustrated by the open-closed principle [Mey88]. The open view means building
larger components by extension. The closed view means making a component
available for blind use by others components.

So a method should offer several styles of composition primitives, suitable
for the stages of specification, design or programming.

1.2 Composition and Refinement

In a method which offers stepwise refinement, the relationship between different
levels of specification is defined by a refinement relation. When specifications
use composition primitives, a way to refine such structured specifications must
be included. At the specification level, some structured specifications can be
interpreted as new “flattened” specifications. In this case, the new resulting
specification can be refined in any way. Otherwise, if the structure is inherent in
the specification, the refinement must preserve the global structure. For instance,
in the Z notation [Spi88], a reference to a schema is interpreted as a local copy of
the schema text and the new schema may be refined in an independent way. On
the contrary, in the programming language Ada, links between packages which
are introduced at the specification level, are implicitly preserved in the body.

At the level of architectural design, the final structure of the system is elab-
orated and components will be implemented separately. This structure must be
kept by the latter steps of refinement. This is the property of compositional
refinement (also referenced as the property of horizontal refinement), which per-
mits to compose refinements to form a large composite refinement architecture.

Refinement composition abilities naturally depend on the relations between
components (see for instance discussions about inheritance in the object-oriented
approach [LW94]). Several cases can be considered:
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1. Refinement composition is always valid. This is the case for instance if the
refinement relation is proved to be monotonic [BW90], for such compositions.

2. Global correctness depends on the semantics of the involved components.
In this case, a case-by-case proof is mandatory. For instance, if a specifica-
tion is built as an extension of another specification, the compositionality of
refinement depends on the form of this extension.

3. Global correctness depends on the global structure of the system. This is
generally the case when sharing is allowed.

Sharing occurs when the same object is used into several modules. In that
case, two main problems arise. First, semantics of sharing must be preserved
by the refinement process. For instance, if an abstract data type is duplicated,
conversion between the different representations must be insured. Secondly, cor-
rectness of each independent development does not necessarily guarantee cor-
rectness of the composition. Some possible interferences relative to the shared
part can break down refinement. This is the classical problem about aliasing
and side effects. This point is crucial in the method/language dealing with with
states, as we will see.

2 Component, Composition and Refinement in B

2.1 B-Components

In the B-method, there are three kinds of component: abstract machines, refine-
ments and implementations. Abstract machines are the visible part of specifi-
cations. In particular, all composition primitives connect components with ab-
stract machines. Refinements are intermediary steps between interface (abstract
machines) and executable code (implementations). These components can be
seen as traces of a development. Implementations are the last level of a devel-
opment. Implementations are particular refinements in which substitutions are
executable, so they can be translated into code. Moreover, either variables are
concrete ones, or they come from other abstract machines, so they must be used
via operation calls.

The introduction of several kinds of component, linked to the different steps
of the development process, is a particularity of the B-method. In other languages
or methods, there is generally only one kind of component, and some syntactic
restrictions characterize implementations. This distinction in the B-method is
based on the following arguments:

1. Refinements and implementations are not only specifications, but they also
contain information about the refinement (the gluing invariant, describing
the change of variables).

2. Each kind of components has specific syntactic restrictions. For instance,
sequencing cannot occur in an abstract machine, in order to favour the ab-
straction at the first level of a development.

3. The target of composition primitives is always an abstract machine. This
restriction favours the decomposition/composition criterion which permits
to develop pieces of specification in an independent way.
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2.2 B Composition Primitives

The B-method offers, at present, four composition primitives. Two of them (in-
cludes and imports) exclude possibility of sharing and two of them (uses and
sees) allow a controlled form of sharing.

Includes/Imports. The includes primitive links abstract machines or refine-
ments to abstract machines. This primitive can be seen as a schema inclusion in
Z, without possibility of sharing: this primitive is interpreted as a local copy of
the included machines. Due to some syntactic restrictions, the includes primi-
tive permits to extend an abstract machine (enforcing and adding variables state,
adding and hiding operations).

The imports primitive links implementations to abstract machines. This
primitive corresponds to classical component primitives of programming lan-
guages. It allows to build a layered software. This primitive can be seen as the
closed version of the includes primitive: use of imports encapsulates the state
of the imported abstract machines.

Implementions are not refinable in the B-method, so the imports primitive
is a final composition primitive. A composition using includes primitive, with
its copy semantics, is not necessarily preserved during the refinement process. If
an abstract machine M is included in a component C, being either an abstract
machine or a refinement, there are two possibilities:

1. C is refined by its proper structure. In this case, the abstract machine M
will be implemented only if it is imported in another implementation.

2. C is implemented using a imports primitive on M . This possibility is not
directly supported by the method, because refinement does not exploit the
preservation of this kind of structure.

C - M
inc

∨
I

�
�

���
i

C - M
inc

∨
I

Fig. 1. If a component C includes a machine M , an implementation I of C may or
may not import M .

Uses/Sees. The uses primitive introduces a form of sharing between abstract
machines. In the B-method, sharing is introduced by a link on a component
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entity. The use of this primitive permits to extend an abstract machine in mul-
tiple ways. A final abstract machine must include all shared machines and their
extensions. For more explanations about this construction, see [BPR96].

The sees primitive can appear in abstract machines, refinements or imple-
mentations. The use of this primitive allows to share sets, definitions and vari-
ables in a very limited way: variables must not be modified by the seing compo-
nents, in any way. From the refinement point of view, there are some restrictions:

1. abstract machines containing a uses primitive are not considered as refinable
specifications.

2. if a sees primitive is introduced at a given level of a development, this prim-
itive must be preserved in the lowest levels of the development, to guarantee
the unicity of the implementation of the shared part.

C1 M2-s

∨
I1

���������1

s ∨
I2

Fig. 2. A sees primitive must be preserved in a refinement.

The uses and includes primitives are only syntactic facilities. So in the
study of refinement composition, only the sees and imports primitives have to
be considered.

Comparison between Sees and Imports. The sees and imports primitives
differ in their use, due to their proper restrictions, whose aim is to limit inter-
ference between local refinements. Some restrictions fall on local use of these
primitives and some of them are relative to a development, taken as a whole.

Local Restrictions. When an imports primitive is used, values of variables
are accessible only by operation calls. This restriction guarantees the invariant
preservation. Moreover, imported variables can occur in the invariant part. This
possibility allows designers to constrain imported variables and use them to
represent abstract variables. In this way, a layered software is produced. When
a sees primitive is used, variables can be consulted (directly or via operation
calls), but cannot be modified. Variables of the seen machine are not visible in
the invariant part of the seeing component. As a result, seen variables cannot be
used in a refinement to represent abstract variables.

Global Restrictions. Abstract machines which are seen by other ones must
be imported once, and only once, in the development. Abstract machines can be
imported at most once in a development, so variables cannot be shared by this
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way (if necessary, renaming, which produces a new copy of a machine, can be
used). Another important property is the absence of cycle: an abstract machine
cannot see or import itself, directly or indirectly.

2.3 Refinement of a Single B-Component

Refinement relates an “abstract” model of a B-component to a more “concrete”
one. In the B-method, it is based on observational substitutivity: any behaviour
of the refined specification is one of the possible behaviours of the initial specifica-
tion. More specifically, B-refinement allows designers to reduce non-determinism
of operations, to weaken their preconditions, and to change the variable space.

In the following, we recall some results on B-refinement (chapter 11 of the
B-book).

Refinement Component. A refinement component is defined as a differential
to be added to a component. A refinement component can have proper variables
which are linked to variables of the refined component by a gluing invariant.
Moreover, refined operations must be stated on the new variables.

machine
M1

variables
v1

invariant
L1

initialisation
U1

operations
op =

pre
P1

then
S1

end
end

refinement
R2

refines
M1

variables
v2

invariant
L2

initialisation
U2

operations
op =

pre
P2

then
S2

end
end

machine
M2

variables
v2

invariant
∃v1.(L1 ∧ L2)

initialisation
U2

operations
op =

pre
P2 ∧
∃v1.(L1 ∧ L2 ∧ P1)

then
S2

end
end

Fig. 3. Refinement R2 of M1, seen as an independant machine M2.

Proof Obligations. The proof obligations for refinement R2 of Fig. 3 are,
provided that there are no common variables (B-book, p. 530):
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1. Initialisation: [U2]¬[U1]¬L2

2. Operation op: L1 ∧ L2 ∧ P1 ⇒ P2 ∧ [S2]¬[S1]¬L2

In the most general case, there is a chain of refinements M1, R2, . . . , Rn to
be considered. The proof obligation for an operation of Rn is, provided that M1
and its refinements have no common variables:

L1 ∧ L2 ∧ . . . ∧ Ln ∧ P1 ∧ . . . ∧ Pn−1 ⇒ Pn ∧ [Sn]¬[Sn−1]¬Ln .

2.4 Compositional Refinement

In languages based on states, a major difficulty is relative to the sharing of states.
In presence of sharing, we must prove that some local reasoning about values of
variables are always valid in a global system. Such a problem appears in the B
refinement process.

Example 1. Let A, B, C be the following abstract machines:

machine
A

variables
xa

invariant
xa : 0..1

initialisation
xa := 0

operations
rr ← val xa = rr := xa ;
mod xa = xa := 1 - xa

end

machine
B

operations
opb =

skip
end

machine
C

operations
rr ← opc =

rr := true
end

Now, let CI be the following implementation of C:

implementation CI refines C imports B sees A
operations

rr ← opc =
var v1, v2 in

v1 ← val xa; opb; v2 ← val xa; rr := bool(v1=v2)
end

end

This refinement is valid. Using B-definitions on substitutions, we have to
prove that true=bool(xa=xa), which is true. Now machine B is implemented,
with the help of D and DI , by BI :
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implementation
BI

refines
B

sees
D

operations
opb = opd

end

machine
D

operations
opd = skip

end

implementation
DI

refines
D

imports
A

operations
opd = mod xa

end

These two refinements are also valid. But, despite the fact that proof obli-
gations proposed by the B-method can be discharged, the code of the operation
opc is not correct (see below).

rr ← opc =
var v1, v2 in

v1 := xa ; xa := 1 - xa ; v2 := xa ; rr := bool(v1=v2)
end

The resulting substitution is bool(xa=(1-xa)), which is false. Where is the
flaw? When implementing the abstract machine C, we implicitly suppose that
the operation opd of the machine D does not affect the variable xa. But this
hypothesis is broken by the implementation DI (see Fig. 4).

The B-method imposes conditions on architecture to eliminate some incorrect
cases (B-book, p. 583): it is not possible for a machine, a refinement or an
implementation to see a machine that is one of its ancestors or descendants
through a chain of imports primitives. But the architecture of our example
does not fit this condition, because A is imported through a sees primitive.

C

A

@
@R
s

B

�
�	

i

D

@
@R �

��s i

Fig. 4. Architecture of Example 1.

The problem comes from two different views on abstract machines. When
abstract machines are combined, only modifications described in the abstract
definition of operations are observable. So, we implicitly suppose that abstract
machines, and a fortiori their code, do not modify anything else. When abstract
machines are refined, new variables can be introduced. So we implicitly suppose
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that operations can alter other variables, in a way compatible with the refinement
invariant.

If variables introduced by a refinement are local to this refinement, the com-
position is valid. But if these variables can be referenced in other abstract ma-
chines by composition, these two views can become inconsistent and some un-
pleasant side effects can appear. New conditions are necessary to simultaneously
adopt these two points of view.

2.5 Notation, Operations and Properties on Refinements

In this paper, in order to highlight the essential part of a proof obligation, the
notation vL will be used, and gluing invariants of intermediate refinements,
as well as preconditions of their operations, will be omitted and considered as
hidden hypotheses. We will also assume that the precondition of the refining
operation is already proved. So, in such an implicit context, the proof obligation
of an operation op, refined in a chain of refinements R1, . . . , Rn, will be written
Ln ⇒ opRn−1 vLn opRn , where Ln is the gluing invariant of Rn.

Definition 1. Refinement Relation vL.
Let L be a predicate, op1 ≡ P1|S1 and op2 ≡ P2|S2 be two operations with

the same signature. Then:

op1 vL op2 ≡ [S2]¬[S1]¬L .

Definition 2. Notation var and free.

1. var(C) is the set of variables of the component C, in the variables clause.
2. free(L) is the set of free variables of the predicate L.

Renaming Common Variables. When a B-component C and its immediate
refinement R, with gluing invariant L, share some variables v, a renaming must
be introduced, in order to properly deal with proof obligations. Let v′ be a set
of fresh variables, related to v. Then v will be renamed by v′ in R (and in the
chain of refinements beginning with R), so the proof obligation for an operation
op becomes:

L ∧ v = v′ ⇒ opC vL∧v=v′ [v := v′]opR .

Translating a B-Refinement into an Independant Machine. This oper-
ation takes a refinement Rn in a chain M1, R2, . . . , Rn, and delivers the corre-
sponding independant abstract machine Mn, which looks like abstract machine
M2 of Fig. 3. Main characteristic of this translation is that intermediate vari-
ables are hidden by existential quantification. Notice that renaming of common
variables is prerequisite. Invariant of the resulting machine is:

∃x1, . . . , xn−1 · (L1 ∧ L2 ∧ . . . ∧ Ln)

and the precondition of an operation is:

Pn ∧ ∃x1, . . . , xn−1 · (L1 ∧ L2 ∧ . . . ∧ Ln ∧ P1 ∧ . . . ∧ Pn−1) .
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Reducing a Chain of Refinements. Reducing a chain of refinements M1,
R2, . . . , Rn consists in defining a direct refinement R′

n of abstract machine M1.
Let Mn be the independant abstract machine, corresponding with Rn. Then R′

n

is the differential to be added to M1, in order to build Mn. Notice that renaming
of common variables is prerequisite. Gluing invariant between M1 and R′

n is:

∃x2, . . . , xn−1 · (L2 ∧ . . . ∧ Ln)

and the precondition of an operation of R′
n is:

Pn ∧ ∃x1, . . . , xn−1 · (L1 ∧ . . . ∧ Ln ∧ P1 ∧ . . . ∧ Pn−1) .

Invariant Splitting. In the following, the invariant splitting property will be
used to establish sufficient conditions for a proof obligation of a refinement, when
its gluing invariant L takes the form L1 ∧ L2.

Lemma 1. Let S be a substitution and P , Q be two predicates, such that S
does not modify the free variables of Q. We have:

Q ∧ ¬[S]¬P ⇒ ¬[S]¬(P ∧Q).

Proof: by structural induction on substitutions.

Lemma 2. Let S1 and S2 be two substitutions, and A, B two predicates, such
that S1 does not modify the free variables of B. We have:

[S1]B ∧ [S2]¬[S1]¬A⇒ [S2]¬[S1]¬(A ∧B)

Notice that in general, we cannot deduce [S2]¬[S1]¬(A ∧ B) from the hy-
potheses [S2]¬[S1]¬A and [S2]¬[S1]¬B.

Proof: by lemma 1, we have B ∧ ¬[S1]¬A ⇒ ¬[S1]¬(A ∧ B). By monotonic-
ity of substitutions through implication (B-Book, p. 287), we obtain [S2](B ∧
¬[S1]¬A)⇒ [S2]¬[S1]¬(A∧B). The property is then established by distributiv-
ity of substitutions through conjunction (B-Book, p. 287).

Property 1. Invariant splitting.
Let C be a B-component, R a refinement of C, L ≡ L1 ∧ L2 the gluing

invariant of R, and opC an operation of C, whose refinement is opR. Property
opC vL opR holds if:

1. opC does not modify the free variables of L2,
2. [opR]L2,
3. opC vL1 opR.

Proof: direct application of lemma 2.
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3 A Framework for Compositional Refinement

We call B-component a B-entity: an abstract machine, a refinement or an im-
plementation. A B-component is flat if it includes neither sees nor imports
primitive. Otherwise it is structured.

First, we propose a semantics for structured components. Following the work
presented in [BPR96], the chosen semantics consists in interpreting such compo-
nents as new “flattened” components. Thus refinement of structured components
can be reduced to refinement of flat components. Finally, we use this framework
to define the last step of a development: how the code of an abstract machine
is elaborated. Studying the correctness of this code comes down to study the
monotonicity of the refinement relation with respect to the structural sees and
imports primitives. This form of monotonicity is not always valid (recall exam-
ple 1), and some sufficient conditions will be pointed out.

3.1 Flattening Structured B-Components

We define a flattening operation, denoted by F , which produces a new flat
component, in which all sees and imports primitives are expanded. In such
a flat component, the keywords machine, refinement, implementation are
replaced with component. If no refines clause appears in a component, it
comes from an abstract machine. Otherwise, it comes from a refinement or an
implementation. This change of keyword is done to underline that there is no
syntactic restriction on the allowed substitutions in our components.

In the flattening operation, we only consider variables and clauses related
to variables (initialisation, invariant and operations), because problems of re-
finement composition come from variables. The sees and imports primitives
will be treated in the same way, because they have the same semantics (call of
operations on an encapsulated state). The difference lays on the possibility of
sharing for the sees primitive: in this case some components F(Mi) can have
some variables in common, coming from seen machines.

Definition 3. The Flattening Operation.
Let C be a B-component. If C is stand-alone, then F(C) is C, with the header

“component F(C)”. Otherwise, C has some sees or imports primitives on
machines M1, . . . , Mn. The flat component F(C) is defined as follows:

1. Header of F(C) is “component F(C)”.
2. If C refines a B-component C ′, then a clause “refines F(C ′)” is introduced.
3. Variables of F(C) are variables of C, F(M1), . . . , F(Mn). Because variables

of C, M1, . . . , Mn are distinct (a restriction imposed by the B-method),
common variables may only come from the machines which are seen (several
times) and imported (almost once).

4. Invariant of F(C) is the conjunction of invariant of C and invariants of
F(M1), . . . , F(Mn). For the same reason as above, invariants on shared
variables are necessarily identical.
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5. Initialisation of F(C) is the substitution ((U1 ⊗ . . . ⊗ Un) ;U), where each
Ui is the initialisation of the component F(Mi) and U is the initialisation
of M . The operator ⊗ is the extension of the operator || when variables are
shared (see [BPR96] for more explanations).

6. Operations of F(C) are expanded operations of C. Expansion consists in
replacing the calls to operations with their bodies, where formal parameters
are replace with effective parameters (B-book, page 314). We suppose here
that operations are not recursive.

Property 2. Invariant Preservation by an Operation Call.
Let M be a component corresponding abstract machine and I be its invariant.

It can be proved that I is preserved by a substitution S, calling operations of M ,
if these operations are called into their precondition. Such a condition is imposed
by the B-method. In consequence, for a component C, seeing or importing a
component M , each operation of F(C) preserves the invariant of M .

Example 2. The flat component associated with implementation DI of Exam-
ple 1 is:

component F(DI ) refines F(D)
variables xa
invariant xa : 0..1
initialisation xa := 0
operations opd = xa := 1 - xa
end

3.2 Structured Refinement

Let C be a B-component, seeing abstract machines M1, . . . , Mk, and let R be a
B-refinement of C, seeing the same machines, and possibly seeing or importing
other machines Mk+1, . . . , Mn. We suppose here that common variables between
F(C) and F(R) only come from seen machines, i.e. M1, . . . , Mk (other common
variables can be renamed, if necessary).

To prove the correctness of this refinement, we have to prove that F(C) is
refined by F(R):

1. By the flattening operation, invariant of F(R) is L∧L1 . . .∧Ln, where L is
the gluing invariant between C and R and each Li is the invariant of F(Mi).

2. Because F(C) and F(R) have some common variables (variables of M1, . . . ,
Mk), renaming must be done and the gluing invariant must be strengthened.
Let vs be this set of variables and v′

s be a set of corresponding fresh variables.
We rename vs by v′

s in the component F(R) and the new invariant becomes
L ∧ L1 . . . ∧ Ln ∧ vs = v′

s. Thus we must establish, for each operation of C:

L ∧ L1 . . . ∧ Ln ∧ vs = v′
s ⇒ opF(C) vL∧L1...∧Ln∧vs=v′

s
[vs := v′

s]opF(R)
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3. Two applications of the splitting invariant property will simplify this for-
mula:

(a) Splitting into L1 ∧ . . . ∧ Lk ∧ vs = v′
s and L ∧ Lk+1 ∧ . . . ∧ Ln.

i. opF(C) does not modify variables of L1∧. . .∧Lk∧vs = v′
s: variables v′

s

are fresh variables, and, for variables vs, only consulting operations
can be called in opF(C).

ii. With similar arguments about opF(R), [[vs := v′
s]opF(R)](L1 ∧ . . . ∧

Lk∧vs = v′
s) can be reduced to L1∧ . . .∧Lk∧vs = v′

s, which belongs
to hypotheses.

iii. So it remains to prove L ∧ L1 ∧ . . . ∧ Ln ∧ vs = v′
s ⇒

opF(C) vL∧Lk+1∧...∧Ln [vs := v′
s]opF(R), which is equivalent to L ∧

L1 ∧ . . . ∧ Ln ⇒ opF(C) vL∧Lk+1∧...∧Ln opF(R) (proof by structural
induction on substitutions).

(b) Splitting into L and Lk+1 ∧ . . . ∧ Ln.
i. The operations opF(C) do not modify variables of Lk+1, . . . , Ln be-

cause variables of these machines are not accessible from C.
ii. By property 2, L ∧ L1 ∧ . . . ∧ Ln ⇒ [opF(R)]Li holds for each i.
iii. So it remains to prove L ∧ L1 ∧ . . . ∧ Ln ⇒ opF(C) vL opF(R).

In conclusion, the final condition is L ∧ L1 ∧ . . . ∧ Ln ⇒ opF(C) vL opF(R),
which is the one proposed by Atelier-B [AtB] in presence of sees or imports
primitives.

3.3 Code Components

In this section, we introduce the notion of code component, in order to build the
code attached to abstract machines. Code components are flat components in
which references to abstract machines, introduced by sees or imports clauses,
are replaced by the code associated with these abstract machines. In the follow-
ing, we define two kinds of code component:

1. C(I) is the code component refining F(I), if I is an implementation.
2. C(M) is the code component refining F(M), if M is an abstract machine. It

is obtained from C(I) by reducing the refinement chain F(M), F(I), C(I).

For simplicity reasons, we suppose that variables of an implementation can
only come from seen and imported machines (dealing with local concrete vari-
ables should not be a problem).

Definition 4. Code Component Operation C.

1. Let I be a B-implementation and let I ′ be I, without its gluing invariant
and with the clause “refines F(I)”.

(a) If I has neither sees nor imports primitive, I has no variables (see
above), and C(I) is I ′.
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(b) If I is a structured B-implementation with sees or imports primitives
on components M1, . . . , Mn, C(I) is obtained by flattening together I ′

and the code components C(M1), . . . C(Mn). The resulting invariant of
C(I) is L1 ∧ . . . ∧ Ln, where each Li is the invariant of C(Mi).

2. Let M be a B-abstract machine.
(a) If M is a basic machine, C(M) is obtained from F(M) by adding the

clause “refines F(M)”, by renaming its variables v with fresh variables
v′, then by adding to its invariant the gluing invariant v = v′. Recall that
a basic machine has no B-implementation.

(b) If M has the implementation I, C(M) is obtained by reducing the re-
finement chain F(M), F(I), C(I), as defined in section 2.5.

Property 3. Code Component Variables.

1. Let C be a B-component, then variables of its code C(C) only come from the
code of basic machines: var(C(C)) ⊆ ⋃{var(C(M)) : M is a basic machine}.

2. Let I a B-implementation. Since variables of the code of basic machines are
fresh variables, var(F(I)) ∩ var(C(I)) = ∅.

Property 4. Variables of Gluing Invariants of Code Components. Let L be the
gluing invariant of a code component C(M), where M is an abstract machine;
we have: free(L) = var(F(M)) ∪ var(C(M)).

Example 3. We suppose here that the abstract machine A of example 1 is a
basic machine. So the code components C(D) and C(DI), respectively associated
with components F(D) and F(DI) are:

component
C(D)

refines
F(D)

variables
xa’

invariant
∃ xa . (xa : 0..1 ∧ xa’ : 0..1 ∧ xa = xa’)

initialisation
xa’ := 0

operations
opd =

xa’ := 1 - xa’
end

component
C(DI )

refines
F(DI )

variables
xa’

invariant
xa’ : 0..1 ∧ xa = xa’

initialisation
xa’ := 0

operations
opd =

xa’ := 1 - xa’
end

3.4 Code Correctness

Now we have to prove that F(I) is refined by C(I). If I has neither sees nor
imports primitive, the proof is obvious. Otherwise, the condition is:
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Condition 1. A Compositional Proof Obligation.
If F(I) has been obtained from a structured B-implementation with some

sees or imports primitives on components M1, . . . , Mn, it suffices to prove :

L1 ∧ . . . ∧ Ln ⇒ opF(I) vL1∧...∧Ln opC(I)

where each Li denotes the invariant of C(Mi), i.e. the gluing invariant between
C(Mi) and F(Mi).

3.5 A Sufficient Condition

Condition 1 cannot be directly reduced using the splitting invariant property, so
we now inspect the structure of operations.

This analysis only works when sees primitives only occur at the level of
implementations. In this case, we have var(F(M)) = var(M), for any machine
M . A complete analysis, giving the same results, will be published later.

1. Because operations in F(I) and C(I) only differ in the expansion of the
operations which are called in I, the property of monotonicity of refinement
can be used (B-Book, p. 504). Thus, operations of C(I) refine operations of
F(I) if we can prove that, for each i, L1 ∧ . . . ∧ Ln ⇒ opF(Mi) vL1∧...∧Ln

opC(Mi). This use of monotonicity amounts to prove that gluing invariants
Lj are also verified by operations opMi and their refinements.

2. Now the invariant splitting property can be used:
(a) Operations opF(Mi) cannot modify variables in free(Lj) for i 6= j, be-

cause, by property 4, free(Lj) = var(F(Mj)) ∪ var(C(Mj)): variables of
abstract machines are supposed to be disjoint (after renaming if nec-
essary), variables of a code are fresh variables, and opMi

can only call
consulting operations.

(b) L1 ∧ . . . ∧ Ln ⇒ opF(Mi) vLi opC(Mi) is a consequence of the refinement
proof obligation on Mi, which is Li ⇒ opF(Mi) vLi opC(Mi).

(c) Then it suffices to prove L1 ∧ . . . ∧ Ln ⇒ [opC(Mi)](
∧

j6=i Lj).
3. Using distributivity of substitution through conjonction, we obtain the fol-

lowing sufficient condition:

Condition 2. A sufficient condition.
If F(I) has been obtained from a structured B-implementation with some

sees or imports primitives on components M1, . . . , Mn, a sufficient condition
is, for each i and j with i 6= j:

L1 ∧ . . . ∧ Ln ⇒ [opC(Mi)]Lj

where each Li denotes the invariant of C(Mi), i.e. the gluing invariant between
C(Mi) and F(Mi).
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4 An Architectural Condition

The sufficient condition stated above preserves, in some sense, the composition
of refinement because proof obligations of each local refinement are reused. But
new proofs are necessary. Less fine sufficient conditions can be stated on the
architecture of developments, in order to guarantee that no potentially incorrect
configuration appears. For that purpose, first we define some dependency rela-
tions between abstract machines. Secondly a finer analysis of gluing invariants of
code components is proposed, using a restriction on the sees primitive. Finally,
we examine the sufficient condition in terms of easily checkable conditions on
dependencies.

Definition 5. Dependency relations.

1. M1 sees M2 iff the implementation of M1 sees the machine M2.
2. M1 imports M2 iff the implementation of M1 imports the machine M2.
3. M1 depends on M2 iff the code of M1 is built by using M2: depends on =

(sees ∪ imports)+.
4. M1 can consult M2 iff the code of M1 can consult the variables of the code

of M2: can consult = (depends on∗; sees).
5. M1 can alter M2 iff the code of M1 can modify the variables of the code of

M2: can alter = (depends on∗; imports).

Relational notation is the one of the B-method: transitive closure (+), reflex-
ive and transitive closure (∗) and composition (;).

4.1 Variables and Dependency Relations

To ensure the sufficient condition [opC(Mi)]Lj in terms of dependency relations, a
condition is the following: variables which both appear in opC(Mi) and in Lj can-
not be modified by opC(Mi). To state this condition, var(C), the set of variables
of a component C must be analyzed, in the case of a code component.

Property 5. Variables of Code Components.

1. For a basic machine M , var(C(M)) is the set of variables obtained from
var(M) by renaming variables v by v′.

2. For a non-basic machine M , var(C(M)) is the set of the variables of the
code of an abstract machine which is in the dependency graph of C(M), i.e.:
var(C(M)) =

⋃{var(C(N)) : N ∈ depends on[{M}]}.
Now we come back to the sufficient condition. Variables of opC(Mi) which can

be modified come from code of machines in the set can alter [{Mi}]. On the other
hand, by properties 4 and 5, free variables of Lj come from machines or their
code in the set {Mj}∪depends on[{Mj}]. Because {Mj} ⊆ depends on ∗ [{Mj}],
condition 2 is ensured if for each i and j, with j 6= i:

can alter [{Mi}] ∩ depends on∗[{Mj}] = ∅ .
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This structural condition is too restrictive, because it rejects too many ar-
chitectures. For instance, architecture of Fig. 5 does not fit this condition but
can be proved correct if refinements are locally correct:

M1

M3

@
@R
i

M2

�
�	

i

M4

@
@R

�
�	

s i

Fig. 5. A correct architecture.

4.2 Using Restrictions on Clauses

In this section, a finer analysis of the gluing invariant of code components is
made, using a restriction specific to the sees primitive: variables coming from a
seen machine cannot be referenced into gluing invariants of seing components.
In consequence, a continuous chain of imports primitives is needed to alter
variables of an abstract machine: it explains why architecture of Fig. 5 is correct.

Property 6. Form of the Gluing Invariant of Code Components.
Let L be the gluing invariant of C(M), where M is an abstract machine with

no sees primitive, then L takes the form A ∧B, with:

1. free(A) =
⋃{var(C(Ni)) : Ni ∈ can consult [{M}]}. In this case, A ≡ ∧

Ai,
where each Ai is the invariant of the independant abstract machine corre-
sponding to C(Ni) (section 2.5).

2. If M is a basic machine free(B) = var(M) ∪ var(C(M)).
3. Otherwise free(B) = var(F(M)) ∪⋃{var(C(N)) : N ∈ imports+[{M}]}.

Proof by induction. In the case of a basic machine M , A is true and B is the
gluing invariant of C(M).

Now we analyse the inductive step on a simplified case (with no loss of
generality). Let M be an abstract machine and I be its implementation, seeing
a machine Ms and importing a machine Mi. Then we have:

1. Invariant of C(Ms) takes the form As ∧Bs.
2. Invariant of C(Mi) takes the form Ai ∧Bi.
3. As and Ai are conjuctions of invariants of independant machines.
4. imports+[{M}] = {Mi} ∪ imports+[{Mi}].
5. can consult+[{M}] = {Ms} ∪ can consult+[{Mi}] ∪ can consult+[{Ms}].
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6. Invariant of C(M), as defined in section 3.3, is:

∃vs, vi · (L ∧As ∧Bs ∧Ai ∧Bi ∧ Ls ∧ Li)

where L is the gluing invariant between F(I) and F(M), Ls is the invariant
of Ms, and Li is the invariant of Mi.

7. (a) vs 6∈free(L) because a seen variable cannot occur into gluing invariants.
(b) vs 6∈free(Ai ∧Bi) and vi 6∈free(As ∧Bs), thanks to property 5.
(c) vs 6∈free(Li) and vi 6∈free(Ls) because machines have disjoint variables

(after renaming if necessary).
(d) vs 6∈free(As) and vi 6∈free(Ai), by inductive hypothesis.
(e) So invariant of C(M) becomes, after putting some subformulae out of

the scope of the quantifiers:

∃vs · (As ∧Bs ∧ Ls) ∧Ai ∧ ∃vi · (L ∧Bi ∧ Li) .

8. A ≡ ∃vs · (As ∧Bs ∧ Ls) ∧Ai and ∃vs · (As ∧Bs ∧ Ls) is the invariant of the
independant machine corresponding to C(Ms).

9. B ≡ ∃vi · (L ∧Bi ∧ Li).

4.3 An Architectural Sufficient Condition

Recall that we want to ensure condition [opC(Mi)]Lj for each i and j, with i 6= j,
where M1, . . . , Mn are seen or imported in the implementation I of machine M ,
and L1, . . . , Ln are respectively the gluing invariants of [opC(M1)], . . . , [opC(Mn)].
We suppose that M has no sees primitive.

1. Using property 6 and distributivity of substitution through conjonction, Lj

takes the form Aj ∧Bj and condition 2 becomes:
(a) L1 . . . ∧ Ln ⇒ [opC(Mi)]Aj

(b) L1 . . . ∧ Ln ⇒ [opC(Mi)]Bj

First formula holds, due to property 2 and to the fact that Aj is a conjonction
of invariants of independant machines. So a sufficient condition is second
formula.

2. By property 6, free variables of Bj come from machines or their code in
the set {Mj} ∪ imports+[{Mj}]. So it suffices to prove that opC(Mi) cannot
modify variables of Bj :

can alter [{Mi}] ∩ ({Mj} ∪ imports+[{Mj}]) = ∅ .

3. Using the fact that an abstract machine is imported once only, we obtain:

can alter [{Mi}] ∩ {Mj} = ∅ .

4. Next step consists in stating this condition in terms of machine M .
(a) If Mj is imported by I then Mi cannot import Mj , so condition holds.
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(b) The remaining case is when Mi is seen by I. So condition becomes:

can alter [{M}] ∩ sees[{M}] = ∅ .

5. Now, considering the global architecture of developments, we obtain:

Condition 3. An Architectural Condition.
An architecture of developpements, where sees primitives only occur at the

level of implementations, is correct if all components are proved and if:

can alter ∩ sees = ∅

The B-Book (p. 583) and the Atelier-B (up to version 3.2) propose architec-
tural conditions which can be translated, in terms of our relations, into:

(imports+ ∪ (sees; imports+)) ∩ sees = ∅ .

This condition is not sufficient, because it does not consider can alter . So the in-
correct architecture of example 1, which does not respect condition 3, is accepted
by the B-method.

5 Conclusion

A practical issue of our work results in a set of conditions to guarantee the
correctness of refinements in the presence of sees and imports primitives, when
sees primitives only occur at the level of implementations

1. Translation of sees and imports primitives in terms of flat components
has given condition 1 which consists in proving that refinements can be
combined.

2. Use of monotonicity has given stronger condition 2, which exploits the fact
that a sees primitive only allows calls of consulting operations. This condi-
tion is simpler to verify than condition 1.

3. Proper restrictions on the clauses sees and imports, which can be seen as
the impossibility to represent two independent abstract states on the same
implementation, have given the final condition 3 on the dependency graph.

A complete analysis, with no restriction on sees primitive, is under develop-
ment and it will be published later. Under reasonable assumptions about chains
of sees primitives, it gives the same sufficient conditions.

Under this analysis, it is possible to consider several levels of checkings. For
instance, if condition 3 is not valid, we can try to verify condition 2 or 1, be-
fore reconsidering the global development, in order to eliminate the undesirable
sharing.

The second issue is, following [BPR96], a framework for dealing with struc-
tured components in the B-method, in order to study how proofs of invariant
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properties and proofs of refinement can be combined. Within this framework,
extensions of B-method primitives can be proposed. Structural clauses offered
by the B-method have some restricting conditions which could be removed. If
semantics of new structural clauses can be defined in terms of flat components,
then a proper analysis of their properties of compositional refinement can be
done in a rigourous way. For instance, the compositionality of some forms of
includes or uses can be studied, resulting in a more flexible form of sharing.
Following [MQR95], it seems to us that sharing must be introduced at the spec-
ification level and must be strictly controlled in the refinement process. In that
case, fine reasoning about sharing is possible. The problem met in the B-method
comes from the fact that reasoning is done at the level of abstract machines, in
which sharing is not always specified.
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Abstract. We describe a semantic embedding of the basic concepts of
the B language in the higher-order logic instance of the generic theorem
prover Isabelle (Isabelle/HOL). This work aims at a foundation to for-
malise the full abstract machine notation, in order to produce a formally
checked proof obligation generator. The formalisation is based on the
B-Book. First we present an encoding of the mathematical basis. Then
we formalise generalised substitutions by the before-after model and we
prove the equivalence with the weakest precondition axiomatic model.
Finally we define operations and abstract machines.

1 Introduction

Formal methods are mostly used in safety-critical domains to produce high qual-
ity software or hardware. For industrial use (for large programs), the use of formal
methods by hand is long, complex and error-prone. Tools have been developed
to put formal methods into practice. Are these tools safety-critical systems? Of
course it depends on the degree of safety we require. But the question is not
irrelevant: if it is difficult to apply formal methods by hand, we do not see why
it would be easier to construct “by hand” tools to this task. Thus ultimately,
the application of formal methods should be checked by formally verified tools
to reach the highest degree of safety.

It would certainly be very ambitious to develop such tools by, say, the for-
mal method they intend to implement. However formal methods rely on logical
foundations which can be embedded in a logical system. So an implementation
of tools within a theorem prover seems promising for establishing their sound-
ness as well as providing a unified framework to develop and prove programs.
Indeed following Gordon [4], embeddings of simple imperative programming lan-
guages have been done in HOL [7] and in Isabelle/HOL [9]. These works enable
us to generate and prove verification conditions about programs in a unified
framework, and more important, in a sound way relative to the logical system
they use. The specification language Z [11] has been encoded in several theorem
provers too (see [3] or [8] for a summary of such works). Refinement technology
for modular programs has been developed in HOL [12,13] and has been used
among other things to verify a proof-checker formally.
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These successful works give us motivation to follow a similar approach with
the B language [1]. B aims at developing a whole system architecture, from
formal specification to implementation. The B-Book serves us as a guide. We
found some inspiration too for the long term goal, in the paper of Bert et al. [2].

Our aim in this paper is to develop foundations to make a full formalisation
of B possible. We mean a formalisation of abstract machine theory which would
enable us to formally check the consistency of proof obligations of the abstract
machine notation, and thus obtain the equivalent of a formally verified proof
obligation generator.

We suppose the reader familiar with B but we give a short presentation of
Isabelle/HOL in the next section. In Sect. 3 we describe the encoding of the math-
ematical basis necessary to construct generalised substitutions in the following
section. We end with the formalisation of operations and abstract machines.

2 Isabelle/HOL

Isabelle [10] is a generic interactive theorem prover whose soundness is ensured
by an LCF approach [6]. Isabelle/HOL implements the higher-order logic of
Church which is very close to Gordon’s HOL system [5]. In the rest of the paper
HOL stands for Isabelle/HOL.

We describe here some features of Isabelle and the syntax we have used
from HOL. Readers can skip this section and come back when they encounter
notations they want to make precise.

Meta-level logic Isabelle’s meta-logic is higher-order, based on the simply
typed λ-calculus. It is used to express axioms, rules and definitions. =⇒
and

∧
denote meta implication and meta universal quantification respec-

tively, the nested implication P1 =⇒ (. . . (Pn =⇒ Q) . . .) is abbreviated as
[[ P1; . . . ;Pn ]] =⇒ Q. ≡ is the meta equality to express definition.

Theories Declarations are organised in theories, inside which we can define con-
stants (consts), non-recursive definitions (defs), primitive recursive defini-
tions (primrec) and inductive definitions (inductive). The latter specifies
the least set closed under given rules.

Types The type of formulae is bool.⇒ is the function constructor. Greek letters
denote type variables. Type constraints are written x :: t (the type of x is t).
We can introduce type synonyms (types) and type definitions (typedef).
The latter introduces a new type T in a safe way from some subset S. It
adds the function Abs T from S to T and the converse function Rep T with
the axioms Abs T(Rep T(x)) = x and x : S =⇒ Rep T(Abs T(x)) = x.

Logical connectives Classical notations ¬, ∧ , ∨ , −→, ∀, ∃. The equivalence
is simply = since we are in a higher-order logic. We use −→ and = instead
of B notation (⇒ and ⇔). ε is Hilbert’s description operator (equivalent of
a choice operator): (εx. P ) denotes some x satisfying P if P is satisfiable, an
arbitrary value otherwise. It is used to define a polymorphic arbitrary value:
arbitrary ≡ εx. False.
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Sets Classical notations ∪ (union), ∩ (intersection) . . . UNIV denotes the uni-
versal set of a certain type (all the elements of this type).

Lists We use HOL notations instead of B ones, except for the concatenation
of two lists written as x_y. {| x |} denotes the set of elements of the list x.
map(f)(l) is the list of images of elements of the list l through f .

All the definitions below have been implemented in HOL, and whenever we
speak of a theorem, a property or a result, that means a theorem formally proved
in HOL.

3 Mathematical Basis

In this paper we focus on generalised substitution and abstract machines. We
do not want to formalise all the mathematical background presented in Part I
of the B-Book. Of course we need to manipulate predicates, expressions and
substitution over them, but we shall not define the syntax of predicates and
expressions. Instead we encapsulate them in a HOL abstract type which captures
the essential properties we need. We then define substitutions on predicates and
expressions.

3.1 Predicates and Expressions

First, we define an abstract type name to denote variable names. We let expres-
sions be undefined, so their type is just value, another abstract type. For example
in practical use, name could be instantiated by string. If we want to be very close
to B, it is a little more complicated for value, since we need to define a recursive
datatype containing the integers, the powerset and the cartesian product con-
structors, and a corresponding type-checker. All this is possible but outside the
scope of this paper.

From these basic types we define a state as a mapping from variable names to
values, and represent a predicate (resp. expression) depending on free variables
by a function from state to bool (resp. value). That corresponds to the following
declarations in HOL:

types name
value
state = name⇒ value
pred = state⇒ bool
expr = state⇒ value

This semantic representation of predicates and expressions is classical, but it
gives us some undesirable functions. Indeed the definitions of pred and expr admit
functions depending on an infinite set of free variables, which obviously we do
not need in practice, and which would cause problems for the generation of fresh
variables for alpha-conversion (renaming of bound variables).

Normally we should deduce the finiteness of the set of free variables of a
predicate or an expression from its structural definition. Because we do not have
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such a definition, we need to constrain the state functions from the “outside”.
We want to consider functions which only depend on a finite subset of images of
a state. That is, there exists a finite name set D such that the image of a state
s through a function f does not depend on the values of s outside D (but f can
depend on the values of s on a strict subset of D):1

∃D. finite D ∧ (∀s t. s =|D t −→ f(s) = f(t)) (1)

To abbreviate this property and because we shall reuse this concept later, we
introduce the constant depend2 and define the type constructor Sfun:

defs depend(f)(D) ≡ ∀s t. s =|D t −→ f(s) = f(t)

typedef α Sfun = {(f :: state⇒ α). ∃D.finite D ∧ depend(f)(D)}
Obviously all constant functions are members of Sfun set, which guarantees that
the new type is not empty. The construct typedef ensures that for all F of type
α Sfun, its concrete representation satisfies (1). Predicates and expressions are
instances of Sfun:

types Pred = bool Sfun
Expr = value Sfun

Application and abstraction are denoted by F ‘s and (λs. f). For convenience,
we lift the logical connectives from bool (in normal font) to Pred (in bold font)
such that:

(¬P )‘s ≡ ¬P ‘s
(P⊕Q)‘s ≡ P ‘s⊕Q‘s ⊕ stands for ∧ , ∨ , −→, =

(⊗x. P )‘s ≡ ⊗v. P ‘s[v/x] ⊗ stands for ∀ and ∃
The definition of = is polymorphic as in HOL: that is P ‘s and Q‘s must simply
have the same type, bool or value. s[v/x] denotes the assignment of v to x in the
state s, that is:

defs s[v/x] ≡ λy. if y = x then v else s(y)

Finally we use $x to denote the expression that returns the value of the variable
whose name is x: $x‘s ≡ s(x). We establish the injectivity of $,

($x = $y) = (x = y), (2)

with the help of a supplementary axiom about the abstract type value which
states that there are at least two distinct elements of type value (obvious for an
interesting use): ∃(a :: value) b. a 6= b

1 =| is an equality on restricted functions, defined by s =|D t ≡ ∀x ∈ D. s(x) = t(x)
2 In fact depend is overloaded to be used later with substitution or several elements at

the same time. At this point it is extended to cartesian product by depend(f, g)(D) ≡
depend(f)(D) ∧ depend(g)(D), list by depend([ ])(D) = True ∧ depend(f#G)(D) =
(depend(f)(D) ∧ depend(G)(D)), name set by depend(N)(D) ≡ N ⊆ D and Sfun
(after its definition below) by depend(F ) ≡ depend(λs. F ‘s), .
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An important result for α Sfun elements is the extensionnality property

(
∧

s. F ‘s = G‘s) =⇒ F = G (3)

which comes directly from the extensionnality axiom for functions.

3.2 Substitution

We now define substitution on predicates and expressions. By substitution we
mean here only substitution of variables by expressions (or other variables) in
predicates or expressions. To avoid the use of explicit type constraints with an
overloaded operator, we use [x := E]F for substitution, and we reserve [S] to
denote the weakest precondition operator defined by the generalised substitu-
tion S. Abrial defines the substitution syntactically, but this requires a syntactic
definition of predicates and expressions. Since we consider these from the se-
mantic view, we give a semantic definition using the assignment function. Later
we shall define substitution on generalised substitutions (to be able to define
operation calls), so that the operator subst is defined for a polymorphic type β.
The definition for β = α Sfun follows:

consts subst :: [name, Expr, β]⇒ β ("[ := ] ")
defs [x := E]F ≡ λs. F ‘s[E‘s/x]

Variable renaming is a particular case of subst where the expression is $y for
some y. We can easily establish some results like

[x := E]$x = E

[x := E](P⊕Q) = ([x := E]P ⊕ [x := E]Q)

But to go further (to deal with bound variables and multiple substitution),
we need to make precise what is a fresh variable: a variable which has no free
occurrence in a predicate or an expression. In fact the non-freeness side-condition
is the dual of the constant depend introduced earlier: “the variables of v are not
free in F” (v\F ) is equivalent to “F depends only on the variables in v ”3. Then
“.\.” is just an abbreviation and in the rest of the paper we use alternatively
“.\.” or depend, depending on which is more “intuitive”.

syntax v\F ≡ depend(F )(v)

Since we use set-theoretic notation, it is a little different to B notation.
For example to express that variable x is not free in F , we write {x}\F . The
advantage is that we can speak of any set of variables, even an infinite one. We
are able to prove the following theorems:

v\$x = x 6∈v
(v − {x})\P =⇒ v\(⊗x. P )

3 v is the complement of v.
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{x}\P =⇒ ⊗x. P = P

{x}\P =⇒ [x := E]P = P

{x}\($y, F ) =⇒ [x := [y := F ]E][y := F ]P = [y := F ][x := E]P (4)
{y}\P =⇒ ⊗y. [x := $y]P = ⊗x. P (5)

{y}\($x, E) =⇒ [x := E](⊗y. P ) = ⊗y. [x := E]P (6)

We can always apply (6) with the renaming of the bound variable (5) when
necessary to satisfy the side-condition by exhibiting a y such that {y}\(P, $x, E).
The existence of such a y is a consequence of the property which defines Sfun (1)
and of an axiom that states the infiniteness of variable names: ¬finite (UNIV ::
name set). Notice that the formal proof of (4) points to an omission in Abrial’s
corresponding axiom [1, p. 35, axiom SUB 11]: the side-condition {x}\$y (or
x\y in B parlance).

With “.\.” we can define the multiple substitution in the same way that
Abrial does. We use the HOL list type to represent lists of variables and lists of
expressions4. Then we have to provide two rules: an obvious one for the “empty”
multiple substitution, and one for the “real” multiple substitution (we keep HOL
syntax for lists, thus x#Y corresponds to x, Y in the B-Book):

rules [ [ ] := [ ]]F = F (7)
[[ {x}\$Y ; {z}\(F, $Y, D) ]] (8)

=⇒ [x#Y := c#D]F = [z := c][Y := D][x := $z]F

We have removed the side-condition z\($x, c), which is pointless. We do not say
what happens if the lengths of the list of variables and the list of expressions
are different. That means we always need an hypothesis of equality on these
lengths to prove general properties about multiple substitutions. Here too, the
property which defines Sfun (1) is essential to prove general properties about
multiple substitution like distributivity over logical connectives, since we can
always exhibit a fresh variable z verifying the non-freeness property of (8).

To simplify proofs about multiple substitution (to avoid too much interactiv-
ity during proof due to non-freeness side-conditions and inductions on lists) we
introduce a multiple assignment on states and prove that multiple substitution
is equivalent to, first evaluating all the expressions involved and then, assigning
(in any order) each obtained value to the corresponding variable, provided the
variables are distinct5 and the lengths of the lists are the same6. This is the
theorem:

[[ distinctX; X
len= E ]] =⇒ [X := E]F = (λs. F ‘s[map(λe.e‘s)(E)/X])

The multiple assignment is defined by primitive recursion on the list of variable
names (we keep the same notation as simple assignment to avoid too much
different syntax):
4 For this purpose $ is extended to lists of names: $X ≡ map(op $)(X).
5 The operator distinct is defined by primitive recursion on list.
6 x

len= y is short for length(x) = length(y).
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primrec assign list
s[V/[ ]] = (case V of [ ]⇒ s | v#W ⇒ arbitrary)
s[V/x#Y ] = (case V of [ ]⇒ arbitrary | v#W ⇒ s[v/x][W/Y ])

At this point, all axioms about non-freeness and substitution (series NF and SUB
of [1, Appendix E]) that we can express in our framework, can be established.

4 Generalised Substitution

Abrial defines the language of generalised substitutions (for short GSL) from a
weakest precondition axiomatic system. Then he shows the equivalence of this
system with the before-after model. Finally he links them to two set-theoretic
models: the set transformer model and the relational model which corresponds
directly to the before-after model with sets instead predicates.

Of these constructions, we eliminate the set-theoretic models because of their
typing rigidity which, perhaps, simplifies reasoning at the level of substitutions
in a single machine, but which is not suitable for reasoning about machine ar-
chitectures. Finally, we choose the before-after model because we find it easier
to formalise in our framework. However, to be close to the B-Book, we show the
equivalence with the axiomatic model.

4.1 Before-After Model

As stated by the normalised form theorem [1, Theorem 6.1.1], for all generalised
substitutions S working on the variable x there exists two predicates P and Q
such that7:

S = P | @x′. Q =⇒ x := x′

Such a P is unique, but not Q. More precisely any Q′, such that P −→ ∀x′.Q =
Q′ defines the same generalised substitution as Q. However there is only one Q
such that (∀x. ¬P −→ ∀x′. Q). Of course, as we will prove later, P and Q are
exactly the termination predicate trm(S) and the before-after predicate prdx(S).

Obviously, the variable x on which the substitution works is also character-
istic. In fact, Q also depends on another variable denoted by priming the former
one: x′, which denotes the after-value of x. The priming is only a convention;
what is important is that x′ is fresh, that is, is distinct of x.

Then formally, a substitution is a 4-tuple (P, Q, x, x′) where P and Q are
predicates, and x and x′ are lists of variable names all distinct and of the same
length. To derive the injectivity property of the weakest-precondition operator8

(16), any generalised substitution needs to have a unique representation. For P

7 Readers familiar with HOL should notice that we use @ for the unbounded choice
operator of B, instead of Hilbert’s choice operator denoted ε in this paper.

8 Two generalised substitutions are equal if they establish the same post-conditions.
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and Q it suffices they verify (∀x. ¬P −→∀x′. Q). Lists of variables are not suit-
able since the repetition and the order of variables are irrelevant: (x, x := e, f)
is not well-formed, and (x, y := e, f) and (y, x := f, e) are equal. Furthermore
the explicitness of x′ is artificial since a substitution does not depend at all on
the particular names chosen for x′.

So we use of a finite set instead of a list to denote variables involved in
a substitution. We bypass the last point by making Q dependent on two pa-
rameters instead of one: the before-state and the after-state. Since we want the
only relevant values of the after-state to be those of the variables x, we have
a non-freeness condition on the second parameter of the before-after predicate
(expressed with depend). With these properties we define the type of generalised
substitutions:

typedef Sub = {(P :: Pred, Q :: Pred Sfun, D :: name set). finite (D) ∧
(∀s. depend(Q‘s)(D)) ∧ (∀s. ¬P ‘s −→ (∀s′. Q‘s‘s′))}

We add some syntax for convenience. (P |D : Q) is used as concrete syntax
for the substitution abstracted from the 3-tuple (P,λs s′. P ‘s −→ Q‘s‘s′, D).
Conversely trm, prd, dom map a substitution to its three components9. dom(S)
is the set of variables which S may modify, intuitively those are the variables
which appear on the left-hand side of substitutions. Initially trm and prd are
just considered as syntactic features to retrieve the characteristic predicates of
an element of Sub, but they indeed correspond to what we expect, as proved
after the next definition.

The formalisation of generalised substitutions is completed with the seman-
tics of the weakest precondition of a postcondition R w.r.t. a substitution S
(classically denoted by wp(S, R), but we follow Abrial’s notation [S]R):

[S]R ≡ λs. trm(S)‘s ∧ (∀s′. prd(S)‘s‘s′ ∧ s =|dom(S) s′ −→ R‘s′)

The condition s =|dom(S) s′ tells us that the variables not involved in the substi-
tution are not modified.

We are now able to justify the choice of trm and prd by the proof of the
following theorems:

trm(S) = [S](λs. True)
prd(S) = λs s′. ¬[S](λs. ¬ s′ =|dom(S) s)‘s)

They are exactly Abrial’s definitions in our formalism. (λs. True) stands for the
predicate x = x, and (λs. ¬ s′ =|dom(S) s)‘s) for ¬ x′ = x.

9 The use of (λs s′. P ‘s −→ Q‘s‘s′) instead of simply Q guarantees the condition
(∀s. ¬P ‘s −→ (∀s′. Q‘s‘s′)) and does not change the semantics of the substi-
tution. P , Q and D must verify the properties of Sub to obtain the equalities
trm(P | D : Q) = P , prd(P | D : Q) = Q, and dom(P | D : Q) = D. The notation
(P | D : Q) is reminiscent of the standard B notation.
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This foundation lets us define the operators of the GSL easily:

skip ≡ (λs. True | ∅ :λs s′. True) (9)
x := E ≡ (λs. True | {x} :λs s′. s′(x) = E‘s) (10)
P | S ≡ (P ∧ trm(S) | dom(S) : prd(S)) (11)

P =⇒ S ≡ (P −→ trm(S) | dom(S) :λs s′. P ‘s ∧ prd(S)‘s‘s′)
S []T ≡ (trm(S) ∧ trm(T ) | dom(S) ∪ dom(T ) : (12)

λs s′. (prd(S)‘s‘s′ ∧ s =|dom(T )−dom(S) s′)∨
(prd(T )‘s‘s′ ∧ s =|dom(S)−dom(T ) s′) )

@x. S ≡ (∀x. trm(S) | dom(S)− {x} :λs s′. ∃v v′. prd(S)‘s[v/x]‘s′[v′/x])
S | |T ≡ (trm(S) ∧ trm(T ) | dom(S) ∪ dom(T ) : (13)

λs s′. prd(S)‘s‘s′ ∧ prd(T )‘s‘s′)

Apart from the unusual look of the before-after predicate due to its functional
representation, certain definitions merit some comments. According to us, this
definition of skip (9) is more intuitive than x := x since it does not involve any
variable at all. With (10) we can establish the expected relation between the sim-
ple substitution of GSL and the semantic substitution developed in the previous
section: [x := E]R = [x := E]R. We just use prd(S) instead of P −→ prd(S)
in (11) according to the note 9. The only definition which is perhaps a little
surprising is the choice operator (12). Indeed following the substitution which is
chosen in S []T , say S, we have to specify that the variables involved in T are
not modified except if they are involved in S, that is s =|dom(T )−dom(S) s′, con-
versely for T . Our definition of the parallel operator10 (13) is more general than
Abrial’s, since it allows S and T to work on common variables. When domains
of S and T are disjoint it is exactly Abrial’s definition. We could have defined
it as (if dom(S) ∩ dom(T ) = ∅ then . . . else arbitrary) but that is needlessly
complex. In fact, because of the normalisation form theorem, we can write this
generalised substitution anyway with or without the domain condition. So we
think this condition would be better placed as a limitation on the GSL we can
use for abstract machines, as the use of composition and loop substitutions is
forbidden at the abstract level, and the use of the specification statement (x : P )
is forbidden at the implementation level.

4.2 Axiomatic Model

In this section we establish the equivalence between the before-after model we
developed above and the axiomatic model from which Abrial starts.

First, from the definitions above we derive the axioms of GSL (the results
about skip and [] could be derived from the three others with a definition based
on the normalised form of substitutions, but we follow Abrial’s presentation):

[skip]R = R

10 Bert et al. introduce this definition in [2] but for another specific need.
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[P | S]R = P ∧ [S]R

[P =⇒ S]R = P −→ [S]R

[S []T ]R = [S]R ∧ [T ]R

{x}\R =⇒ [@x. S]R = ∀x. [S]R (14)

Conversely, we show that every substitution as we defined them (element of
Sub type) can be expressed in a normal form using only the precondition, the
guarded substitution, the unbounded choice and the (multiple) simple substitu-
tion, that is

∀S. ∃P D D′ Q. S = P | (@D′. Q =⇒ D := D′) (15)

The proof is relatively easy if S involves only a single variable (i.e. the domain of
S is a singleton). To do the general proof we need to deal with lists of variables.
So we extend by primitive recursion the binding operators ∀, ∃, and @:

primrec "op ⊗" list
⊗[ ]. R = R
⊗(x#Y ). R = ⊗x. ⊗Y. R

We extend the simple substitution to the multiple substitution when it makes
sense (that is when the variables involved are distinct and when there is the
same number of expressions as variables):

defs X := E ≡ if distinct(X) ∧ E
len= X

then (λs. True | {|X |} :λs s′. map(s′)(X) = map(λe. e‘s)(E))
else arbitrary

The general proof of (15) is not really complicated but needs several specific
properties of operators on lists. The correct P is found automatically by Isabelle,
it is of course trm(S). The others are instantiated by hand. For D we take any
list such that its elements are distinct and are those of dom(S)11. For D′ we need
distinct fresh variables in the same number as D. At last Q is prd(S) where the
relevant after-values are mapped to the fresh variables D′.

P = trm(S)
D = (εD. {|D |} = dom(S) ∧ distinct(D))

D′ = (εD′. {|D′ |}\S ∧ distinct(D′) ∧ D′ len= D)
Q = (λs. prd(S)‘s‘s[map(s)(D′)/D])

The obtained result is just formal, and is not used in practice. More use-
ful is the injectivity property of the weakest precondition operator “[.].” which
states that two substitutions are equal if they have the same domain and if they

11 It is possible since dom(S) is finite.
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establish exactly the same postconditions. Its proof uses the injectivity of the
encoding of Sub and the extensionnality property of α Sfun (3):

[[ dom(S) = dom(T ); ∀R. [S]R = [T ]R ]] =⇒ S = T (16)

Equipped with this theorem and the axioms of GSL, we can forget the heavy
definitions in terms of trm, prd and dom of the operators of GSL, and prove
almost automatically12 all the various properties which mix different substitution
operators. For properties involving the parallel operator we need to prove

[[ dom(S) ∩ dom(T ) = ∅; dom(S)\Q; dom(T )\P ;
[S]P ; [T ]Q ]] =⇒ [S | |T ](P ∧ Q)

4.3 Substituted Substitution

We close the section on GSL by extending the non-freeness and the substitution
to generalised substitutions, which we need to define operation calls in the next
section.

The variables manipulated by a generalised substitution S are the variables
of trm(S), and the before- and after-variables of prd(S). By the definition of
the Sub type, the after-variables are included in dom(S). The extension of the
non-freeness condition is defined through the extension of depend (see note 2):

defs depend(S) ≡ depend(trm(S), prd(S), dom(S))

At this point we can derive the theorem {x}\S =⇒ @x. S = S.
The substituted substitution is less easy to define because it is only partial:

[x := E](x := F ) is only defined when E is itself a variable. More generally, to
define a substituted substitution [x := E]S, we have to consider two cases:

– The substituted variable x is in the domain of S. Then the substituted
substitution makes sense only when there exists y such that E = $y. The
injectivity of $ (2) guarantees that, if it exists, such a y is unique. The
domain of the substituted substitution is obtained by replacing x by y, that
is {y} ∪ (dom(S) − {x}), x is replaced by y in trm(S) and in prd(S) where
we also replace x′ by y′ (λs. [x := $y]([x := $y](prd(S))‘s)).

– The substituted variable x is not in the domain of S. In this case the sub-
stituted substitution is defined for all E, and its domain is dom(S).

We split the definition of a substituted substitution in two rules:

rules x ∈ dom(S) =⇒ [x := $y]S = ([x := $y](trm(S)) |
{y} ∪ (dom(S)− {x}) : λs. [x := $y]([x := $y](prd(S))‘s))

x 6∈dom(S) =⇒ [x := E]S =
([x := E](trm(S)) | dom(S) : [x := E](prd(S)))

12 In general, with a single call to Isabelle’s classical reasoner [10].
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Note that we do not need to redefine the multiple substituted substitution, since
(7) and (8) were defined in terms of simple substitution.

We prove various distributivity properties on (multiple) substituted substi-
tution. Two useful results are

{y}\S =⇒ (@y. [x := $y]S) = (@x. S)

and [[ y
len= x; distinct(x); {|x |} ⊆ dom(S);

e
len= z; distinct(z); {|z |} ∩ dom(S) = ∅ ]]

=⇒ [x_z := $y_e](P | S) = ([x_z := $y_e]P | [x_z := $y_e]S)

The former enables us to rename a variable under the unbounded choice, in
practice to apply the axiom of @ (14) when the non-freeness condition about
x is not realised. The latter is connected with operation calls. It distributes
the replacement of formal parameters (output x, input z) by actual parameters
(output y, input e) over the basic shape of an operation (a precondition P and
a generalised substitution S).

5 Abstract Machine

In this section we formalise the abstract machine theory. We characterise basic
machines, i.e. the elements of abstract machine notation which start by machine
and do not contain any assembly clause (includes, extends, uses or sees).
First we define operations and then abstract machines; we end with the combi-
nation of operations (in a generalised substitution) in order to give an idea of
our future work.

5.1 Operation

An operation is characterised by a 5-tuple (N, i, o, P, S): N is the name, i and
o are respectively the list of input and output parameters, P is the explicit
precondition of the operation, and S is the substitution performed when the
operation is called. There are constraints to obtain a well-formed operation: the
names of lists i and o must be all distinct, o must not be free in P , i must not
be modified by S, and conversely o must be in dom(S). We define the type Op

typedef Op = {(N :: name, i :: name list, o :: name list, P :: Pred, S :: Sub).
distinct(i) ∧ distinct(o) ∧ {|o |}\P ∧
{| i |} ∩ dom(S) = ∅ ∧ {|o |} ⊆ dom(S)}

We explicitly separate the precondition from the substitution of the operation
since it plays a particular rôle in the axioms of abstract machines.

The operators name, in, out, pre and body map an operation to its internal
components. We define an operator to denote the local variables of an operation
and a predicate to control the set of readable variables:

defs local(O) ≡ dom(body(O))− out(O)
read(O)(V ) ≡ depend(pre(O), trm(body(O)), prd(body(O)))(V )
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An operation call o← O(i) is simply the generalised substitution (pre | body)
where the formal parameters in and out have been replaced by the actual pa-
rameters (o :: name list) and (i :: Expr list). Of course we need a side-condition
to say that such a call is well-formed: the actual output variables o are distinct,
o and i have the same length than their corresponding formal parameters, and o
is different from the local variables of O. Finally we define preserve which states
that an operation preserves a predicate.

defs o← O(i) ≡ [out(O)_in(O) := $o_i](pre(O) | body(O))
wfcall(O)(i)(o) ≡ distinct(o) ∧ o

len= out(O) ∧ i
len= in(O)∧

{|o |} ∩ local(O) = ∅
preserve(O)(I) ≡ λs. ∀i o. wfcall(O)(i)(o)

−→ (I ∧ [ in(O) := i]pre(O)
−→ [o← O(i)]I)‘s)

5.2 Abstract Machine

We have now all the necessary concepts to define abstract machines. However
in this paper we simplify some features: we do not include the clauses sets,
(abstract )constants and properties, and we do not distinguish between
concrete variables and variables, since for the moment our formalisation
does not go far enough to exploit these concepts.

An abstract machine is a 7-tuple (N, X, C, V, I, U, O) where N is the name,
X the list of formal parameters, C the constraints on these parameters, V the
set of variables, I the invariant, U the initialisation and O the set of operations.
The machine is well-formed when X and V are distinct, C depends on X only,
if there is no parameter13 (X = [ ]) then C = (λs. True), V is finite, I depends
on X and V only, U works on V and depends on X only, O is finite and for each
element of O their local variables are equal to V 14 and they can only read their
input parameters, V and X. The type Mch is then

typedef Mch = {(N :: name, X :: name list, C :: Pred, V :: name set,

I :: Pred, U :: Sub, O :: Op set).
distinct(X) ∧ {|X |} ∩ V = ∅ ∧ depend(C)({|X |}) ∧
(X = [ ] −→ C = (λs. True)) ∧
finite (V ) ∧ depend(I)({|X |} ∪ V ) ∧
dom(U) = V ∧ depend(U)({|X |}) ∧ finite (O) ∧
(∀B ∈ O. local(B) = V ∧ read(B)(in(B) ∪ V ∪ {|X |})∧

(∀A ∈ O. name(A) = name(B) −→ A = B) )}
13 In this case there is no constraints clause in B. However, to have a unified type

for abstract machine, we take this view, consistent with abstract machine axioms.
14 In general the local variables of an operation just have to be included in the variables

of a machine, but we can always extend the domain of a substitution S (then of an
operation) with x by S | | x := x to obtain that equality.
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As previously, we provide selector functions name, prm, ctr, var, inv, ini and
ops, to access to components of Mch. The axioms of abstract machines are ex-
pressed in the definition of the consistency predicate: initialisation establishes
the invariant under the constraints, and all the operations preserve the invariant
under the constraints.

defs consistent(M) ≡ (∀s. ( ctr(M) −→ [ini(M)](inv(M)) )‘s)∧
(∀B ∈ ops(M). ∀s. ( ctr(M) −→

preserve(B)(inv(M)) )‘s)

At this point we can develop and prove single machines. The encapsulation
of operations and machines in abstract types guarantees that all the conditions
about non-freeness, dependence, distinctness etc. are formally verified.

5.3 Combining Operations

In this section we look at the use of operations in generalised substitutions (as in
bodies of operations of including machines). Such generalised substitutions (we
call them commands) are defined with operation calls combined with generalised
substitutions on variables other than the local one of the operations (following
the hiding principle). First we give a precise definition of which combinations
are accepted, and then we prove a theorem which ensures the soundness of the
proof obligations for the includes clause.

We need to define hidden, which collects all the local variables of a set of
operations (hidden(O) ≡ {n. ∃U ∈ O. n ∈ local(U)}).

cmd(O), the set of commands constructed on the set of operations O, is
defined inductively. The first two cases introduce operation calls and generalised
substitutions on variables other than hidden(O). The next four rules authorise
the GSL basic operators. Finally, the parallel operator is permitted for disjoint
substitutions.

inductive cmd(O)
[[ U ∈ O; wfcall(U)(i)(o); hidden(O)\o ]] =⇒ o← U(i) ∈ cmd(O)
hidden(O)\dom(S) =⇒ S ∈ cmd(O)
S ∈ cmd(O) =⇒ (P | S) ∈ cmd(O)
S ∈ cmd(O) =⇒ (P =⇒ S) ∈ cmd(O)
[[ S ∈ cmd(O); T ∈ cmd(O) ]] =⇒ (S []T ) ∈ cmd(O)
[[ x 6∈hidden(O); S ∈ cmd(O) ]] =⇒ (@x. S) ∈ cmd(O)
[[ S ∈ cmd(O); T ∈ cmd(O); dom(S) ∩ dom(T ) = ∅ ]]

=⇒ (S | |T ) ∈ cmd(O)

For example, the well-formed operations for a machine M which includes
the machines M1 and M2 are exactly cmd(ops(M1) ∪ ops(M2)), provided that
var(M1) and var(M2) are disjoint.

The includes mechanism enables us to prove separately the proof obliga-
tions of the included and the including machines. The theorem below ensures
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that the operations of the including machine indeed preserve the invariant of the
included machines. That is, with the example above, for all operations C of M ,
C preserves inv(M1) and inv(M2).

[[ C ∈ cmd(O);
∀U ∈ O. ∀V ∈ O. local(U) = local(V ) ∨ local(U) ∩ local(V ) = ∅; (17)
∃U ∈ O. depend(I)(local(U)); (18)
∀U ∈ O. ∀s. preserve(U)(I)‘s ]] (19)

=⇒ ∀s. (I ∧ trm(C) −→ [C]I)‘s

This general theorem does not refer to abstract machines. However the link
with the includes mechanism is straightforward: O is a set of operations (the
union of the operations of the included machines), I is a predicate (the invariant
of an included machine), C is a command constructed from O (the body of an
operation of the including machine).

Note the side-conditions (realised in the case of an includes clause) which
state, (17) that the local variables of the operations form a partition of all the
hidden variables (as it must be the case for operations coming from different
machines included in the same machine), (18) that the invariant depends only
on local variables of some operation (we suppose that all the operations of a same
machine have the same local variables, see note 14), and (19) that the invariant
is preserved by all the operations (which is trivial for the operations from other
included machines than the one of the invariant, because of the partition of
hidden variables).

This theorem is the key to prove the consistency of the proof obligations of
an including machine. That is informally:

proof obligation(machine M includes N . . .end)
=⇒ consistent(abstract machine(machine M includes N . . .end))

where proof obligation and abstract machine map a B component to respectively
its proof obligations and the corresponding element of type Mch.

6 Conclusion

In this paper we have started a formalisation of B in Isabelle/HOL. We have
bypassed the encoding of the syntax of predicates and expressions by taking
a semantic view, to focus on generalised substitutions and abstract machines.
Then we have formalised generalised substitutions by the before-after model, and
proved the equivalence with the weakest precondition axiomatic model. Finally
we have formalised abstract machines.

The construction enables us to define single abstract machines and to prove
their consistency inside HOL. This encoding of B basic concepts in HOL is also
promising for the formalisation of the whole abstract machine notation, as our
current exploration with the includes clause and the refinement of generalised
substitutions shows us.
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This outlines our future work. First we have to define machines assembly
clauses in term of abstract machines as described in this paper. Then we could
formally establish rules (proof obligations) for proving the consistency of these
constructs. We follow the same process for the refinement of abstract machines.

Apart from interesting theoretical concepts (generalised substitutions, ab-
stract machines, refinement. . . ), we also tried to define and use formally the
non-freeness conditions. These hypotheses seem generally obvious and tedious
for people, but they are necessary to construct practical tools. Our experiments
with assembly clauses emphasise their importance and show they do not really
complicate proofs. Indeed proof scripts are rather short (a few lines of Isabelle’s
tactics), except for theorems involving lists which require more interactivity.

The main advantage of using HOL is its static type-checking system. It avoids
to “pollute” formulae with side-conditions to ensure the well-formedness of ex-
pressions15. This would not be the case in a flattened universe like Isabelle/ZF
(the ZF set theory instance of Isabelle). We are peculiarly satisfied with the
typedef construct which encapsulates the properties characterising a new type.
By hiding these properties it enables us to write very readable and concise the-
orems. This is specially valuable in case of rewriting rules because the less side-
conditions there are, the more efficient is Isabelle’s simplifier. In addition the
proof guidance provided by types certainly improves the work of Isabelle’s au-
tomatic tools.

Obviously this work provides a sort of validation of some B concepts. It also
leads to a formally developed proof obligation generator for abstract machine
notation. This tool is valuable in itself. More interesting perhaps, could be its
use to check existing proof obligation generators (Atelier B, B-toolkit). From the
theoretical point of view, it is a framework which enables us to check formally
the soundness of extensions and/or modifications of the B language.

Finally the work would be complete with an encoding of the syntax of predi-
cates and expressions. With an appropriate type-checker, the whole construction
would provide a unified framework to write and prove B programs.
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Abstract. In B, the expression of dynamic constraints is notoriously
missing. In this paper, we make various proposals for introducing them.
They all express, in different complementary ways, how a system is al-
lowed to evolve. Such descriptions are independent of the proposed evolu-
tions of the system, which are defined, as usual, by means of a number of
operations. Some proof obligations are thus proposed in order to recon-
cile the two points of view. We have been very careful to ensure that these
proposals are compatible with refinement. They are illustrated by several
little examples, and a larger one. In a series of small appendices, we also
give some theoretical foundations to our approach. In writing this paper,
we have been heavily influenced by the pioneering works of Z. Manna
and A. Pnueli [11], L. Lamport [10], R. Back [5] and M. Butler [6].

1 Introduction

Background

This paper is the continuation of a study [2] that appeared in the First B Con-
ference, where we showed how B could be used for specifying and designing
distributed systems. Since then, we have explained, by means of a rather de-
tailed case study [3], how the concepts introduced in [2] could be handled in
practice and proved correct with Atelier B [13]. These two studies also showed
that B could be used “as it is”, at least to a certain extent.

Previous Work

The main idea conveyed in the mentioned papers is that B abstract machines,
normally used to specify and develop software modules, might also be used to
model the evolution of certain “global” situations. For instance, the state of
such a “machine” might be a complete network. And its “operations” might be
simple, so called, events, which may occur “spontaneously” rather than being
invoked, as is the case with a normal abstract machine operation. For instance,
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such an event might be a specific action involved in a communication proto-
col executed by an agent that is situated somewhere in the mentioned network.
Rather than being pre-conditioned, each event is guarded by a certain predi-
cate, which states precisely the condition under which the event can be enabled.
Finally, new events, which were not explicitly present in an abstraction, might
be introduced in a refinement. Such events are all supposed to refine the non-
event (that modifies nothing) of the abstraction. The gradual introduction of
new events in successive refinement steps makes it possible to slowly develop a
system by starting from a non-distributed abstraction (describing, say, in one
shot, the main goal of a certain protocol) and ending eventually in a completely
distributed concrete realization.

Purpose of Paper

As we became more and more familiar with the problems raised by the speci-
fication and design of such distributed systems, it clearly appeared that some
of their requirements were sometimes elegantly presented informally in terms
of certain “dynamic constraints” that are rather difficult to express, prove and
refine with B “as it is”. The purpose of this paper is thus the following: (1) to
present some simple extensions to B able to handle such constraints, (2) to show
them at work on some examples, (3) to present their theoretical foundations. In
doing so, we shall always keep in mind that such extensions must be easily im-
plementable on Atelier B.

Dynamic Constraints

Dynamic constraints have been popular among researchers for quite a long time.
They have been studied intensively for many years (an excellent survey can be
found in [12]). They appear in the literature under different names such as:
temporal logic constraints, liveness constraints, eventuality properties, fairness,
deadlock, livelock etc. Unlike a static constraint (an invariant), which expresses
that a certain property involving the state variables of a system must hold when
the system is in a steady state, a dynamic constraint is a law expressing how the
system is allowed to evolve.

Handling Dynamic Constraints in B

Our idea is to practically handle dynamic constraints in B in exactly the same
way as we have handled so far static constraints. Let us thus recall in what
follows the way we handle static constraints in B. As we know, it is possible
to express a number of static properties of a system (in the INVARIANT clause
of an abstract machine), and also to define a number of named operations (in
the OPERATIONS clause) whose rôle is to describe the evolution of the system
(possibly in a very abstract way, which is to be refined later). Once this is
done, we are required to prove that the proposed evolution of the system is
compatible with the (independently proposed) static properties: these are the
so called “proof obligations”. As can be seen, our main philosophy is one of
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separation of concern. Notice that in a specification language such as Z [8], the
invariant has not to be proved to be maintained, it is automatically incorporated
in the before-after expressions defining the dynamics of the specified system.

It seems then that everything has been said, that there is no room for further
properties to be defined. The purpose of this paper is to say, no, everything has
not been said: in the same way as we have defined some static properties of the
system independently of the operations describing its evolution, we might also
define a number of dynamic properties independently of the proposed operations.
And, as seen above in the case of the static constraints, it will then be required
to prove that the proposed operations of the system are compatible with such
dynamic constraints. In other words, we want to be sure that the system indeed
evolves as it has been allowed to. Notice that in a specification language such as
TLA [10] (like in Z for the invariant, as we have noticed above), the dynamic
constraints have not to be proved to be satisfied, they are automatically incor-
porated in the before-after expressions defining the dynamics of the specified
system.

Short Examples

A classical generic example of a dynamic constraint, which can be defined for a
system, expresses that, under some conditions, which hold now, a certain state
of affair will certainly be reached in the future. In a system involving the control
of some requests together with the handling of the corresponding services (such
a system is thus modeled with at least two events, one introducing some new
request and another honoring some pending request), we might require, as a
dynamic constraint, that any pending request will not be pending for ever, that
it will be honored eventually. And, again, we are then required to prove that
the proposed events gently handle such a dynamic constraint. For instance, we
might require of a lift system that any request for a lift at a certain floor will be
satisfied in the future. Likewise, we might require that an automatic maintenance
system eventually succeeds in repairing what it is supposed to repair at a given
moment or explain why it cannot do so. We want to exclude the possibility for
the system to do nothing and never report anything.

Another classical situation is one where, in a system, we require that once
a certain property holds it then holds “for ever”: that any further evolution of
the system will not destroy the property in question. For instance, in a system
recording historical information, we might require that a piece of data stays in
it for ever once it has been entered.

2 The Proposal

None of the proposals we present in what follows is new. They are just new
in B and, perhaps, in the way each of them is packaged and integrated in a
single language. We have been inspired by the ideas of various researchers on
different systems. Certainly the work by Z. Manna and A. Pnueli [11], and that
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of L. Lamport [10]. But clearly, the work of M. Butler as it is presented in [6]
has been fundamental to us.

Our proposal is made of five parts. (1) We first introduce a general notion
of abstract system (complementary to that of abstract machine). (2) Then we
present the idea of a variant in an abstract system refinement, whose rôle is
to limit the possibilities for new events, introduced in that refinement, to take
control for ever. (3) We then define the concept of a dynamic invariant expressing
how data are allowed to evolve in an abstract system. (4) The important notion
of modality is then developed, which states how the repeated occurrences of
certain events can lead to certain wishful situations. (5) Finally, we give some
rules concerning the problem of deadlock.

Each of these concepts will more or less be introduced in the same systematic
fashion. First, we shall present the concept (sometimes with a short background)
together with its linguistic representation in B. Then we shall give (if any)
the corresponding proof rules. At this point, we might present a little example
illustrating the concept and its proof rules (the proof rules will be recognizable
immediately as they will be boxed in a special way). Finally, we shall explain
how the concept is influenced by refinement.

The latter point is fundamental. We have always to keep in mind that any
technique for expressing some (dynamic) properties in the development of a
system has to be compatible with some further refinements. Once you have
stated a certain property at some point in the construction of a system, you
demand that that property is maintained in further refinements. This is certainly
part of the very definition of what refining means (the abstract promises should
be honored), but dually, this is also part of the semantical definition of any
wishful property you want to express. In fact, this gives a primary criterion for
considering a property: again, it should be maintained by refinement.

2.1 Abstract Systems

Description

In order to make a clear distinction between an “ordinary” abstract machine and
one that is used to model a global situation driven by some events, we do not
call the latter an abstract MACHINE any more, but rather an abstract SYSTEM.
Likewise, the OPERATIONS clause of such a system is now called the EVENTS
clause. The other clauses are left unchanged.

A Short Example

As a toy example, next is a little system with two events:
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SYSTEM
toy

VARIABLES
x, y

INVARIANT
x, y ∈ N×N

INITIALIZATION
x, y := 0, 0

EVENTS
evt x =̂ x := x + 1 ;
evt y =̂ y := y + 1

END

No Hidden Fairness Assumptions

In such a description, there is no hidden assumptions concerning the firing of
the events: what you get, is only what you read. And what we can read is the
following: when the system moves (notice that the “willingness” of the system
to move is not our concern), any occurrences of the two events evt x and evt y
may take place. However, there is no implicit “fairness” assumptions saying that
both events must occur infinitely often (as is the case in UNITY [7]). On the
contrary, here it is quite possible that the event evt x never occur, or occur just
once, or many times, and similarly with the event evt y. In fact, besides the abil-
ity of observing any of the two events, we have no extra knowledge concerning
the possible sequences of observation we will be able to make.

Abstract Scheduler

If a more specific behavior is needed, it has to be specified explicitly. For instance,
if we want to be sure that no event can occur indefinitely without letting the
other occur from time to time, and vice versa, we have to “implement” this
explicitly (and we shall also see in section 2.4 how to state this, so that we will
be able to prove our “implementation”). Such an implementation is called an
abstract scheduler (a variety of such abstract schedulers is discussed in [4]).

As will be seen, such an abstract scheduler can be so abstract that it does
not commit ourselves to a specific policy. As a consequence, any kind of more
specific policy can be realized in a refinement. There are various possibilities
for defining such abstract schedulers, including one consisting in introducing an
explicit scheduler event.

An Abstract Scheduler Example

In what follows, we propose to distribute an abstract (fair) scheduler among the
two events evt x and evt y incrementing the state variables x and y respectively:
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SYSTEM
toy with scheduler

VARIABLES
x, y, c, d

INVARIANT
x, y, c, d ∈ N×N×N×N ∧ ( c > 0 ∨ d > 0 )

INITIALIZATION
x, y := 0, 0 ‖ c, d :∈ N1 ×N1

EVENTS
evt x =̂ select c > 0 then x, c := x + 1, c− 1 ‖ d :∈ N1 end ;
evt y =̂ select d > 0 then y, d := y + 1, d− 1 ‖ c :∈ N1 end

END

As can be seen, the firing of the event evt x depends on the positive value of
a certain variable c. The value of this variable represents, in a given state, the
maximum number of time evt x can be enabled without evt y being itself exe-
cuted. Such a variable is decreased by evt x and, at the same time, evt x chooses
non-deterministically a positive value for a certain variable d handled similarly
by the event evt y. The invariant c > 0 ∨ d > 0 ensures that the system never
deadlocks. In section 2.4, it will be shown how to express (and indeed prove)
formally that each of these two events is “fair” to the other.

Abstract System and Refinement

We shall postpone the discussion on the effect of refinement on an abstract
system until the next section and section 2.5 (where this question will be studied
in details). Let us just say for the moment that what is “promised” by an abstract
system should not be destroyed by refinement. And what is promised is a number
of events which can happen freely within certain (guarded) conditions. We do
not want refinement to offer less concerning the occurrence of the events in
question. To take the terminology of CSP [9] and also that of Action Systems
as presented by Butler in [6], we do not want to restrict in any way the external
non-determinism that is offered by an abstract system at the top level.

2.2 Refining an Abstract System: the VARIANT Clause

Description

For refining a SYSTEM, we use a REFINEMENT component whose OPERATIONS
clause is also, of course, replaced by an EVENTS clause. This is also the case for
a refinement refining a refinement refining itself an abstract system, and so on.

Besides the events of its abstraction, such a refinement may introduce some
new events that are not present in the abstraction. Such new events are all sup-
posed to refine a “virtual” event of the abstraction that does nothing (skip).
This is amply described and justified in [2] and [3] (this has already been intro-
duced for a long time in TLA [10] as the “stuttering steps” and also in Action
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Systems [5] as the “internal actions”). However, as such a “virtual” skip might,
in principle, take control for ever, which is certainly not desirable, we have to
assume that the corresponding new event only refines a bounded skip. In order
to ensure this limitation, we introduce a new clause: the VARIANT clause. Such
a clause contains a natural number expression. A corresponding proof obligation
states that each new event decreases that quantity, so that the old events can-
not be postponed for ever. Notice that the variant could also be an expression
denoting a natural number sequence, in which case each new event is supposed
to decrease that quantity lexicographically.

Proof Obligations

Let H be a new event introduced in a refinement. Suppose that the variant ex-
pression stated in the VARIANT clause is V . We have then to prove the following
(where v denotes a fresh variable):

V ∈ N

[v := V ] [H] (V < v)
(PO 1)

Such a proof has to be done, as usual, under the assumptions of the various
invariants we depend on in this refinement.

A Short Example

Next is another little system, in which the unique event evt 1 non-deterministically
chooses a number x and assign it to both variables a and b:

SYSTEM
another toy 0

VARIABLES
a, b

INVARIANT
a ∈ N ∧ b ∈ N ∧ b = a

INITIALIZATION
a, b := 0, 0

EVENTS
evt 1 =̂ any x where x ∈ N then a, b := x, x end

END

The idea is to now refine this system as follows: the concrete event evt 1 only
assigns x to a. The variable b′, the refined version of b, is set to 0. This new
version of evt 1 is only enabled when b′ is equal to a. A new event, named evt 2,
gradually transports the content of a to b′ by incrementing b′ while it is strictly
smaller than a. The gluing invariant (b′ = a) ⇒ (b′ = b) precisely states at
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which moment the abstract b and the concrete b′ do agree: this is indeed when
the value of b′ has reached that of a.

REFINEMENT
another toy 1

REFINES
another toy 0

VARIABLES
a, b′

INVARIANT
b′ ∈ (0 . . a) ∧ (b′ = a ⇒ b′ = b)

VARIANT
a− b′

INITIALIZATION
a, b′ := 0, 0

EVENTS
evt 1 =̂ any x where x ∈ N ∧ b′ = a then a, b′ := x, 0 end ;
evt 2 =̂ select b′ < a then b′ := b′ + 1 end

It is not difficult to prove that the new version of evt 1 refines its abstract
counterpart, and that evt 2 refines skip. The proof obligations concerning the
VARIANT clause reduce to the following, which holds trivially:

a ∈ N ∧ b′ ∈ (0 . . a) ⇒ a− b′ ∈ N
a ∈ N ∧ b′ ∈ (0 . . a) ∧ b′ < a ⇒ a− (b′ + 1) < a− b′

The VARIANT Clause and Refinement

Another way to look at the above proof obligation is to consider that the new
event H refines a generalized substitution defined by the before-after predicate
V ′ < V , where V ′ denotes the expression V with each state variable x replaced
by its after-value x′. In other words, H refines a certain non-deterministic substi-
tution that strictly decreases the quantity V . Since refinement is transitive, we
can then conclude that any refinement ofH still refines the before-after predicate
V ′ < V . In conclusion, the VARIANT clause is compatible with refinement.

2.3 Dynamic Invariant: the DYNAMICS Clause

Description

A dynamic invariant is a rule stating how certain variables are allowed to evolve.
For instance, it might be the case that we are sure that a certain numerical
variable cannot be decreased: this is part of what we mean by this variable.
It might then be useful to state this explicitly in our specification (subjected,
of course, to a proof obligation expressing that each event indeed satisfies this



Introducing Dynamic Constraints in B 91

property). We know that, in a sense, this is redundant with the events (hence
the proof obligation) but we feel it important to express such redundancies in a
specification.

Such dynamic invariants are defined in a special clause called DYNAMICS.
It can be introduced in an abstract system or in any of its refinements. Such a
clause contains a number of conjuncted before-after predicates involving certain
(before) variables and also some “primed” (after) variables. Each of these before-
after predicates expresses how variables are allowed to evolve when modified
by the events. For instance, given a natural number variable x, the dynamic
invariant x ≤ x′ states that the variable x is not allowed to decrease, only to
increase or stay unchanged.

Proof Obligation

Of course, a proof obligation has to be generated in order to ensure that each
event is indeed consistent with the contents of the dynamic invariant. For in-
stance, an event with the substitution x := x + 1 satisfies the dynamic invariant
x ≤ x′ while the substitution x := x− 1 does not.

In general, given an event E and a dynamic invariant of the form P (x, x′)
(where x denotes the variables of the considered abstract system), the shape of
the proof obligation is the following, where prdx(E) is the before-after predicate
associated with the event E (this is described in the B-Book [1] in section 6.3.1):

prdx(E) ⇒ P (x, x′) (PO 2)

This has to be proved under the invariant of the abstract system. It exactly says
what is meant by the dynamic invariant. Namely, if x and x′ are related by the
before-after predicate corresponding to the event E then the dynamic invariant
should also hold between these variables.

A Short Example

In what follows it is shown how the system toy of section 2.1 can be equipped
with a dynamic invariant.
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SYSTEM
toy with dynamics

VARIABLES
x, y

INVARIANT
x, y ∈ N×N

DYNAMICS
x ≤ x′ ∧ y ≤ y′

INITIALIZATION
x, y := 0, 0

EVENTS
evt x =̂ x := x + 1 ;
evt y =̂ y := y + 1

END

As, clearly, the before-after predicate of evt x is x′ = x + 1 ∧ y′ = y, and that
of evt y is y′ = y + 1 ∧ x′ = x, we are led to prove the following which holds
trivially:

x, y ∈ N×N ∧ x′ = x + 1 ∧ y′ = y ⇒ x ≤ x′ ∧ y ≤ y′

x, y ∈ N×N ∧ y′ = y + 1 ∧ x′ = x ⇒ x ≤ x′ ∧ y ≤ y′

Dynamic Invariant and Refinement

As for the case of the VARIANT clause in the preceding section, we can consider
that, in the proof obligation (PO 2), the event E refines a generalized substitution
defined by the before-after predicate P (x, x′). And, again, since refinement is
transitive, we can then conclude that any refinement of E will still refine the
before-after predicate P (x, x′). In conclusion the DYNAMICS clause is compatible
with refinement.

2.4 Modality Properties: the MODALITIES Clause.

Background

A variety of temporal operators have been introduced in the literature [11] for
reasoning about the way systems can behave dynamically. The most classical
are 2 (always), 3 (eventually), ; (leadsto) and until. In what follows, we shall
give a brief informal description of each of them.

Given a certain predicate P defined on the state variables of an evolving
system, then 2P means that P always holds whatever the evolution of the
system. In other words, this clearly means that P is invariant in our terminology.

Given a certain predicate P , the statement 3P means that P holds at system
start up or that it will certainly hold after system start up whatever the evolution
of the system. Notice that, once it holds, there is no guarantee that P holds
for ever. This operator is rarely used on its own, but rather together with the
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operator 2, as in the statement 2 3P . This statement means that it is always
the case that P holds eventually: in other words, if P does not hold in a certain
state then it will certainly hold in some other state that is reachable from the
former whatever the evolution of the system.

Given two predicates P and Q, the statement P ; Q (pronounced P leads
to Q) means that it is always the case that once P holds then Q holds eventually.
Notice that, once the very process, by which some progress is made towards Q,
has started, then P is not required to hold any more (P is only required to hold
at the initialization of this process). The statement P ; Q can be defined by
the following combination of the two previous operators:

P ; Q =̂ 2(P ⇒ 3Q)

As can be seen, the statement 2 3Q is clearly a special case of P ; Q.
Given two predicates P and Q, the statement P until Q means two different

things: (1) that P leads to Q, and (2) that P holds as long as Q does not. Notice
that it is not required that P still holds when Q just holds. Up to the last evo-
lution, we can say that P is a “local invariant”, which holds during the active
part of the process by which P “leads to” Q.

Introducing modalities in B

It seems that a combination of the two operators ; and until covers most of
the “modalities” that one may encounter in practice. In both cases, as we have
already mentioned, there is an implicit usage of a certain process that is effec-
tively at work in order to progress from a certain situation characterized by the
predicate P to another one characterized by the predicate Q.

Following what is done in TLA [10], we would like to make this process
explicit. In other words, we would like to express that P leads to Q only when
certain events F1, · · · ,Fn do occur.

For instance, suppose that we would like to express that a certain event evt
in a system cannot prevent indefinitely the other events in the system to occur.
This is clearly expressed by stating that the guard G of evt leads to ¬G and
this when the only means of progress is precisely evt. If this is the case then any
attempt for evt to take control for ever will fail.

The “eventuality” aspect of these operators means that the process in ques-
tion must come to an end. Clearly this can be expressed as the termination of a
certain loop whose body is made by the bounded choice of the concerned events
and whose guard is the negation of the predicate we want to reach.

This view of our modality as a loop termination is supported by the small
theoretical development that the interested reader can consult in the appendices.

Description: First Form

The first form of our modality involves five distinct components (all possibly
defined in terms of the state variables x of our abstract system): (1) a predicate
P which is our “point of departure”, (2) a predicate Q which is our eventual
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“destination”, (3) a non-empty list of event names F1, . . . ,Fn (possibly sepa-
rated by the keyword or) that are involved by the loop in progress to go from P
to Q (this list is optional, when it is missing then all the events of the system are
implicitly involved), (4) an invariant predicate J that must hold during the loop
(this predicate is optional) and (5) a natural number expression V denoting the
decreasing variant of our loop (alternatively, an expression denoting a sequence
of natural numbers):

select
P

leadsto
Q

while
F1 or · · · or Fn

invariant
J

variant
V

end

This construct is, in fact, a proof obligation stipulating that a loop of the form
below indeed terminates (where I stands for the invariant of our component):

select
P

then
while ¬Q do

choice F1 or · · · or Fn end
invariant

I ∧ J
variant

V
end

end

The termination of this loop, however, may not necessarily lead to a state where
Q holds. This is because the loop may terminate before we reach that state.
This is due to the fact that the events F1 to Fn have their own guards. In other
words, the effective guard of the loop is not ¬Q but rather the following (in the
B-Book, the construct grd is called fis in section 6.3.2):

¬Q ∧ ( grd(F1) ∨ · · · ∨ grd(F1) )

Consequently, when the loop terminates we have
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Q ∨ (¬ grd(F1) ∧ · · · ∧ ¬ grd(Fn) )

As we certainly do not want to terminate in a state where (¬ grd(F1) ∧ · · · ∧
¬ grd(Fn) ) holds whereas Q does not, we require the following condition to hold:

¬Q ⇒ grd(F1) ∨ · · · ∨ grd(Fn)

When ¬Q is stronger that the disjunction of the guards then the effective guard
of the loop is exactly ¬Q. When the loop terminates then we certainly are in a
state where Q holds (this is justified in Appendix A7).

How to Achieve the until Effect

The until effect can easily be achieved by means of the following modality:

select
P

leadsto
Q

while
F1 or · · · or Fn

invariant
J ∧ (P ∨ Q)

variant
V

end

Since the involved loop is, as we know, guarded by ¬Q, the invariance of
P ∨ Q means that inside the loop (where ¬Q holds) then P holds, whereas at
the end of the loop (where Q holds) P may not hold any more: it is then indeed
the case “(1) that P leads to Q and (2) that P holds as long as Q does not”.

As a syntactic sugar, we can thus introduce the following construct to replace
the special case above:

select
P

until
Q

while
F1 or · · · or Fn

invariant
J

variant
V

end
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Proof Obligation for First Form

The following proof obligations (except the last one) constitute a direct deriva-
tion of the loop proof rules that one may find in the B-Book in section 9.2.9.
Notice that the third and fourth proof obligations have to be repeated for each
concerned event. Also notice that we do not have to prove that each of the event
maintains the invariant I of the abstract system, since this has clearly been cov-
ered by the “standard” proof obligations. Note that the corresponding proofs
have to be performed under the assumption of the invariant I. Finally note that
the quantification is done on the variable z, which denotes the collection of state
variables that are modified in the loop.

P ⇒ J

P ⇒ ∀z · ( I ∧ J ⇒ V ∈ N )

P ⇒ ∀z · ( I ∧ J ∧ ¬Q ⇒ [Fi]J )

P ⇒ ∀z · ( I ∧ J ∧ ¬Q ⇒ [v := V ] [Fi] (V < v) )

P ⇒ ∀z · ( I ∧ J ∧ ¬Q ⇒ grd(F1) ∨ · · · ∨ grd(Fn) )

(PO 3)

The first of these proof obligations expresses that the extra invariant is estab-
lished by the guarding condition P . The second proof obligation expresses that
under the invariant and the guard of the loop the variant is indeed a natural
number (alternatively, an expression denoting a natural number sequence). The
third proof obligation states that the predicate J is indeed an extra “local”
invariant of the corresponding event. The fourth proof obligation states that
the variant decreases under the corresponding event. The final proof obligation
states that ¬Q is the effective guard of our loop.

Notice the importance of the universal quantification over z (the state vari-
ables modified in the loop). This has the effect of separating the context of what
is to be proved “dynamically” from the initial condition which does not always
hold.

Description: Second Form

There exists a second form for our “leads to” property. It involves an initial
non-deterministic choice. Clearly this second form generalizes the former.
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any y where
P

leadsto
Q

while
F1 or · · · or Fn

invariant
J

variant
V

end

And this second construct is, as the former, a proof obligation stipulating that
a loop of the form below indeed terminates:

any y where
P

then
while ¬Q do

choice F1 or · · · or Fn end
invariant

I ∧ J
variant

V
end

end

Proof Obligation for Second Form

By analogy with those obtained for the first form, next are the proof obligations
for the second form of modality. As previously the third and fourth are to be
repeated for each of the n concerned events. Notice again that these proofs have
to be performed under the assumption of the current invariant I.

∀y · ( P ⇒ J )

∀y · ( P ⇒ ∀z · ( I ∧ J ⇒ V ∈ N ) )

∀y · ( P ⇒ ∀z · ( I ∧ J ∧ ¬Q ⇒ [Fi]J ) )

∀y · ( P ⇒ ∀z · ( I ∧ J ∧ ¬Q ⇒ [v := V ] [Fi] (V < v) ) )

∀y · ( P ⇒ ∀z · ( I ∧ J ∧ ¬Q ⇒ grd(F1) ∨ · · · ∨ grd(Fn) ) )

(PO 4)

As for the previous case, the variable z is supposed to denote those variables
that are modified in the loop.
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A Short Example

As an example, we can now state that in the system toy with scheduler of
section 2.1, the event evt x (resp. evt y) does not keep the control for ever. We
have just to say that, provided its guard holds, then the recurrent occurrence
of this event leads to a certain state where the guard does not hold any more,
formally:

SYSTEM
toy with scheduler dynamics and modality

VARIABLES
x, y, c, d

INVARIANT
x, y, c, d ∈ N×N×N×N ∧ ( c > 0 ∨ d > 0 )

DYNAMICS
x ≤ x′ ∧ y ≤ y′

INITIALIZATION
x, y := 0, 0 ‖ c, d :∈ N1 ×N1

EVENTS
evt x =̂ select c > 0 then x, c := x + 1, c− 1 ‖ d :∈ N1 end ;
evt y =̂ select d > 0 then y, d := y + 1, d− 1 ‖ c :∈ N1 end

MODALITIES
select c > 0 leadsto c = 0 while evt x variant c end ;
select d > 0 leadsto d = 0 while evt y variant d end

END

Notice that since the guard of evt x is exactly c > 0, we trivially have c > 0 ⇒
grd(evt x) (and the like for evt y). We can conclude, provided the corresponding
proofs are done, that these two events are “fair” to each other.

Modalities and Refinement

For each of the two forms of modality we have introduced in this section, the four
first proof obligations are clearly maintained by the refinements of the events: this
is obvious for the first and second ones that are not concerned by the events;
in the third and fourth proof obligations the events, say F , are only present
in subformulae of the form [F ]R for some conditions R. Such statements are
maintained by refinement according to the very definition of refinement, which
says that if an abstraction F is such that [F ]R holds, and if G refines F then
[G]R holds.

However, the main purpose of the proof obligations was to ensure that the
considered loop terminated. The problem is that the implicit concrete loop now
contains not only the refined versions of our events but also the new events
introduced in the refinement and supposed to refine skip. So that the “body” of
our refined implicit loop is now the following:

choice G1 or · · · or Gn or H1 or · · · or Hm end
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where the Gi are supposed to be the refinements of the more abstract Fi, and
where the Hj are supposed to be the new events. Fortunately, we know that,
thanks to the VARIANT clause introduced in section 2.2, the new events Hj

cannot take control for ever. It just then remains for us to be sure again that the
loop does not terminate before its normal abstract end (as we know, refinement
may have the effect of strengthening the guard of an event). In fact the following
condition, which has been proved (this was a proof obligation)

¬Q ⇒ grd(F1) ∨ · · · ∨ grd(Fn)

is now refined by the condition (to be proved under the assumption of the “glu-
ing” invariant of the refinement):

¬Q ⇒ grd(G1) ∨ · · · ∨ grd(Gn) ∨ grd(H1) ∨ · · · ∨ grd(Hm)

which has no reason to be true. We thus impose the following refinement condi-
tion (again, to be proved under the assumption of the “gluing” invariant of the
refinement), which clearly is sufficient to ensure a correct refinement of each of
the fifth proof obligations:

grd(F1) ∨ · · · ∨ grd(Fn)

⇒
grd(G1) ∨ · · · ∨ grd(Gn) ∨ grd(H1) ∨ · · · ∨ grd(Hm)

(PO 5)

This condition says that the concrete events Gi (refining the abstract events Fi)
together with the new events Hj do not deadlock more often than the abstract
events Fi. As we shall see in the next section, this condition must be maintained
along the complete development. This is essentially the “progress condition”
introduced in [6].

2.5 Deadlockfreeness

The Problem

At the top level, an abstract system “offers” a number of events able to occur
“spontaneously” (guard permitting of course). Following the terminology used
in CSP [9] and in Action Systems [5,6], such possibilities correspond to a
certain external non-determinism that has to be guaranteed. But, as we know,
refinement (besides other effects) can strengthen guards, so that it could very
well happen that an abstract event, say E , offered at the top level, disappears
completely in the refinement because of the following correct refinement

select false then E end
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In order to prevent this to happen, it seems sufficient to impose that the abstract
guard implies the concrete guard. But as the converse certainly holds (because
of refinement), this implies that the abstract and concrete guards are identical
(under the gluing invariant, of course). This is certainly too drastic a rule in the
case where the refinement introduces some new events.

Proof Obligations

In fact, as we know, an abstract system can be refined by another one introduc-
ing new events. And we also know that such events cannot take control for ever
because of the VARIANT clause (section 2.2). The idea is to impose a certain
“progress condition” [6] allowing us to relax the above constraint on the refine-
ment of the guard of an event. More precisely, in the case of the first refinement
of an abstract system, the law is the following for each abstract event F refined
by G and with the new events H1, · · · ,Hn (this has to be proved under the
assumption of the abstract and concrete gluing invariants):

grd(F) ⇒ grd(G) ∨ grd(H1) ∨ · · · ∨ grd(Hn) (PO 6)

Such a rule does not disallow the guard of F to be strengthen in G, it only gives
a certain limitation to this strengthening: it should at least be “absorbed” by the
new events. If we perform yet another refinement, we have to prove the following
rule which gradually transports the progress condition along the development
(again, this has to be proved under the relevant invariant assumptions):

grd(G) ∨ grd(H1) ∨ · · · ∨ grd(Hn)

⇒
grd(M) ∨ grd(K1) ∨ · · · ∨ grd(Kn) ∨ grd(L1) ∨ · · · ∨ grd(Lm)

(PO 7)

whereM is a refinement of G, each Ki is a refinement of the corresponding more
abstract event Hi, and the Lj are the new events of the refinement. A similar
proof obligation has to be generated for each further refinement, and so on.

Example

It is easy to check that the above progress condition is satisfied in the case of the
refinement another toy 1 of another toy 0 (section 2.2). We have in the more
abstract system

grd(evt 1) ⇔ ∃x · x ∈ N ⇔ true

And in the concrete system

grd(evt 1) ⇔ ∃x · ( x ∈ N ∧ b′ = a ) ⇔ b′ = a

grd(evt 2) ⇔ b′ < a
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The progress condition reduces to the following (which holds trivially):

b′ ∈ (0 . . a) ⇒ (b′ = a) ∨ (b′ < a)

Modalities Revisited

As we have just done for the guard of an abstract event, the proof obligation
presented for the disjunction of the guards of events involved in a modality
(section 2.4), has to be extended for any further refinement.

3 A Larger Example

In this section, we present a complete example able to illustrate the proposal
made above.

3.1 Informal Presentation

The problem consists in specifying and refining an event system concerned with
requests and services. An agency is supposed to offer n different services (n is thus
a positive natural number). Clients of this agency are supposed to issue requests
for these services. Once a request for a service is pending, that service cannot
be requested again. On the other hand, a pending request cannot be pending
for ever. At this stage, we do not require any specific scheduling strategy for
honoring the pending requests. In other words, the choice of any future correct
strategy must be left open. Again, our only requirement concerning any future
implemented strategy is that there cannot be any pending request starvation.
Although we do not specify a precise strategy, we nevertheless require a proof
guaranteeing that a pending request will be served “some time”.

The system is then refined in two different ways, which both concerns the
scheduling strategy: (1) a FIFO strategy, (2) a LIFT strategy. With the FIFO
strategy a request is supposed to be honored according to its arrival: the oldest
the first. With the LIFT strategy the n services are supposed to correspond to
the n floors of a building. The clients are the passengers of the lift. The requests
are issued by clients when they push the floor buttons within the lift, thus asking
for the lift to stop at certain floors. The lift strategy is then the following: the lift
does not change direction unless it has no more passenger to serve within that
direction, and, of course, within a given direction, the lift serves its passengers
in the natural order of the requested floors.
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3.2 Developing the Specification

In what follows, we shall develop our formal treatment of the above problem
by means of a gradual approach. Clearly, our final abstract system will have
at least two events: one for issuing new requests, another for honoring pending
requests. In a first phase however, we shall consider one event only, namely that
corresponding to honoring requests. In a subsequent refinement, we shall then
introduce the requesting event. And only at this stage shall we be able to state
the dynamic constraint stipulating that no pending request can be pending for
ever.

Phase 0

The (very abstract) state of our abstract system at this level, essentially formal-
izes the “history” of what has happened so far concerning the services that have
been honored. This state consists in a “log”, named l0, recording which services
have been honored and when. It is not our intention to formalize a notion of time
in our future system: our point of view is just to consider that our model of the
system at this stage consists in saying that certain services have been honored
(one at a time) and that, clearly, such services have been honored “at some time”.

Invariant

Our variable l0 is then just typed as follows

l0 ∈ N 7→ (1 . . n)

This typing invariant must be made a little more precise by expressing that our
history being the history “so far” is clearly finite. We write thus the following
extra condition:

dom(l0) ∈ F(N)

If t is in the domain of l0, this means that the service l0(t) has been honored
at “time” t. As can be seen, we have used the set of natural number to denote
the results of time measurements. Clearly, we do not know what such a time
measurement represents in terms of any precise output as given by a real clock
(in particular, we are not interested in any time unit). Our only reason for
formalizing time measurements with N is a pragmatic one. By doing so, we shall
be able to compare various time measurements, and thus easily express such
concepts as before, after, next, and so on.

Of course, we could have removed completely any reference to the time by
just recording the services in the order in which they have been honored (that is,
in the form of a finite sequence). However, as we shall see below, such a “trace”
technique is not accurate enough in our case.
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It is also convenient to have a second variable recording the time, named c0,
of the “youngest” recorded service in the log (when it exists). This variable is
typed as follows:

c0 ∈ N

together with the following invariant (notice that, in this invariant, max(dom(l0))
is well defined in the place where it appears because dom(l0) is then a finite and
non-empty set):

l0 6= ∅ ⇒ c0 = max(dom(l0))

Dynamic Invariant

At this point, it is possible to write down a number of dynamic properties of our
state variables, properties expressing that such variables can only be modified
according to certain constraints. Such properties will secure the very “raison
d’être” of these variables, namely to record the history of some “past” events.
For instance, no service can ever be removed from the log l0, and no time nor any
service can be modified either. Likewise, the variable c0 can only be incremented:
this formalizes that events are recorded in the log l0 as soon as they effectively
take place. This results in the following simple dynamic invariant:

l0 ⊆ l′0

c0 < c′
0

Events

We are now ready to formalize our unique event, named serve. This event “spon-
taneously” records in the log l0 that, at an arbitrary time t, necessarily strictly
greater than c0 however, some arbitrary service x has been honored.
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serve =̂
any t, x where

t ∈ N ∧
x ∈ (1 . . n) ∧
c0 < t

then
c0 := t ‖
l0 := l0 ∪ {t 7→x}

end

What is important to mention here is that we do not know (and we are not
interested in) the “cause” of this event. The only thing we say is that it is
possible to observe that, subjected to certain conditions, such an arbitrary event
does occur. Of course, the question is now: are we able to always observe that
event ? The answer to this question lies in the guard (the enabling condition) of
our event, namely

∃ (t, x) · ( t ∈ N ∧ x ∈ (1 . . n) ∧ c0 < t )

As can be seen, this condition is always valid (under the invariant). This means
that our event, as we expect, can always be observed. In other words, our system
is always ready to honor any service. Notice that, at this point, we have not yet
introduced any notion of request. This is precisely the subject of the next phase
of our development where it will be clear that honoring a service is not done in
a way that is as arbitrary as it appears in the present abstraction. It is not diffi-
cult to prove that this event maintains the static as well as the dynamic invariant.

Modality

It is interesting to note that, at this point, we can introduce the following modal-
ity expressing that time passes: any “future time” t (strictly greater than c0) will
eventually be a “past time” (some service will have occurred after it).

any t where
c0 < t

leadsto
t ≤ c0

variant
max({0, t− c0})

end
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Final System

Next is our complete SYSTEM (in subsequent phases we shall not show our
components with all there clauses put together like this):

SYSTEM
phase 0

CONSTANTS
n

PROPERTIES
n ∈ N1

VARIABLES
l0, c0

INVARIANT
l0 ∈ N 7→ (1 . . n) ∧
dom(l0) ∈ F(N) ∧
c0 ∈ N ∧
l0 6= ∅ ⇒ c0 = max(dom(l0))

DYNAMICS
l0 ⊆ l′0 ∧
c0 < c′

0
INITIALIZATION

l0, c0 := ∅, 0
EVENTS

serve =̂
any t, x where

t ∈ N ∧
x ∈ (1 . . n) ∧
c0 < t

then
c0 := t ‖
l0 := l0 ∪ {t 7→x}

end
MODALITIES

any t where
c0 < t

leadsto
t ≤ c0

variant
max({0, t− c0})

end
END
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Phase 1

The purpose of this phase is to introduce a requesting event together with some
new interesting dynamic constraints.

Gluing Invariant

We first introduce two variables l1 and c1 that are just copies of their corre-
sponding abstractions. For the sake of readability we introduce them explicitly,
together with the following trivial gluing invariant:

l1 = l0

c1 = c0

Invariant

We now introduce a variable r1 which records the various requests that have
been made so far. This variable is typed as follows:

r1 ∈ N 7→ (1 . . n)

As for the log l0 above, we have the extra constraints that r1 is finite, namely:

dom(r1) ∈ F(N)

Dynamic Invariant

We also have to express, as for l1 above, that r1 records the history of the
requests. Such an history cannot be modified, it can only be augmented. We
have thus the following dynamic invariant:

r1 ⊆ r′
1

Invariant Again

As can be seen, the type of r1 is the same as that of l1. Contrary to what one
might expect however, the expression r1(t) does not denote a certain service that
has been requested at time t. It rather denotes the “knowledge” we suppose to
have in this abstraction of the (possibly future) time where the corresponding
service has been (or will be) honored. In other words r1 is a log as is l1. But
this log possibly already records a little of the future of l1: it anticipates l1. Of
course, it seems rather strange that we can guess the future time where a pending
request will be honored. We give ourselves the right to do so only because we
are still in an abstraction. But, as we shall see below, this right is precisely
the least committed way by which we can express that no pending request will
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be pending for ever. The fact that r1 anticipates l1 is clearly described in the
following invariant:

l1 ⊆ r1

As a consequence the pending requests are exactly those requests that are in
r1 − l1. It is time now to express that a service that is pending cannot be
requested until it is honored. This is formalized very easily by requiring that the
function r1 − l1 is injective:

r1 − l1 ∈ N 7æ (1 . . n)

It remains now for us to express that the guessed times of service of the pending
requests (if any) “belong to the future”. Taking into account that c1 denotes the
time of the youngest honored service (if any), we have thus the following extra
invariant:

r1 − l1 6= ∅ ⇒ c1 < min(dom(r1 − l1))

Variant

As we shall see, we have a new event, called request. This new event must not
have the possibility to be enabled for ever. It has thus to decrease a certain
variant, which is, in fact, the following:

n− card(r1 − l1)

Events

We are now ready to define our request event as follows

request =̂
any t, y where

t ∈ N− dom(r1 − l1) ∧
y ∈ (1 . . n)− ran(r1 − l1) ∧
c1 < t

then
r1 := r1 ∪ {t 7→y}

end

It is easy to prove that this event maintains the static as well as the dynamic
invariant, that it refines skip, and that it decreases the above variant.

Next is the refinement of the event serve. As expected, the idea is to now
deterministically honor the pending request (if any) whose guessed service time
is the smallest.
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serve =̂
select

r1 − l1 6= ∅
then

let t be
t = min(dom(r1 − l1))

in
c1 := t ‖
l1 := l1 ∪ {t 7→r1(t)}

end
end

It is interesting to compare this event with its abstraction:

serve =̂
any t, x where

t ∈ N ∧
x ∈ (1 . . n) ∧
c0 < t

then
c0 := t ‖
l0 := l0 ∪ {t 7→x}

end

As can be seen the refined version is now completely deterministic. Of course,
the guard of the refined event must be stronger than that of the abstraction.
This is certainly the case since, as we have already seen, the guard of the ab-
straction is always valid. The refinement proof also requires that we give some
witness values for the arbitrary variables t and x in the abstraction: these are
clearly min(dom(r1 − l1)) and r1(min(dom(r1 − l1))).

Modality

It finally remains for us to express that no pending request will be pending for
ever. We have just to say that if any request for the service x is in the range of
r1 − l1 (is waiting to be honored) then, it will not stay there for ever under the
recurrent occurrences of the two events request and serve. At some point in the
future it should disappear (may be shortly, of course). This is done as follows:
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any x where
x ∈ ran(r1 − l1)

leadsto
x /∈ ran(r1 − l1)

variant
[ ((1 . . n)× {c1} <+ (r1 − l1)−1)(x)− c1, n− card(r1 − l1) ]

end

Notice that, in this modality, we have not mentioned any event since both events
serve and request are concerned. Also note that our variant is lexicographic. The
apparent complexity of the first part of this variant is due to the fact that when
x is not a member of ran(r1 − l1) (at the end of the process), the expression
(r1 − l1)−1(x) is not defined. On the other hand, the second part of this variant
is a mere copy of our VARIANT clause.

It is easy to prove that both events are compatible with this modality.

Deadlockfreeness

According to the outcome of section 2.5, it remains for us to ensure deadlock-
freeness. In other words, we have to prove that the abstract guard of event serve
implies the disjunction of the concrete guards. This reduces to proving:

r1 − l1 = ∅ ⇒
∃ (t, y) · ( t ∈ N− dom(r1 − l1) ∧ y ∈ (1 . . n)− ran(r1 − l1) ∧ c1 < t )

Notice that this also proves that our abstract modality is correctly transported
within the present refinement.

Conclusion

What we have done in this refinement was not to define a particular scheduler
that has been, by any chance, able to satisfy our modality. By using the artifact
of the “guessed” service time of a coming request, we have just been able to
implement again a very abstract scheduler. As we shall see below, any policy
that will not be contradictory with this abstraction will be a correct policy. In
other words, we will not have to verify any more in the coming refinements that
our modality is satisfied, we will just have to implement a concrete scheduler
that refines this very general abstract one.

Phase 2

The second refinement is just a technical phase consisting in throwing away
the log l1 that has no purpose any more. The variable c1 will thus also disappear.
In fact, we are just going to keep the pending requests (corresponding to r1− l1)
but not with their guessed service time, only their guessed waiting time. This
results in some drastic simplifications of the model.



110 Jean-Raymond Abrial and Louis Mussat

Invariant

The new variable, named w2, is typed as follows:

w2 ∈ (1 . . n) 7æ N1

Notice that w2 is injective as expected and that the waiting times are strictly
positive as one would also expect.

Gluing Invariant

This variable is glued as follows to the abstraction:

w2 = (r1 − l1)−1 ; minus(c1)

The function minus(c1) is the function that subtracts c1.

Events

We can now propose the following refinement of the event request:

request =̂
any y, w where

y ∈ (1 . . n)− dom(w2) ∧
w ∈ N1 − ran(w2)

then
w2 := w2 ∪ {y 7→w}

end

It is not difficult to prove that it refines its abstraction (the witness for t being
clearly c1 + w):

request =̂
any t, y where

t ∈ N− dom(r1 − l1) ∧
y ∈ (1 . . n)− ran(r1 − l1) ∧
c1 < t

then
r1 := r1 ∪ {t 7→y}

end
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Next is the proposed refinement of the event serve:

serve =̂
select

w2 6= ∅
then

let t be
t = min(ran(w2))

in
w2 := (w2 −B {t}) ; minus(t)

end
end

This event clearly refines its abstraction:

serve =̂
select

r1 − l1 6= ∅
then

let t be
t = min(dom(r1 − l1))

in
c1 := t ‖
l1 := l1 ∪ {t 7→r1(t)}

end
end

Deadlockfreeness

The trivial equivalence of the abstract and concrete guards of each event clearly
implies the deadlockfreeness condition and the correct transportation of our
modalities.

3.3 Towards some implementations

In this section, our intention is to propose two different refinements of the above
abstract scheduler corresponding to the FIFO and the LIFT policies respectively.

The FIFO Policy

Invariant

In this policy we are going to reduce the inverse of the previous variable w2 to
a mere injective sequence q3. This yields the following typing:

q3 ∈ iseq(1 . . n)
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Gluing Invariant

We have the following gluing invariant:

q3 = w−1
2

Notice that we can deduce the following assertion:

w2 6= ∅ ⇒ min(ran(w2)) = 1

As can be seen, the waiting times are now all “dense” (starting at 1): they to-
gether form the domain of the sequence q3.

Events

The event request is now very simple (just the appending of the new request in
the queue):

request =̂
any y where

y ∈ (1 . . n)− ran(q3)
then

q3 := q3 ← y
end

We can fruitfully compare it to its abstraction:

request =̂
any y, w where

y ∈ (1 . . n)− dom(w2) ∧
w ∈ N1 − ran(w2)

then
w2 := w2 ∪ {y 7→w}

end

As can be seen, the guessed waiting “time” of the abstraction is now completely
determined as size(q3)+1. It is precisely this determination that implements the
FIFO policy together with the event serve. This event just consists in removing
the first element of the queue:

serve =̂
select

q3 6= [ ]
then

q3 := tail(q3)
end
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Again, it can fruitfully be compared to its abstraction:

serve =̂
select

w2 6= ∅
then

let t be
t = min(ran(w2))

in
w2 := (w2 −B {t}) ; minus(t)

end
end

We can see how the new version simulates its abstraction: the pair with the
smallest index, 1, is removed, and 1 is indeed subtracted from the other indices
(this is, in fact, exactly what tail does).

The LIFT Policy

Invariant

As for the FIFO policy, the LIFT policy will be a refinement of our phase 2
above. In the present case, the n services are supposed to denote the n floors of
a building. We shall therefore suppose that there are at least two floors (otherwise
there is no point in having a lift at all !).

n ≥ 2

This phase will consist in making the waiting time function w2 (now renamed
w4) more precise. We already know from phase 2 that it should be injective from
1 . . n to N1. We have the following trivial gluing invariant.

w4 = w2

We introduce to more variables. First, the lift position l4 (this is a floor) and
second the lift direction d4 (up or down). We have thus the following typing
invariant:

l4 ∈ 1 . . n

d4 ∈ { up, down }

We now have an extra invariant stipulating that, when it is at the bottom floor,
the lift goes up, whereas it goes down, when it is at the top floor (here it helps
to have at least two floors).
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l4 = 1 ⇒ d4 = up

l4 = n ⇒ d4 = down

Given the position and direction of the lift, our idea is to have a pre-defined
function yielding the waiting time for a coming request for floor x. It corresponds
to the number of floors the lift has to pass (including the last one x) in order
to reach floor x. For instance, next are the two functions corresponding to the
lift being at floor 4 (in a building with 7 floors) and going either down or up as
indicated:

f4 = { 7 7→9,
6 7→8,
5 7→7,
4 7→6, lift
3 7→1, ↓
2 7→2,
1 7→3 }

g4 = { 7 7→3,
6 7→2,
5 7→1, ↑
4 7→6, lift
3 7→7,
2 7→8,
1 7→9 }

Next are the formal definitions of these two functions (notice that they are both
injective from 1 . . n to N1 as required):

f4 =̂ λx · ( x ∈ 1 . . l4 − 1 | l4 − x ) ∪ λx · ( x ∈ l4 . . n | l4 + x− 2 )

g4 =̂ λx · ( x ∈ l4 + 1 . . n | x− l4 ) ∪ λx · ( x ∈ 1 . . l4 | 2n− (l4 + x) )

We put them together in a function h4 parametrized by the direction of the lift:

h4 =̂ { down 7→f4, up 7→g4 }

It remains for us to write our main invariant stating that w4 is always included
(because not all requests are present in general) in h4(d4):

w4 ⊆ h4(d4)

It is now very simple to propose the following refinement for request

request =̂
any y where

y ∈ (1 . . n)− dom(w4)
then

w4 := w4 ∪ { y 7→h4(d4)(y) }
end

This can be fruitfully compared with its abstraction (clearly the witness for w
is h4(d4)(y)):
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request =̂
any y, w where

y ∈ (1 . . n)− dom(w2) ∧
w ∈ N1 − ran(w2)

then
w2 := w2 ∪ {y 7→w}

end

Next is the new version of the event serve

serve =̂
select

w4 6= ∅
then

let t be
t = min (ran (w4))

in
let z be

z = w−1
4 (t)

in
w4 := (w4 −B {t}) ; minus (t) ‖
l4 := z ‖
if z = n ∨ (z 6= 1 ∧ l4 > z) then

d4 := down
else

d4 := up
end

end
end

end

It can be compared with its abstraction

serve =̂
select

w2 6= ∅
then

let t be
t = min(ran(w2))

in
w2 := (w2 −B {t}) ; minus(t)

end
end



116 Jean-Raymond Abrial and Louis Mussat

APPENDICES

In the following Appendices, we present a formal model of certain aspects of
abstract systems. The rôle of this model is essentially to formalize the concept
of “reachability” as described in the linguistic construct leadsto introduced in
section 2.4 of the main text. In doing so, we shall be able to justify the proof
obligations presented in the paper.

In Appendix A1, we recall the definition and main properties of conjunctive
set transformers. In Appendix A2, we quickly present and define the main clas-
sical operators applicable to conjunctive set transformers. We recall that these
operators maintain conjunctivity. In Appendix A3, we remind the definitions
and main properties of the fixpoints of conjunctive set transformers. This allows
us to introduce (in Appendix A4) more operators dealing with the concept of
iteration. We show that these operators also maintain conjunctivity. We indi-
cate how the least fixpoint of a conjunctive set transformer is connected with
the “termination” of the iteration. In Appendices A5 and A6 we give more
properties of the least fixpoint, properties supporting this notion of termination.
In Appendix A7 we define the notion of reachability of a certain set. This is
based on the termination (fixpoint) of a certain conjunctive set transformer. In
Appendix A8, we study how the “classical” refinement influences reachability.
In Appendix A9, we study the main assumptions concerning the new events that
may be introduced in the refinement of an abstract system. Finally, in Appendix
A10, our study culminates with the refinement of reachability in the presence
of new events.

A1. Conjunctive Set Transformers

The events of an abstract system are formally described by means of con-
junctive set transformers (see B-Book in section 6.4.2). Let F be such a set
transformer built on a set s (this is the “state” of our abstract system). We have
thus:

F ∈ P(s)→ P(s) (1)

In what follows, we shall make the frequent abuse of language consisting in
identifying an event with its set transformer. Given a subset p of s, the set F (p)
denotes, as we know, the largest subset of s in which we have to be, in order for
the “event” formalized by F to “terminate” in a state belonging to p.

The conjunctivity property of our set transformer F is defined as follows for
each non-empty set σ of subsets of s:

F (
⋂
t∈σ

t) =
⋂
t∈σ

F (t) (2)

When specialized to a set σ with two elements, the above condition reduces to
the following where p and q are two subsets of s:

F (p ∩ q) = F (p) ∩ F (q) (3)
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This means that if we want to terminate within both sets p and q, we better start
from within both sets F (p) and F (q). A simple consequence of this property is
that our set transformer is monotone. That is, for any two subsets p and q of s,
we have

p ⊆ q ⇒ F (p) ⊆ F (q) (4)

We now define the, so-called, termination set, pre(F ), of F as follows (see B-
Book, property 6.4.9):

pre(F ) =̂ F (s) (5)

According to this definition, the set pre(F ) thus denotes the largest set in which
we have to be in order for the event F to “terminate” in a state belonging to
s. As “belonging to s” is not adding any constraints on the outcome, the set
pre(F ) then just denotes the set where we have to be for the event F to simply
“terminate”. In what follows, we shall suppose (unless otherwise stated) that
our termination set is always equal to s itself, that is

F (s) = s (6)

We now present the, so called, before-after relation, rel(F ), associated with
F (see B-Book, property 6.4.9). When a pair (x, x′) belongs to this relation, this
means that the event F is able to transform the state x into the state x′. It is
defined indirectly by means of the image of a subset p of s under rel(F )−1:

rel(F )−1[p] =̂ F (p) (7)

In what follows we shall use the letter f to denote the relation rel(F ). The do-
main, dom(f), of the relation f is called the guard, grd(F ), of the set transformer
F . We have thus:

grd(F ) = dom(f) = f−1[s] = F (∅) (8)

A2. Operations on Conjunctive Set Transformers

We now present the classical operations applicable to conjunctive set trans-
formers. This is done in the following table, where F , F1, F2 and Fz are con-
junctive set transformers built on a certain set s, where p is a subset of s, and t
is a set:
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Identity skips

Pre-conditioning p | F

Guarding p =⇒ F

Bounded choice F1 [] F2

Unbounded choice []z∈t Fz

Sequencing F1 ; F2

Notice that in the B-Book the operators ( | , =⇒ , etc) were supposed to work
with predicates and predicate transformers (generalized substitutions). Here they
are rather applied to sets and set transformers. This slight shift in the notation
leads, we think, to a certain simplification of the formal presentation.

We have the following definitions yielding the values of the above set trans-
former constructions for a given subset q of s:

skips(q) q

(p | F )(q) p ∩ F (q)

(p =⇒ F )(q) p ∪ F (q)

(F1 [] F2)(q) F1(q) ∩ F2(q)

([]z∈t Fz)(q)
⋂

z∈t Fz(q)

(F1 ; F2)(q) F1(F2(q))
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It is easy to prove that each of the above operation transforms conjunctive set
transformers into other conjunctive set transformers.

A3. Fixpoints of Conjunctive Set Transformers

As we shall use them in the sequel, we remind in this Appendix the definition
and main properties of the fixpoints of conjunctive set transformers. Let fix(F )
and FIX(F ) be defined as follows:

fix(F ) =
⋂
{ p | p ⊆ s ∧ F (p) ⊆ p } (9)

FIX(F ) =
⋃
{ p | p ⊆ s ∧ p ⊆ F (p) } (10)

Since F is monotone according to (4), then these definitions indeed lead (Tarski)
to fixpoints, that is:

F (fix(F )) = fix(F ) (11)

F (FIX(F )) = FIX(F ) (12)

From (9) and (10) , we can easily deduce the following, which is valid for any
subset p of s:

F (p) ⊆ p ⇒ fix(F ) ⊆ p (13)

p ⊆ F (p) ⇒ p ⊆ FIX(F ) (14)

These laws will be useful to prove certain properties involving the fixpoints.
For instance, from them it is easy to prove that fix(F ) and FIX(F ) are indeed
respectively the least and greatest fixpoints of F . So that we have

fix(F ) ⊆ FIX(F ) (15)

A4. More Operations on Conjunctive Set Transformers: Iterates

We are now ready to present more operations on conjunctive set transformers.
They are all dealing with some form of iteration. This concept is important in
our framework since the formal behavior of an abstract system (with events) is
intuitively formalized by all the possible iterations one is able to perform with
these events. Such operations are introduced in the following table, where F is
a conjunctive set transformer, and n is natural number:

nth iterate Fn

Closure F ◦

Opening Fˆ
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The nth iterate is defined recursively as follows:

F 0 skips

Fn+1 F ; Fn

The values of the other two at the subset q of s are defined as follows:

F ◦(q) FIX(q | F )

Fˆ(q) fix(q | F )

The intuitive rationale behind these definitions will appear in the sequel. For the
moment, let us just see what kind of property we can derive from these fixpoint
definitions. Concerning F ◦, we deduce the following, supposed to be valid for
any subset q of s:

F ◦(q)
=

(q | F )(F ◦(q))
=

q ∩ F (F ◦(q))
=

skips(q) ∩ (F ; F ◦)(q)
=

(skips [] (F ; F ◦))(q)

As this development could have been performed on Fˆ as well, we have thus:

F ◦ = skips [] (F ; F ◦) (16)

Fˆ = skips [] (F ; Fˆ) (17)

We have obtained the classical unfolding properties. Clearly, such properties
show the iteration at work. More precisely, by developing these equations, we
obtain something like this:

F ◦ = skips [] F [] F 2 [] . . . (18)

Fˆ = skips [] F [] F 2 [] . . . (19)

It seems then that the two are indeed the same. This would be a wrong conclusion
in general: in fact the “· · · ” are, as usual, misleading. F ◦, being defined by a
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greatest fixpoint, denotes a kind of infinite object, whereas Fˆ contains some
finiteness requirement in its definition. In fact, the conjunctivity of F allows one
to prove the following:

F ◦ = []n∈N Fn (20)

Fˆ = fix(F ) | F ◦ (21)

Equality (20) is easily shown by first proving F ◦(q) ⊆ Fn(q) for any natural num-
ber n. This is done by mathematical induction. From this, F ◦(q) ⊆ ([]n∈N Fn)(q)
follows immediately. Then the second part of (20), namely ([]n∈N Fn)(q) ⊆
F ◦(q), is proved using (14) and (2). Equality (21) is essentially Theorem 9.2.1
of the B-Book.

As can be seen on (20), F ◦ just denotes all the possible iterations without any
direct concerns about termination. On the other hand, as can be seen on (21),
Fˆ is exactly F ◦ together with the fundamental termination requirement that
one has to start the iterations from within fix(F ). Consequently, as we shall see
in the next Appendix, no iteration started in fix(F ) can be pursued indefinitely :
we shall necessarily reach some points where we cannot move further.

From the definition of the termination set of a set transformer, we deduce
easily (B-Book sections 9.1.3 and 9.2.4) the following (since F (s) = s):

pre(Fn) = s (22)

pre(F ◦) = s (23)

pre(Fˆ) = fix(F ) (24)

The set fix(F ) thus represents the set from which one has to start in order for
the iterate Fˆ to terminate.

The before-after relation of this iterators can be calculated easily (B-Book
sections 9.1.3 and 9.2.4). We obtain (since F (s) = s) the following:

rel(Fn) = fn (25)

rel(F ◦) = f∗ (26)

rel(Fˆ) = fix(F )× s ∪ f∗ (27)

where f∗ denotes the transitive and reflexive closure of f . Notice that in case
fix(F ) is equal to s then rel(Fˆ) is exactly f∗.

Finally, we can prove by mathematical induction that, for each natural num-
ber n, Fn is conjunctive. From this and from (20) and (21) it follows that F ◦

and Fˆ are also conjunctive.

A5. A Property of the Least Fixpoint
of a Conjunctive Set Transformer

We now prove that fix(F ) only contains finite chains of points related by the
before-after relation f . This finiteness of the chains built within fix(F ) nicely
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supports the idea that we cannot “run” for ever by iterating F from a point of
fix(F ). The proof is by contradiction. We suppose that there exists a non-empty
subset c of fix(F ), that is

c 6= ∅ ∧ c ⊆ fix(F ) (28)

such that each element of c participates in an infinite chain (included in c)
relative to the before-after relation f . Under these assumptions, we are going to
prove now that c is necessarily empty. This contradiction indicates that there is
no such set c, thus fix(F ) only contains finite chains.

By definition, for any element x of c, we are sure that there is an element
y of c such that x and y are related through f . Thus starting from x we can
continue for ever following f while remaining in c. We have thus, by definition

∀x · ( x ∈ c ⇒ ∃y · ( y ∈ c ∧ (x, y) ∈ f ) ) (29)

That is, equivalently (by set contraposition and according to (29))

c ⊆ f−1[c] ⇔ f−1[c] ⊆ c ⇔ F (c) ⊆ c (30)

Consequently, we have (according to (13))

fix(F ) ⊆ c (31)

According to (28), (31) and the transitivity of set inclusion, it turns out that we
have c ⊆ c, thus c = ∅.

A6. Property of the Finite Chains of the Fixpoint

In this Appendix, we prove that all the finite chains of fix(F ) end up in
dom(f). This property will be exploited in the next Appendix.

Since fix(F ) is a fixpoint, we have F (fix(F )) = fix(F ). Consequently, we also
have fix(F ) ⊆ F (fix(F )). Thus fix(F ) is invariant under F . In other words, when,
from any point x of fix(F ), we follow the before-after relation f , we stay within
fix(F ).

As we have seen in Appendix A5, we have no infinite chain within fix(F ).
That is, if we start from a point x1 of fix(F ), choosing any point x2 of f [{x1}]
(x2 is thus in fix(F )), then any point x3 in f [{x2}] (x3 is thus in fix(F )), and
so on, we necessarily reach a certain point xn of fix(F ) where we cannot move
further because f [{xn}] is empty. In other words, we eventually reach a point
lying outside the domain of f , a point of dom(f). In conclusion, all the chains
of fix(F ) are finite and end up in dom(f).

In order to be sure that an iteration Fˆ always terminate (whatever its point
of departure) and reaches eventually dom(f), it is thus necessary and sufficient
to prove that fix(F ) is equal to s. It is well known (see B-Book at section 9.2.8)
that for proving this, it is sufficient to show that F “decreases” a certain natural
number expression. More generally, it is sufficient to prove that F “decreases” a
certain quantity whose value belongs to a set that is well-founded by a certain
relation.
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Notice that Fˆ not only reaches dom(f) when it terminates but also the
various elements obtained after executing skips, F , F 2, and so on. In order to
reach exactly the elements of grd(F ), it is necessary to only keep those points
lying within grd(F ). This can be done by means of the following set transformer:

Fˆ ; (grd(F ) =⇒ skips) (32)

This is just Dijkstra’s “do F od” command and also a special form of the while
construct introduced in the B-Book in section 9.2.1. However, as far as ter-
mination is concerned, both Fˆ and Fˆ ; (grd(F ) =⇒ skips) have the same
termination set, namely fix(F ).

A7. Reachability of any Set

Notice that, most of the time, an abstract system, whose events are collec-
tively formalized by a conjunctive set transformer F , does not terminate. In
general, such systems are constructed to run for ever. Resisting to failures that
would force them to stop, is even one of their main requirements. One might
then ask why we insisted so much in the preceding Appendices on this question
of the termination of the iteration Fˆ since, clearly, the corresponding termina-
tion set, namely fix(F ), is in general empty. In what follows, we shall clarify this
point.

Since an abstract system is supposed to run for ever, it cannot be charac-
terized by a, so-called, final state that it is supposed to reach eventually. This
contrasts with the classical view of a computer program supposed to deliver a
certain final result. The validation of such a program is ensured by means of a
proof establishing that the specified outcome is indeed reached. If such a pro-
gram is formalized by means of a conjunctive set transformer S together with
a termination set p (also called the pre-condition set), and if the outcome is
characterized by a certain subset q, then proving p ⊆ S(q) means that, provided
we start the program within p, then we are sure to obtain the outcome charac-
terized by q. In a sense, a terminating program S is entirely characterized by all
the possible permanent outcomes (such as q) we can think of.

By analogy with a program, an ever running system might be entirely charac-
terized by all the possible temporary outcomes we can think of (this is a thesis).
In other words, reaching one of these outcomes is not synonymous with system
stop as for a program. Such an outcome might be abandoned when the system
proceeds further. But what must be proved is that such an outcome can be
reached as often as possible, so that it is not the case that one is always outside
it. Given a subset p of s (the temporary outcome in question), we study thus
in this Appendix the notion of reachability of that set. And this is where the
concept of termination will reappear.

We are interested in characterizing the subset of s, from which we have to
start, in order to be certain to temporarily (but eventually) reach p by following
the before-after relation f of the set transformer F defined as above. The idea
is to put (just for the reasoning) a supplementary constraint on the events F in
the form of the extra guard p. We are then led to prove that the set transformer
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(p =⇒ F )ˆ indeed terminates. In other words, allowing the system to proceed
only when it is outside p, forces it to stop (hopefully thus in a state that is
within p). If we want this to be always the case then we have to prove that the
set fix(p =⇒ F ) is equal to s. More precisely, we have to prove that the following
set transformer does terminate:

(p =⇒ F )ˆ ; (p =⇒ skips) (33)

This set transformer is exactly (see B-Book in section 9.2.1):

while p do F end (34)

This leads to the proof obligations (PO 3) and (PO 4) presented in section 2.4.
Nothing proves however that we have reached p (we only know that we have
stopped at points that are outside the guard of p =⇒ F ). In fact, we shall prove
that in order to reach p we need the extra condition: p ⊆ dom(f). We thus
consider the set transformer p =⇒ F whose definition is (for any subset q of s):

(p =⇒ F )(q) = p ∪ F (q) (35)

The guard of this set transformer can be calculated as follows:

grd(p =⇒ F ) = (p =⇒ F )(∅) = p ∪ F (∅) = p ∩ F (∅) = p ∩ dom(f)

As a consequence and according to what has been done above in Appendices A5
and A6, the set fix(p =⇒ F ) denotes exactly the set of points from which one
can eventually reach the set p ∪ dom(f) by following the before-after relation of
p =⇒ F (this is p C f). If we want to be certain to reach p, it is thus sufficient
to require that dom(f) is included in p, that is, alternatively:

p ⊆ dom(f) (36)

This corresponds to the last proof obligations of (PO 3) and (PO 4) obtained in
section 2.4.

A8. Refining the Reachability Condition

In this Appendix, we shall study the problem of the refinement of the reach-
ability studied in the preceding Appendix. We shall thus consider that the set
transformer F , defined as above, is now refined to a certain set transformer G
built on a set t, that is:

G ∈ P(t)→ P(t) (37)

We also suppose that the termination set of G is trivial, that is:

G(t) = t (38)

This refinement is performed by means of a certain total refinement relation
r from t to s:

r ∈ t↔ s ∧ dom(r) = t (39)
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The set transformer F is said to be refined by G by means of the refinement
relation r when the following condition holds between their respective before-
after relations f and g, and between their termination sets (see B-Book in section
11.2.4)

r−1 ; g ⊆ f ; r−1 (40)

r−1[pre(F )] ⊆ pre(G) (41)

Notice that condition (41) holds trivially. This is because we supposed that
pre(F ) is equal to s (this is condition (6)), thus r−1[pre(F )] is equal to dom(r),
that is t (since r is total according to (39)), which is certainly included in pre(G)
since pre(G) is equal, by definition, to G(t), which was supposed to be equal to
t (this is (38)).

The set p whose reachability was studied in the previous Appendix is now
transformed into the set r−1[p] (the image of p through r−1). So that the reach-
ability of r−1[p] will now be ensured within the termination set of the set trans-
former (r−1[p] =⇒ G)ˆ. What remains to be proved is that the reachability of p
in the abstraction indeed ensures that of r−1[p] in the concrete world. For this,
we first have to prove that r−1[p] =⇒ G is a refinement of p =⇒ F . Formally,
we have to prove (under the conditions (38) and (39)):

r−1 ; (r−1[p] C g) ⊆ (p C f) ; r−1 (42)

This proof is left to the (favorite theorem prover of the) reader. A consequence of
this refinement is that the iterate (p =⇒ F )ˆ is refined to the iterate (r−1[p] =⇒
G)ˆ (according to the monotonicity of refinement with respect to opening, see
B-Book section 11.2.4). From this, we can deduce (again B-Book section 11.2.4)
that the image of the termination set of (p =⇒ F )ˆ is included into the termi-
nation set of (r−1[p] =⇒ G)ˆ, that is

r−1[fix(p =⇒ F )] ⊆ fix(r−1[p] =⇒ G) (43)

As we know (according to Appendix A6), the finite chains of fix(r−1[p] =⇒ G)
all end up in the set r−1[p] ∪ dom(g). In order for the concrete set r−1[p] to
be reached, we have to prove that dom(g) is included in r−1[p], alternatively
r−1[p] ⊆ dom(g). In order to ensure that this is the case, we claim that it is
sufficient to have the following extra condition:

r[dom(g)] ⊆ dom(f) (44)

It then remains for us to prove the following (notice that we have supposed
condition (36) stating that the set p is indeed reached by the repeated execution
of p =⇒ F ):

p ⊆ dom(f) ∧ r[dom(g)] ⊆ dom(f) ⇒ r−1[p] ⊆ dom(g) (45)

The proof of (45) is left to the (favorite theorem prover of the) reader (you will
notice that the hypothesis concerning the totality of the refinement relation r is
fundamental).
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Condition (44) can be transformed equivalently as follows, by set contrapo-
sition:

dom(f) ⊆ r[dom(g)] (46)

A9. Formal Hypotheses and Results concerning the New Events

In the next Appendix, we are going to study the problem of reachability of a
certain set p when the set transformer F is refined to a concrete set transformer
G by means of a certain refinement relation r, as it was studied in Appendix A8,
except that this time we shall suppose that we have some extra events formalized
by a set transformer H refining skips and “terminating”.

In this Appendix, we are going to formalize the relevant hypotheses concern-
ing such new events and establish a simple result about them. More precisely,
all our extra events are together formalized by means of a set transformer H
defined on the set t as is G in (37):

H ∈ P(t)→ P(t) (47)

We also suppose, as usual that H(t) is equal to t. The before-after relation
rel(H) associated with H is h. Since H is supposed to refine skips by means of
the refinement relation r, we have thus the following, as a special case of the
condition (40):

r−1 ; h ⊆ r−1 (48)

Moreover, we suppose that Hˆ always “terminates”, this is formalized by stating
that the fixpoint of H is exactly the set t:

fix(H) = t (49)

This is ensured in the main text by the proof obligation (PO 1). From this, we
shall now prove that Hˆ indeed refines skips. The refinement condition to be
proved (see B-Book page 520) reduces to:

r−1 ; h∗ ⊆ r−1 (50)

For proving this it suffices to prove the following for any natural number n (since
h∗ is equal to

⋃
n∈N hn)):

r−1 ; hn ⊆ r−1 (51)

This can easily be proved by mathematical induction, using (48). By extension,
it is easy to prove that the set transformer (r−1[p] =⇒ H)ˆ also refines skips.

A10. Refining the Reachability Condition
in the Presence of New Events

In this Appendix, we shall prove the central result of our study. It essen-
tially says that, as far as reachability is concerned, a set transformer F can be
“simulated” by the set transformer G [] H where G refines F , and where the set
transformer H (as described in Appendix A9) formalizes the new events refining
skips.
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We have written “simulated” rather than “refined”. In fact, the simple set
transformer r−1[p] =⇒ (G [] H) does not refine p =⇒ F . What we shall prove
is that (r−1[p] =⇒ (G [] H))ˆ refines (p =⇒ F )ˆ. In other words, the repeated
“execution” of p =⇒ F is refined by the repeated “execution” of r−1[p] =⇒
(G [] H). The new events, formalized by H, do not induce any spoiling side
effects on the global behavior of our system.

Let us define F ′, G′ and H ′ as follows:

F ′ =̂ p =⇒ F (52)

G′ =̂ r−1[p] =⇒ G (53)

H ′ =̂ r−1[p] =⇒ H (54)

We have thus to prove that F ′ˆ is refined by (G′[]H ′)ˆ by means of the refinement
relation r. For this, we shall first observe that clearly F ′ˆ is refined by (H ′ˆ ;
G′)ˆ ; H ′ˆ by means of the refinement relation r. This is because G′ refines
F ′ (Appendix A3) and H ′ˆ refines skips (Appendix A4) both by means of the
refinement relation r, and also because of the monotonicity of refinement under
the operators “;” and “ˆ” (see B-Book section 11.2.4). It then just remains for us
to prove that (H ′ˆ ; G′)ˆ ; H ′ˆ is (algorithmically) refined by (G′ [] H ′)ˆ, since
the transitivity of refinement thus ensures that F ′ˆ is refined by (G′ [] H ′)ˆ. For
proving this, we have to show (B-Book section 11.1.2) that for any subset a of
t, we have:

((H ′ˆ ; G′)ˆ ; H ′ˆ)(a) ⊆ (G′ [] H ′)ˆ(a) (55)

that is
(H ′ˆ ; G′)ˆ(H ′ˆ(a)) ⊆ (G′ [] H ′)ˆ(a) (56)

that is equivalently

fix(H ′ˆ(a) | (H ′ˆ ; G′)) ⊆ fix(a | (G′ [] H ′)) (57)

Let q be defined as follows

q =̂ fix(a | (G′ [] H ′)) (58)

In order to prove (57), it is sufficient to prove the following (B-Book section
3.2.2):

H ′ˆ(a) ∩ (H ′ˆ ; G′)(q) ⊆ q (59)

that is
H ′ˆ(a) ∩H ′ˆ(G′(q)) ⊆ q (60)

that is (since H ′ˆ is conjunctive))

H ′ˆ(a ∩G′(q)) ⊆ q (61)

For this it is sufficient to prove (again B-Book section 3.2.2)

a ∩G′(q) ∩H ′(q) ⊆ q (62)
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which is obvious since q = a ∩G′(q) ∩H ′(q) according to (58).
We have eventually proved that (p =⇒ F )ˆ is refined by (r−1[p] =⇒ G []H)ˆ.

As above in Appendix A8, we now have to find the condition under which the
set r−1[p] is reached. By an argument that is very similar to the one developed
in Appendix A8, this condition is an extension of condition (46)

dom(f) ⊆ r[dom(g) ∪ dom(h)] (63)

yielding

∀ (x, y) · ( (y, x) ∈ r ⇒ ( x ∈ dom(f) ⇒ y ∈ dom(g) ∨ y ∈ dom(h) ) ) (64)

This is essentially a formal setting of the proof obligation PO 5 presented in the
main text.
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Abstract:   It is argued that refinement, in which I/O signatures stay the same, preconditions are
weakened and postconditions strengthened, is too restrictive to describe all but a fraction of many
realistic developments.  An alternative notion is proposed called retrenchment, which allows
information to migrate between I/O and state aspects of operations at different levels of
abstraction, and which allows only a fraction of the high level behaviour to be captured at the low
level.  This permits more of the informal aspects of design to be formally captured and checked.
The details are worked out for the B-Method.

1 Idealised and Realistic Modelling: The Inadequacy of
Pure Refinement

Like all good examples of terminology, the word “refinement” is far too evocative for
its use ever to have been confined to exactly one concept.  Even within the formal meth-
ods community, the word is used in at least two distinct senses.  The first is a strict sense.
An operationOC is a refinement of an operationOA iff the precondition ofOC is weaker
than the precondition ofOA and the relation ofOC is less nondeterministic than the re-
lation of OA .  The well known refinement calculus [Back (1981), Back (1988), Back
and von Wright (1989), von Wright (1994), Morris (1987), Morgan (1990)] captures
this in a formal system within which one can calculate precisely.

However there is a second, much less strict use of the word.  In formalisms such as Z
or VDM [Spivey (1993), Hayes (1993), Jones (1990), Jones and Shaw (1990)], require-
ments are frequently captured at a high level of abstraction, often involving for instance
divine natural numbers ordivine real numbers1, and neglecting whole rafts of detail not
appropriate to a high level view, in order that the reader of the high level description
“can see the wood for the trees”.  Such descriptions are then “refined” to lower levels
of abstraction where the missing details are filled in, typically yielding longer, more tor-
tuous and much less transparent but much more realistic definitions of the system in
question.  Indeed the complexity of such descriptions can often be comparable to or
greater than that of their implementations, a fact cited by detractors of formal methods
as undermining the value of formal methods themselves, though this seems to us to be
like denigrating stereoscopic vision because the image seen by the left eye is of compa-
rable complexity to that seen by the right.

In truth the world is a complex place and developing descriptions of some part of it in
two distinct but reconcilable formalisms (the specification and implementation), rather

1. Bydivine naturals, integers or reals, we mean the natural numbers, integers or real num-
bers that God made, abstract and infinite, in contrast to the finite discrete approximations
that we are able to implement on any real world system.  The latter we callmundane natural
numbers, integers or real numbers.

Didier Bert (Ed.): B’98, LNCS 1393, pp. 129-147, 1998.
 Springer-Verlag Berlin Heidelberg 1998



than just one, is always likely to help rather than hinder, even if the “more abstract” de-
scription is not significantly simpler than the other.  (For an entertaining example of the
undue weight attatched to the brevity of descriptions see Fig. 16.2 of [Wand and Milner
(1996)].)

In this paper we address the main problem posed by the second use of the “refinement”
word, namely that there is not a refinement relationship in the strict sense between the
idealised high level specification, and the “real” but lower level specification.  We will
use the B framework throughout the paper, but will frequently pretend that B contains
many more liberal types, à la Z or VDM , than it actually does.  For instance we will
assume available to us divine types such asD-NAT , D-INT , D-REAL as well as their
mundane counterpartsM-NAT , M-INT , M-FLOAT ; we can identifyM-NAT with the
normal B type ofNAT .

Let us illustrate with a small example, namely addition.  In negotiating the requirement
for a proprietary operation with a customer we might write:

MACHINE My_Divine_Machine
VARIABLES aa , bb , cc
INVARIANT aa ∈ D-NAT ∧ bb ∈ D-NAT ∧ cc ∈ D-NAT

… …
OPERATIONS

MyPlus  =̂ cc := aa + bb ;
… …

In D-NAT , the +  operation is the familiar one given by (say) the Peano axioms for ad-
dition, and is an ideal and infinite operation, makingMyPlus equally ideal, but allowing
us to see the essence of what is required.  Having assured ourselves and the customer
that we were on the right lines, we would want to describe more precisely what we could
achieve, writing say:

MACHINE My_Mundane_Machine
… …

VARIABLES aaa , bbb , ccc
INVARIANT aaa∈ M-NAT ∧ bbb∈ M-NAT ∧ ccc∈ M-NAT

… …
OPERATIONS

resp←— MyPlus  =̂
IF

aaa + bbb≤ MaxNum
THEN

ccc := aaa + bbb ||
resp := TRUE

ELSE
resp := FALSE

END ;
… …

My_Mundane_Machine could never be a refinement ofMy_Divine_Machine .  Partly
this is for trivial syntactic reasons, eg. we would have to write REFINEMENT
My_Mundane_Machine REFINESMy_Divine_Machine….  Apart from that, there are
three further important issues.  Firstly the INVARIANT of the more concrete machine
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does not contain any refinement relation that would relate the abstract and concrete vari-
ables.  This could easily be fixed if we were to write in the concrete INVARIANT say:

INVARIANT aaa∈ M-NAT ∧ bbb∈ M-NAT ∧ ccc∈ M-NAT ∧
aa = aaa∧ bb = bbb∧ cc = ccc

assuming the obvious theory that allowed the identification of the mundane naturals as
a subset of the divine ones.  Secondly the signatures ofMyPlus in the two machines are
different; this is not allowed in normal notions of refinement.  Thirdly, since not all di-
vine naturals are refined to mundane ones, the standard proof obligation of refinement:

PAA,C ∧ INVA ∧ INVC ∧ trm(MyPlusA)
⇒ trm(MyPlusC) ∧ [MyPlusC] ¬ [MyPlusA] ¬ INVC

cannot possibly be satisfied, as theaaa + bbb> MaxNum situation yields incompatible
answers in the divine and mundane cases.  (In the preceding the A and C subscripts refer
to abstract and concrete respectively,trm(S) is the predicate under which operationS is
guaranteed to terminate, andPAA,C is the usual collection of clauses about the parame-
ters and constants of the two machines).

The latter two reasons in particular show that the primary motivation for classical re-
finement, i.e. that the user should not be able to tell the difference between using the
abstract or concrete version of an operation, does not hold sway here.  What we are do-
ing is adding real world detail to a description in a disciplined manner in order to aid
understandability, not performing an implementation sleight of hand that we do not in-
tend the user to notice.

Sometimes the process of adding detail can nevertheless be captured, albeit perhaps in-
elegantly, within the classical notion of refinement.  For example the following would
be a valid refinement ifD-NAT were a valid type in B:

MACHINE Your_Divine_Machine
VARIABLES aa , bb , cc
INVARIANT aa ∈ D-NAT ∧ bb ∈ D-NAT ∧ cc ∈ D-NAT

… …
OPERATIONS

YourPlus  =̂ cc := aa + bb [] skip  ;
… …

END

REFINEMENT Your_Mundane_Machine
REFINES Your_Divine_Machine

… …
VARIABLES aaa , bbb , ccc
INVARIANT aaa∈ M-NAT ∧ bbb∈ M-NAT ∧ ccc∈ M-NAT ∧

aa = aaa∧ bb = bbb∧ cc = ccc
… …

OPERATIONS
YourPlus  =̂

IF
aaa + bbb≤ MaxNum

THEN
ccc := aaa + bbb
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END ;
… …

END

Thus as long as the extra detail is hidden at the lower level, one can conceal a certain
amount of low level enrichment by specifyingskip as the whole or an optional part of
the higher level definition.  This is frequently done in B when what one really wants to
do is to give a detailed description at (say) the implementation level, but one neverthe-
less needs a specification of one sort or another because the B method always demands
a machine at the top level of a development.  Under such circumstances one writesskip
at the top level (usually omitting to define any abstract variables too), relying on the fact
that any operation (whose effect on the concrete variables does not entail any visible
consequences on the abstract variables via the refinement invariant) refines it.  In effect
one simply avoids the issue.

However we argue that such uses ofskip , though technically neat where they can ac-
complish what is desired, are somewhat misleading.  They mix concerns in the follow-
ing sense.  The job of the abstract specification is to set out the idealised model as
clearly as possible.  Matters are therefore not helped by occurences here and there of
skip , whose purpose is to mediate between the abstract model and concrete model in
order that the relationship between them should be a refinement in the strict sense.  In
fact theskip is signalling that the relationship between the abstract and concrete models
is not one of pure refinement, but something more intricate.  And thus a cleaner design
strategy would place the data that described this relationship in an appropriate position,
rather than clog up the abstract model withskips.

Situations much more involved than either of the above can arise routinely in the devel-
opment of certain types of critical system; in particular if the system in question must
model phenomena described in the real world by continuous mathematics.  In such cas-
es, system construction may well be founded upon a vast aggregate of conventional
mathematics, perhaps supported by semiempirical considerations, and having an accu-
racy requirement for calculations measured in percent rather than in terms of the exact
embedding ofM-FLOAT in D-REAL .  In such cases, the derivation of the discrete
model actually cast in software from the original high level model, is a complex process
of reasoning steps, some more precise than others, and all in principle belonging in the
safety case for the implemented system, as justification for the purported validity and
range of applicability of the low level discrete model.  In these cases, current refinement
technology cannot speak about any but the last step or two, as the premise on which it
is founded, namely that the user should not be able to tell if it is the abstract or concrete
version of a system that he is using, is neither applicable nor relevant to most of the jus-
tification.

The use ofskip to circumvent the gap between levels of abstraction is even less con-
vincing than previously when starting from a continuous model.  Suppose one is mod-
elling Newton’s Second Law, which equates acceleration with force divided by mass.
Newton did not state “a := f / m [] skip” or anything similar, and the interpolation of
skips in the statement of such continuous laws for the purposes stated is particularly un-
attractive and intrusive.

And yet it is very unsatisfying to say that the corroboration that formal methods can of-
fer in critical developments should be abandoned in such cases because the nature of
the reasoning involved is “out of scope” of the conventional notion of refinement.  Rath-
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er we should look to enrich what we might accomplish by “refinement-like” concepts
in the hope of bringing more useful engineering within the remit of formal methods.  As
the pressure to include software in more and more critical systems increases, and the
pressure to verify such systems mechanically against state of the art methodology in-
creases too, the market for such enrichments can only grow.  Our conclusion then is that
there is an identifiable need to search for more flexible ways of “refining” abstract re-
quirements into implementable specifications.  In Section 2 we introduce a liberalisa-
tion of refinement, retrenchment, as a step in this direction.  Section 3 makes the
proposal more precise by discussing the incorporation of retrenchment in the B-Meth-
od, while Section 4 looks at scenarios involving the passage from continuous to discrete
mathematics, scenarios that are gaining importance in the serious application of formal
methods to real world safety critical systems; places indeed where the notion of re-
trenchment is particularly likely to prove useful.  Section 5 concludes.

2 Retrenchment

A refinement as everyone knows, weakens the precondition and strengthens the post-
condition of an operation.  Since an operation is specified by a precondition/postcondi-
tion pair, to go beyond refinement to relate an abstract operationOA and a concrete
operationOC , either the precondition ofOC must be stronger than or unrelated to the
precondition ofOA , or the postcondition ofOC must be weaker than or unrelated to the
postcondition ofOA , or both.  There are no other possibilities.

Retrenchment is, very loosely speaking, the strengthening of the precondition and the
weakening of the postcondition though technically it’s more subtle than that.  This is
like the opposite of refinement, except that we avail ourselves of the opportunity to lib-
eralise the connection between abstract and concrete operations even more widely.  For
instance not only will we allow changes of data type in the state component of an oper-
ation, we will also allow flexibility in the input and output components.  Thus we allow
inputs and outputs to change representation between abstract and concrete operations,
and moreover we allow information to drift between I/O and state aspects during a re-
trenchment.  Thus some data that was most conveniently viewed as part of the input at
the abstract level say, might be best recast as partly input data and partly state at a more
concrete level, or vice versa.  Similar things might occur on the output side.  This greater
flexibility in involving properties of the inputs and outputs in the relation between ver-
sions of an operation, gives more leeway for building realistic but complex specifica-
tions of real systems out of oversimplified but more comprehensible subsystems.

These things go way beyond what is conceivable in refinement.  Correspondingly, the
usual way of controlling refinement, via a joint invariant, will be inadequate as a means
of expressing the properties of this more liberal situation.  We will need to split up the
“local invariant” and “retrieve relation” in the joint invariant, and a couple of extra
predicates per operation, one for the before-aspect and one for the after-aspect, and if it
is necessary to relate the two in a general manner, a means of declaring logical variables
with both of these predicates as scope.  We see this in detail in the next section.

Of course this means that the litmus test of conventional refinement, that the correspon-
dence between states at different levels of abstraction, and the identity of the inputs and
outputs of corresponding operation instances, can be extended to a similar correspon-
dence for sequences of operation applications, no longer applies if information can be
moved between the I/O and state aspects of an operation in a retrenchment.  When such
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a state of affairs holds, then there will usually be additional properties of histories of the
two systems in question that are of interest in the overall understanding of the problem
being solved.  These sequence-oriented properties might typically include liveness and
other fairness properties [see eg. Abadi and Lamport (1991)].  We do not pursue these
aspects in the present paper, any more than fairness properties are covered by conven-
tional formal methods of the model oriented kind, though further work may reveal the
desirability of doing so.

It must be borne in mind that despite the similarities in the terminology in which it is
phrased, the retrenchment technique proposed here is intended to be regarded in an en-
tirely different light than conventional refinement.  Refinement has as its objective a sort
of black box role.  The user does not need to enquire into the contents of the refinement
black box, and the mathematical soundness of the notion of refinement guarantees that
he is never wrong-footed by not doing so, since the observable behaviour of a refine-
ment is always a possible behaviour of the abstraction.  Retrenchment on the other hand,
has as its objective very much a white box role.  Retrenchment is a conscious decision
to solve a different problem, and this must always be a deliberate engineering decision,
deemed acceptable under prevailing circumstances.  We envisage that the extent to
which any particular retrenchment step can be justified on entirely self-contained math-
ematical grounds will very much vary from application to application; we imagine most
will not be able to be so justified without input from non-mathematically-derivable real
world considerations.  (For example, mathematics canexpress the fact that the mundane
naturals are finite, but it cannotderive this fact from some convincingly self-evident ab-
stract criteria.)

3 Incorporating Retrenchment in the B-Method

The B-Method [Abrial (1996), Lano and Haughton (1996), Wordsworth (1996)] is a se-
mantically well founded and structurally rich methodology for full-lifecycle formal
software development.  As such it provides an ideal framework into which to embed the
retrenchment concept, since it already provides syntactic structure for expressing the re-
finement relation between specifications and implementations.  Retrenchment will need
a mild generalisation of this.

3.1 Syntax for Retrenchment

We propose the following outline syntax for retrenchment constructs where the square
brackets indicate that LVARA is optional:

MACHINE Concrete_Machine_Name ( params )
RETRENCHES Abstract_Machine-or-Refinement_Name

… …
INVARIANT J
RETRIEVES G

… …
OPERATIONS

out ←— OpName ( in )  =̂
BEGIN T  [  LVAR A  ]  WITHIN P  CONCEDESC  END ;

… …
END
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In the above, we propose that the retrenchment construct be a MACHINE, as a retrench-
ment, being a decision to solve a new problem, should have a MACHINE as its top level
statement.  The RETRENCHES clause relates the retrenching machine to the re-
trenched construct that it remodels.  We propose that the latter be either a MACHINE
or a REFINEMENT for maximum flexibility.  The RETRENCHES clause is similar to
the REFINES clause in standard B, in that it opens the retrenched construct and makes
its contents visible in the retrenching machine for the purpose of building predicates in-
volving the contents of both.  We assume that the name spaces of retrenching and re-
trenched constructs are disjoint aside from the operation names, which must admit an
injection from operation names of the retrenched construct to operation names of the
retrenching machine.  (The reason we do not demand a bijection is that, given that we
wish to allow the retrenched construct to be a proper oversimplification of the retrench-
ing machine, there may well be operations of the retrenching machine that do not make
sense at the more abstract level of the retrenched construct.  Such operations could be
modelled at the abstract level by byskips of course, but we would just as soon not do
so.  Having an injection instead of a bijection on operation names can lead to interesting
repercussions at the level of simulation, as indicated below.)

The retrenching machine can be parameterised (in contrast to refinements), so the CON-
STRAINTS clause of the retrenching machine becomes in principle a joint predicate in-
volving parameters of both retrenching and retrenched constructs if there is a need to
express a relationship between them.

Being a machine, we propose that all the familiar machine structuring facilities: IN-
CLUDES, USES, SEES, PROMOTES, EXTENDS, are available to the retrenching
machine in the normal way.  These aspects of machine construction are orthogonal to
the retrenching idea.

Like machines but unlike refinements, the INVARIANT clause of a retrenching ma-
chine is a predicate in the local state variables only.  Joint properties of state variables
of both retrenching and retrenched constructs are held in the RETRIEVES clause, as
they need to be treated a little differently compared to refinements.

The main difference between ordinary machines and retrenching machines appears in
the operations.  We propose to call the body of an operation of a retrenching machine a
ramified generalised substitution.  A ramified generalised substitution BEGINT
LVAR A WITHIN P CONCEDESC END , consists of a generalised substitutionT as
for any normal operation, together with its ramification, which consists of the follow-
ing: the LVARA clause which can declare logical variablesA whose scope is both the
WITHIN P and CONCEDESC clauses; the WITHINP clause which is a predicate that
defines the logical variablesA and can strengthen the precondition ofT by involving the
abstract state and input; and the CONCEDESC clause which is a predicate that can
weaken the postcondition ofT by involving the abstract state and output and the logical
variablesA .

As mentioned in the previous section, global properties of system histories might well
be expected to play a more significant role in a retrenchment than is usually the case in
a refinement.  There may thus be good reason to include a “SIMULATIONΘ” clause
in a retrenchment construct, whereΘ describes a relationship between sets of sequences
of operations at the two levels of abstraction, and including where appropriate relation-
ships between values of input and output for corresponding operation instances.  How-
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ever in the general case, one might well have to incorporate properties of the system’s
environment, and so we do not pursue such a possibility in this paper.

3.2 Proof Obligations for Retrenchment

In order to discuss the proof obligations for retrenchment in detail, consider the follow-
ing two machines.  For simplicity we will assume that these machines contain no AS-
SERTIONS or DEFINITIONS which could be dealt with in the standard way.

MACHINE M ( a ) MACHINE N ( b )
RETRENCHES M

VARIABLES u VARIABLES v
INVARIANT I ( u ) INVARIANT J ( v )

RETRIEVES G ( u , v )
INITIALISATION X ( u ) INITIALISATION Y ( v )
OPERATIONS OPERATIONS

o ←— OpName ( i )  =̂ p ←— OpName ( j )  =̂
S ( u , i , o ) BEGIN

END T ( v , j , p )
LVAR

A
WITHIN

P ( i , j , u , v , A )
CONCEDES

C ( u , v , o , p , A )
END

END

For these machines there will be the usual machine existence proof obligations (unless
one postpones them till machine instantiation time as in standard B).  Moreover, we
point out that if the CONSTRAINTS clause of the retrenching machine is a joint pred-
icate, then if there are a number of retrenchments and refinements in a development, the
CONSTRAINTS proof obligations will grow to encompass all of them simultaneously,
as∃x.P ∧ ∃x.Q ⇒/ ∃x.(P ∧ Q) ; i.e. the values that witness joint machine existence in
two adjacent retrenchment steps need not be the same ones for the middle machine.  We
do not foresee this as a major difficulty as a realistic development is unlikely to contain
very many retrenchment steps.

There will be standard operation proof obligations viewing bothM andN as machines
in isolation.  These include showing that the initialisationY establishesJ , i.e. that
PAN ⇒ [ Y(v) ] J(v) ; and thatOpName in machineN preservesJ , disregarding the re-
trieve and ramifications inN ,  i.e. thatPAN ∧ J(v) ∧ trm(T(v, j, p)) ⇒ [ T(v, j, p) ] J(v) .
There is also a standard “refinement style” obligation to prove that both initialisations
establish the retrieve relationG , i.e. thatPAM,N ⇒ [ Y(v) ] ¬ [ X(u) ] ¬ G(u, v) .

The most interesting proof obligations are the retrenchment ones.  For a typical abstract
operationOpName given abstractly byS and retrenched to a ramified operation given
by BEGINT … , this reads as follows.

PAM,N ∧ (I(u) ∧ G(u, v) ∧ J(v)) ∧ (trm(T(v, j, p)) ∧ P(i, j, u, v, A))
⇒ trm(S(u, i, o)) ∧ [ T(v, j, p) ] ¬ [ S(u, i, o) ] ¬

(G(u, v) ∨ C(u, v, o, p, A))
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We regard this statement as a definition of the semantics of retrenchment, as opposed to
refinement where the corresponding statement in Section 1 supports a more abstract for-
mulation, based upon set transformer or relational inclusion etc., (see eg. Abrial (1996)
Chapter 11).  We base our definition on the following.

Let us reexamine refinement for a moment.  In refinement, the objective is to ensure that
the concrete system is able to emulate the abstract system, and in general there will be
a many-many relationship between the steps that the abstract and concrete systems are
able to make such that this is true.  In particular, whenever an abstract operation is ready
to make a terminating step, the corresponding concrete operation must be prepared to
make a terminating step, which is the first conjunct of the refinement proof obligation.
Furthermore, whenever a concrete operation actually makes a step, the result must be
not incompatible with some step that the corresponding abstract operation could have
made at that point.  For this it is sufficient to exhibit for every concrete step, an appro-
priate abstract step: the second conjunct.  Thus the∀Conc-Op∃Abs-Op… structure of
the second conjunct comes from ensuring that no concrete step “does anything wrong”.

Retrenchment is different since the abstract and concrete systems are definitely incom-
patible.  The white box nature of retrenchment implies that the relationship between ab-
stract and concrete systems should be viewed first and foremost as an enhancement to
the description of the concrete system, for that is the purpose of retrenchment.  A re-
trenchment proof obligation ought to reflect this.

As before, there will in general be a many-many relationship between those steps that
the abstract and concrete systems are able to make, that we might want to regard as re-
lated.  Since in a retrenchment, it is the more concrete system that is considered more
important, in the hypotheses of the proof obligation, it is the concretetrm condition for
an operation that is present.  We strengthen this by the WITHIN clauseP to take into
account aspects arising from the abstract state, abstract and concrete inputs, and to al-
low further fine tuning of the related before-configurations above and beyond that given
by the RETRIEVES clauseG , if required.

What then ought the conclusions of such a proof obligation to assert?  Thetrm condition
for the corresponding abstract operation is the obvious first thing.  And the obvious sec-
ond thing would speak about results in related steps.  For these we would require the
truth of the RETRIEVES clauseG , but weakened by the CONCEDES clauseC to take
into account aspects arising from the abstract state, abstract and concrete output, and to
allow deviations from strictly “refinement-like” behaviour to be expressed.  We must
say which pairs of abstract and concrete after-configurations should be (G ∨ C )-related
in the proof obligation.  The essentially arbitrary nature of the many-many relation be-
tween steps makes expressing it verbatim within the proof obligation impractical and
certainly not mechanisable.  We are left with the possibility of stating some stylised sub-
relation of this relation, obvious candidates being subrelations of the form∀–∃–… of
which there are two possibilities to consider, namely∀Abs-Op∃Conc-Op(G ∨ C) and
∀Conc-Op∃Abs-Op(G ∨ C) .  We discuss these in turn.

If we take the∀Abs-Op∃Conc-Op(G ∨ C) form, we must consider four things.  Firstly,
this form makes the resulting proof obligation resemble a refinement from concrete to
abstract systems (aside fromP andC of course), taking us in a direction we do not in-
tend to go.  Secondly, the∀Abs-Op part forces us to say something about all possible
abstract steps.  There may be many of these that are quite irrelevant to the more defini-
tive concrete system, since the abstract system is intended to be merely a simplifying
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guide to the concrete one; the necessity of mentioning them, or excluding them via the
P clause, would be an unwelcome complication.  Thirdly, this form doesnot make us
say something about all possible concrete steps, limiting its usefulness as an enhance-
ment to the description of the concrete system.  And fourthly, we have not identified any
negative criterion that we must ensure the abstract system fulfils, as was the case for
concrete systems in refinement.  All of these considerations mitigate against adopting
the∀Abs-Op∃Conc-Op(G ∨ C) form.

So we turn to the∀Conc-Op∃Abs-Op(G ∨ C) form.  Here we consider three points.
Firstly, we are not required to say something about all abstract steps, which in view of
the remarks above we regard as beneficial.  Secondly, we must say something about all
concrete steps, which helps to enhance the description of the concrete system, and
which we thus regard as good.  In particular we must consider for any concrete step,
whether it is: (a), excluded from consideration becauseP is not validated; (b) included
but requires essential use ofC to satisfy the obligation; (c), included but does not require
C .  The third point follows on from (c): there may well be sensible portions of the state
and I/O spaces in whichP andC are trivial.  In such places, when bothtrm clauses hold,
it will be possible to derive from the truth of the retrenchment obligation, the truth of
the refinement obligation; this would tie in neatly with the joint initialisation proof ob-
ligationPAM,N ⇒ [ Y(v) ] ¬ [ X(u) ] ¬ G(u, v) mentioned above.  Such a state of affairs
supports our intention that retrenchment is regarded as a liberalisation of refinement, i.e.
it is like refinement “except round the edges”.

The heuristic reasoning above aimed to justify a proof obligation that is simple and con-
venient to mechanise and to use in real designs; and in the light of the preceding remarks
we see that saying that retrenchment is merely a “the strengthening of the precondition
and the weakening of the postcondition” is deceptively simplistic.  The current lack of
a more abstract underlying model for retrenchment is not regarded as a fundamental ob-
stacle to its usefulness, though such a model would clearly be of great interest.  Indeed,
as the third point above indicated, we can expect at minimum, various special cases of
retrenchment to lend themselves to deeper mathematical treatment.  It might be that
there is no “best” such theory and that increasing ingenuity will reveal increasingly
complex special cases.  The inevitable consequence of this would be, that treated in a
standalone fashion, the special cases would generate standalone proof obligations of an
increasingly complex and thus less practically convenient nature.  Such an outcome
would strongly support our strategy of defining retrenchment directly via a simple proof
obligation.  These fascinating matters will be explored more fully elsewhere.

3.3 Composability of Retrenchments

We have deliberately designed retrenchment to be a very flexible relation between ma-
chines, to afford designers the maximum convenience and expressivity in constructing
complex solutions to complex problems by reshaping oversimplified but more compre-
hensible pieces.  We indicated above that the mathematics of retrenchment will be more
complex that that of refinement and we do not embark on a full discussion here.  Nev-
ertheless we show here that retrenchments compose to give retrenchments.  To see this
suppose machineN ( b ) is retrenched to machineO ( c ) whose structure is defined by
“schematically alphabetically incrementing”N ( b ) , i.e. by replacing in the schematic
text ofN ( b ) above, occurrences ofN ,b ,M ,v ,J ,G ,Y ,p , j ,T ,P ,C , by occurrences
of O , c , N , w , K , H , Z , q , k , U , Q , D , respectively.  The retrenchment proof obli-
gation forN andO then becomes:
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PAN,O ∧ (J(v) ∧ H(v, w) ∧ K(w)) ∧ (trm(U(w, k, q)) ∧ Q(j, k, v, w, B))
⇒ trm(T(v, j, p)) ∧ [ U(w, k, q) ] ¬ [ T(v, j, p) ] ¬

(H(v, w) ∨ D(v, w, p, q, B))

From this and the preceding proof obligation we can show in a relational model that:

PAM,N,O ∧ (I(u) ∧ (∃ v • G(u, v) ∧ J(v) ∧ H(v, w)) ∧ K(w)) ∧
(trm(U(w, k, q)) ∧ (∃ v , j , A • G(u, v) ∧ J(v) ∧ H(v, w) ∧
  P(i, j, u, v, A) ∧ Q(j, k, v, w, B)))

⇒ trm(S(u, i, o)) ∧ [ U(w, k, q) ] ¬ [ S(u, i, o) ] ¬
((∃ v • G(u, v) ∧ J(v) ∧ H(v, w)) ∨
  (∃ v , p • G(u, v) ∧ D(v, w, p, q, B)) ∨
  (∃ v , p , A • C(u, v, o, p, A) ∧ H(v, w)) ∨
  (∃ v , p , A • C(u, v, o, p, A) ∧ D(v, w, p, q, B)))

This corresponds to the retrenchment:

MACHINE O ( c )
RETRENCHES M
VARIABLES w
INVARIANT K ( w )
RETRIEVES ∃ v • G ( u , v ) ∧ J( v ) ∧ H ( v , w )
INITIALISATION Z ( w )
OPERATIONS

q ←— OpName ( k )  =̂
BEGIN

U ( w , k , q )
LVAR

B
WITHIN

( ∃ v , j , A • G ( u , v ) ∧ J( v ) ∧ H ( v , w ) ∧
P ( i , j , u , v , A ) ∧ Q ( j , k , v , w , B ) )

CONCEDES
( ∃ v , p • G ( u , v ) ∧ D ( v , w , p , q , B ) ) ∨
( ∃ v , p , A • C ( u , v , o , p , A ) ∧ H ( v , w ) ) ∨
( ∃ v , p , A • C ( u , v , o , p , A ) ∧ D ( v , w , p , q , B ) )

END
END

We take this as the natural definition of composition of retrenchments, and we note that
it is built out of the syntactic pieces of the component retrenchments in such a manner
that composition of retrenchments will be associative.

We point out straight away that the above is not the only possible definition: an easy
variation on what is given includesJ(v) in the three existentially quantified clauses of
the CONCEDES clause of the composition.  This works because the stronger clauses
arise naturally when the two original proof obligations are combined, so the given form
is entailed by the stronger form.  We dropped theJ(v) in all of them because designers
are likely to be most interested in the interaction of the WITHIN and CONCEDES
clauses in practical situations and the additional presence ofJ(v) is likely to be seen only
as a complicating nuisance.
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We observe that the composed retrenchment is a different retrenchment than that ob-
tained by alphabetically incrementingN ( b ) , even though the same machineO ( c ) is
involved.  This is best understood from a categorical perspective.  We could define a
categoryMchRet say, of machines and retrenchments, in which machines (given by the
normal syntactic data for machines, and assuming (for convenience) that the machine
name uniquely identifies the machine) constitute the objects, and abstract retrenchments
(given by the syntactic data of the names of the retrenched and retrenching machines,
the retrieve clause, and the ramification data) constitute the arrows.  Roughly speaking,
the law of composition of retrenchments, is the associative law of composition of ar-
rows in this category1.  The fact that there may be many different retrenchments to a
given machine reflects the fact that there may be many different arrows to an object in
a category, even many from the same source object.  The concrete syntax proposed for
retrenchments mixes object and arrow aspects in a single construct, and a good case
could be made for their separation, especially since the connection between retrenched
and retrenching machines is looser than in refinement.  It is this categorical perspective
that caused us to separate the local INVARIANTJ from the RETRIEVE relationG in
the definition of a retrenchment.  And one could say much the same things about the
usual refinement notion of course.

3.4 Simple Examples

With the preceding machinery in place, we can redo the earlierMy_Divine_Machine /
My_Mundane_Machine example properly as a retrenchment.  We give first a minimal
but self contained version ofMy_Divine_Machine :

MACHINE My_Divine_Machine_0
VARIABLES aa , bb , cc
INVARIANT aa ∈ D-NAT ∧ bb ∈ D-NAT ∧ cc ∈ D-NAT
INITIALISATION aa := 3 || bb := 4 || cc := 5
OPERATIONS

MyPlus  =̂ cc := aa + bb
END

And now we give a retrenchment of it along the lines of the originalMy_Mundane_Ma-
chine .

MACHINE My_Mundane_Machine_1
RETRENCHES My_Divine_Machine_0
VARIABLES aaa , bbb , ccc
INVARIANT aaa∈ M-NAT ∧ bbb∈ M-NAT ∧ ccc∈ M-NAT
RETRIEVES aa = aaa∧ bb = bbb∧ cc = ccc
INITIALISATION aaa := 3 || bbb := 4 || ccc := 5
OPERATIONS

resp←— MyPlus  =̂
BEGIN

1. We say “roughly speaking”, because there are minor irritations concerning the identities
in such a syntactic category since eg.TRUE∧ TRUE is semantically but not syntactically
the same asTRUE .  One can circumvent these by: having merely formal identities, or by
allowing empty formulae in the syntax, or by defining the arrows as equivalence classes of
syntactic data which identify eg.φ ∧ TRUE with φ .  We will not go into details.

140 R. Banach, M. Poppleton



IF
aaa + bbb≤ MaxNum

THEN
ccc := aaa + bbb ||
resp := TRUE

ELSE
resp := FALSE

END
LVAR

CC
WITHIN

CC = ccc
CONCEDES

aa = aaa & bb = bbb & CC = ccc
END

END

We are able to describe the case in which the variableccc is not changed, with the help
of the logical variableCC , noting that the CONCEDES clause refers to the after con-
dition of the variables involved and thatCC is not substituted.  This situation is evident-
ly outside the scope of normal refinement.  To illustrate the flexibility of the
retrenchment concept we give another, different retrenchment ofMy_Divine_Machine :

MACHINE My_Mundane_Machine_2
RETRENCHES My_Divine_Machine_0
VARIABLES aaa
INVARIANT aaa∈ M-NAT
RETRIEVES aa = aaa
INITIALISATION aaa := 3
OPERATIONS

resp , ccc←— MyPlus ( bbb )  =̂
BEGIN

IF
aaa + bbb≤ MaxNum

THEN
ccc := aaa + bbb ||
resp := TRUE

ELSE
ccc := 0 ||
resp := FALSE

END
WITHIN

bb = bbb
CONCEDES

(resp = TRUE⇒ cc = ccc) & (resp = FALSE⇒ ccc = 0)
END

END

Note that in this version, the status ofbb has been changed to that of an input and the
status ofcc has been changed to that of an output, thus obviating the need to take their
properties into account in the RETRIEVES clause.  The WITHIN and CONCEDES
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clauses instead take on the jobs of relatingbb andbbb , andcc andccc respectively; and
in this simple example the RETRIEVES clause always holds anyway.

These two examples are rather trivial.  Nevertheless they are small enough to show
some of the technical details of retrenchment clearly.  In the next section we will discuss
a more convincing scenario, albeit only superficially for lack of space.

4 Continuous and Discrete Systems

In this section we discuss the prospects for applying retrenchment in the development
of systems that need to model physical aspects of the real world, both in general terms
and with regard to specific examples.

4.1 Modelling the Real World

As the application of formal methods for system development in the real world contin-
ues to grow, the interest in applying them to systems which capture the properties of
physical situations requiring continuous mathematics for their description grows like-
wise.  See for example [Maler (1997), Alur, Henzinger and Sontag (1996)].  In the bulk
of such work the continuous component is time, and the problem is to describe and con-
trol a one dimensional dynamics typically governed by laws of the form

ḟ = Φ(f , e)

wheref is a (tuple of) quantities of interest,ḟ is the tuple of their first order time deriv-
atives, andΦ(f , e) is a tuple of formulae in thef and the external inpute .  In addition
the typically smooth evolution of the system according to the above law is punctuated
from time to time with certain discrete events which interrupt the overall continuity of
the system’s behaviour.  Over the years, a large amount of work has been directed at
taming the difficulties that arise.

However there are also increasingly problems that involve applied mathematics of a dif-
ferent kind.  Dose calculation in cancer radiotherapy is a typical case in point [Johns
and Cunningham (1976), Khan (1994), Cunningham (1989), Hounsell and Wilkinson
(1994)].  Here the problem to be solved centres on the Boltzmann transport equation
[Huang (1963)], a three dimensional nonlinear integro-differential equation that de-
scribes the electron (or X-ray) density.  Not only is this not a typical one dimensional
problem, but there are no known exact solutions or calculation techniques for this equa-
tion applicable to the kind of spatial configurations of interest in practice; solutions to
practical examples rely on heuristic techniques whose efficacy is gauged by comparison
with experiment.  No formal technique is ever going to be able to “justify” the proce-
dures undertaken, on the basis of primitive axioms, in the same way that simple calcu-
lations with natural numbers are justified on the basis of the Peano axioms in a modern
theorem prover.  But that is not to say that automated support is out of the question.

The fact that continuous mathematics has been done with rigour for a century or more
is good evidence that what has been done there is formalisable.  The paucity of pub-
lished material in this area is more a question of logicians’ and computer scientists’ ig-
norance of and/or distaste for the subject than any issue of principle.  In fact continuous
mathematics has received some attention from the mechanical theorem proving com-
munity lately [Harrison (1996)].  The cited work shows that a formal approach to anal-
ysis is entirely feasible, but is a big job.  The sheer breadth of applied mathematics that
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may be needed in applications makes it clear that simply formalising a large general
purpose body of continuous mathematics that would serve as a foundation for “all” for-
mal developments where such mathematics is required is an unrealistic proposition.

The alternative, to reinvent the core continuous mathematics wheel formally as a pre-
cursor to the more specialised reasoning required in a specific application is equally un-
realistic.  Not only would the cost of rederiving any significant piece of applied
mathematics from first principles be prohibitive, but many different developments
would overlap significantly in the mathematics needed despite the remarks above, and
this would lead to wasteful duplication.

Moreover applied mathematics does not work by deriving everything from first princi-
ples.  Rather, it reaches a certain stage of maturity, turns the results obtained into alge-
bra, and uses the equations of that algebra as axioms for further work.  Thus it seems
reasonable for computerised developments that depend on such mathematics to select a
suitable suite of already known results as axioms (whether these be formally derived or
merely results that have achieved equivalent status through years of successful use), to
capture these as axioms in the theory underlying the development, and to use these to
support the specifics of the development.  Where one starts from in the vast sea of extant
mathematics to select an axiom basis which will be both useful in providing good sup-
port for the development at hand, and also tractable for automated reasoning technolo-
gy, would become a matter for engineering judgement.

Even the heuristic semi-empirical reasoning alluded to above can be incorporated in
such an approach.  Suppose for example that it is believed that within certain bounds of
applicability, such and such a parametrised expression can, by suitable choice of param-
eters, yield a function that is within such and such an error margin of a solution to a par-
ticular nonlinear integro-differential equation (say).  Then that belief can be expressed
as a rule in the system and its use controlled by the same theorem proving environment
that supports the rest of the development.

At the moment, to the extent that developments incorporating the passage from contin-
uous to discrete mathematics are attempted at all using a formal approach, what one
sees is a little disconcerting.  Typically some continuous mathematics appears, describ-
ing the problem as it is usually presented theoretically.  When this is done, there comes
a violent jolt.  Suddenly one is in the world of discrete mathematics, and a whole new
set of criteria come into play.  There is almost never any examination of the conditions
under which the discrete system provides an acceptable representation of the continu-
ous one, and what “acceptability” means in the situation in question.  But surely these
questions are of vital importance if the discrete model is truly to be relied on.  Results
from mathematics which have investigated the reliability of discrete approximations to
continuous situations have shown that there are useful general situations in which the
discrete approximation can be depended on.  Such results ought to make their way into
the justification of the appropriate development steps in real world applications wher-
ever possible.  Evidently incorporating them into strict refinement steps is too much to
ask in general, and the greater flexibility of the retrenchment formalism we propose
seems to us to be much better suited to the task in hand.

4.2 A Furnace Example

We describe in outline a hypothetical situation in which the flexibility of retrenchment
comes into its own.  Suppose we have undertaken to control an ultraefficient furnace,
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into which pulverised solid fuel is injected along with preheated air.  Magnetic fields
help to keep the resulting burning ionised gas evenly suspended throughout the volume
of the combustion chamber in order to maximise efficiency, and away from the walls in
order to prevent them from disintegrating at the high temperatures used.  The objective
is to keep the temperature as high and as evenly distributed as possible for efficiency’s
sake, to keep the hot gas away from the walls, and to ensure that fluctuations do not
cause explosive hot spots to arise that could give rise to shock waves which could dam-
age the combustion chamber.  A number of sensors in the combustion chamber report
periodically on the temperature and electromagnetic flux in their vicinity.  The physics
of the situation is described by the partial differential equations of magnetohydrody-
namics.  Needless to say it is not possible to solve these equations in closed form.  We
want to model this situation in order to develop software that will control the magnetic
fields and inflow of air and fuel, so as to maximise efficiency while keeping the system
safe.

The top layer of the model simply reflects the classical mathematics of the problem.
Thus suppose that the vessel occupies a volumeΩ , with boundary∂Ω .  The problem
is then to control the flow of ionised gas, given by its temperatureθ , mass densityρ ,
pressurep , adiabaticityγ , velocityv , and current densityJ , by adjusting the applied
magnetic fieldM , air inputa , and fuel inputs .  The current values and rates of change
of the physical quantities act as inputs, and the outputs are to be the future values of the
physical variables andM , a , s , such that over a finite ensuing period, the behaviour of
the system is safe; i.e. no instabilities arise, and the ionised gas stays away from the sol-
id parts of∂Ω .  In B terms, one could have a single operation

θ … M , a , s ←— furnace_control ( θ , ρ , p , γ , v , J , θ̇ , ρ̇ , ṗ , γ̇ , v̇ , J̇ )

whose body was a relation which specified the future behaviour and the control outputs,
against the input data.  The substitution could be a typical ANYθ … M , a , s WHERE
MHD_EQNs END construct, where the bodyMHD_EQNs could simply quote the con-
junction of the standard magnetohydrodynamic equations for the system with the de-
sired bounds on future behaviour.  This is specification at its most eloquent as the
system is not capable of being solved in closed form, and the operationfurnace_control
would alter no state since we are at the textbook level of reasoning.  Indeed the required
relation could be captured in B constants, were it not for the desire to have an operation
to retrench ultimately into an IMPLEMENTATION.

The intermediate layer of the model is a discretisation step in which continuous func-
tions over space and time are replaced by finite sets of values at a grid of points in the
combustion chamberΩ .  So the operation would become something like

θi … M i , ai , si ←— furnace_control ( θi , ρi , pi , γi , vi , Ji , θi
˙ , ρi˙ , pi˙ , γi̇ , vi̇ , Ji

˙ )

where the subscripts range over a suitable grid.  Furthermore, while the top layer simply
states the desired properties of the outputs, the intermediate layer now gives them as a
more concrete function of the inputs, reflecting the structure of the finite element calcu-
lations needed to generate actual numerical answers, though not necessarily in full de-
tail.  The retrenchment between these layers would, if done thoroughly enough, cover
the detailed justification for the discretisation.  This would include bounds on the per-
mitted fluctuations of the continuous system in order that it can still be adequately rep-
resented by the discrete system, as evidently not all violently fluctuating behaviours can
be faithfully mirrored within a fixed grid.  The mathematics required for the WITHIN
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and CONCEDES clauses, and to properly discharge the relevant proof obligations from
first principles, would be demanding to say the least.  It is likely that if this were a gen-
uine development, some heuristic rules would be invoked to discharge the proof obli-
gations, expressing accumulated engineering wisdom in such situations.  The
retrenchment would then be doing little more than documenting the arguments, but in a
manner consistent with the rest of the development, and capable of some mechanical
checking.  There is still no state, so we still have pure I/O.

The lowest layer of the model takes the idealised finite element scenario above, and re-
lates it to the actual configuration of input and output devices in the real system.  Thus
the only inputs at this level will be temperature and electromagnetic flux sensor read-
ings, and the only outputs will be the control parameters to the air and fuel injectors and
magnetic field controls.  The signature will thus look like

M j , aj , sj ←— furnace_control ( θj , Jj )

wherej ranges over the actual input and output devices, and the remaining data of the
intermediate model is committed to state variables of the machine.  This arrangement
is justified on the basis that the system changes sufficiently slowly that an iterative cal-
culation of the required future behaviour can be done much faster and more accurately
starting from the previous configuration, than ab initio from just the inputs.  Further-
more, the model at this layer could stipulate numerical bounds on the values of the
mathematical variables which occur, in order to ease the transition to computationally
efficient arithmetic types later.  The retrenchment from the layer above to this one will
be rather easier than was the preceding retrenchment step, as the relationship between
the I/O and state variables of the present model, and the I/O of the model above will
consist of straightforward algebraic formulae, leading to relatively simple proof obliga-
tions.  In particular the∀Conc-Op∃Abs-Op(G ∨ C) form of the retrenchment proof ob-
ligation enables the drawing up of a suitableC cognisant of these bounds rather more
easily than the opposite form.

At this point we have reached the level that a conventional formal development might
have started at.  The operation of interest has reached a stage where its I/O signature and
the information in its state has stabilised, so what remains is in the province of normal
refinement.  Such refinements could address the efficiency of the algorithms used, ex-
ploiting architectural features of the underlying hardware if appropriate, and could also
address the precise representation of the state.  We are assuming that the bounded math-
ematical types used in the model are such that casting them down to actual hardware
arithmetic types can be done within a refinement; if not then another retrenchment
would be required.

Surveying the above, we see how much of the reasoning that would otherwise fall out-
side of the remit of formal development has been brought into the fold by the use of re-
trenchment.  Admittedly this was a hypothetical example, and not worked out in full
detail, but the outline above shows us how the engineer’s model building activity may
be organised within a formal process, and the ultimate very detailed and obscure model
that is cast into implementation, may be made more approachable thereby.  The whole
development process also reveals the mathematically most challenging parts for what
they are, and documents to what extent they have been resolved through utilising either
deep results on discretisability from real analysis, or the adoption of pragmatic engi-
neering rules of thumb.
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5 Conclusions

In the preceding sections we have argued that refinement is too restrictive to describe
many developments fully, and have proposed retrenchment as a liberalisation of it.  The
objective was to allow more of the informal aspects of design to be formally captured
and checked.  We described the technical details of what retrenchment is within B, we
considered some basic formal properties such as the proof obligations and composabil-
ity, and discussed some examples.

Much of what we said regarding the applicability of retrenchment to realistic situations
assumed the incorporation of ideal and richer types into B; this merits further discus-
sion.  Take the reals.  Because the reals are based on non-constructive features, any
finitistic approach to them will display weaknesses regarding what can be deduced, and
different approaches will make different tradeoffs.  (M-FLOAT is one possibility, and
we could also mention different theories of constructible reals, as well as approaches
that exploit laziness (in the functional programming sense) to yield so called comput-
able exact reals.)  The B attitude, to design a conservative framework for development,
has the merit that a laudable degree of completeness of coverage can be achieved in the
method.  However to address many types of real world problem, this conservatism
would need to be relaxed.  It seems to us that the best way forward is to consider adding
certified libraries to B, offering a variety of theories for richer types (eg. various types
of reals), to give users the foundations for the applications they need.  These idealisa-
tions could be retrenched away in the passage to an IMPLEMENTATION.

The lack of richer types in B is also felt at the I/O level, as B I/O only permits simple
types to occur which thus can force premature concretisation.  In this regard our work
bears comparison with [Hayes and Sanders (1995)] who focus exclusively on I/O as-
pects, and who show how describing the I/O of an operation in excessively concrete
terms, can lead to obscure specifications.  Their decomposition of operations into an in-
put abstraction phase, an abstract operation phase, and an output concretisation phase,
corresponds to a special case of retrenchment in which there is no mixing of I/O and
state aspects, but where the WITHIN and CONCEDES clauses permit translation from
one I/O format to another.  One can see this as further affirmation of the inadequacy of
pure refinement as the only mechanism for turning abstract descriptions into concrete
ones, as was indicated in Section 1.

The present work, the first on retrenchment, raises more questions than it solves.  The
true value of any development technique can only be judged by its usefulness in prac-
tice.  For that, a significant body of case studies must be developed, and then those
whose livelihood depends on doing developments right, must come to a verdict, either
explicitly or implicitly, on whether the technique offers a worthwhile improvement on
current practice or not.  Retrenchment should be subjected to such critical appraisal in
order to prove its worth.  The authors envisage retrenchment as being useful both in
continuous problems as discussed in the preceding section, and in entirely discrete sit-
uations too, where the complexity of the real system is built up in digestible steps from
simpler models.  We have given enough of the basic theory of retrenchment in this pa-
per, to enable such application work and its evaluation to proceed.  The other facet of
retrenchment needing to be pursued, the underlying theory, aspects of which were dis-
cussed at the end of Section 3.2, is under active investigation and the results will be re-
ported in future papers.
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Abstract. Within the design process, a high-level specification is sub-
ject to two conflicting tensions. It is used as a vehicle for validating the
requirements, and also as a first step of the refinement process. Whilst
the structuring mechanisms available in the B method are well-suited for
the latter purpose, the rich type constructions of VDM are useful for the
former.
In this paper we propose a method which synthesises a structured B
design from a flat VDM specification by analysing how type definitions
are used within the VDM state in order to generate a corresponding B
machine hierarchy.

1 Introduction

Within the design process, a high-level specification is subject to two conflicting
tensions. It is used as a vehicle for validating the requirements, and also as a first
step of the refinement process. Whilst the structuring mechanisms available in
the B method [1] are well-suited for the latter purpose, the rich type construc-
tions of VDM [7] are useful for the former. Indeed, previous work [2] has shown
that although VDM and B are equivalent in theory, in practice, VDM is used for
requirements analysis, high level design and validation whereas B places more
emphasis on refinement, low level design, and code generation.

Thus the kind of structuring used in the B Method, which is intended to allow
compositional development from the specification, can be seen as implementation
detail which can obscure the abstract behaviour.

The SPECTRUM project has investigated the benefits of combining VDM and
B in the development using VDM for abstract specification and validation (as
well as generation of abstract test suites) and B for development of that specifi-
cation (refinement, verification and code generation). This combination requires
a translation between the VDM and B notations during the development.

Typically at the early stages in the development the VDM specification has
a data model employing a single module including a single state which is a
monolithic value of a complex type (a composite record value whose elements
themselves may consist of records, sets, maps or sequences). VDM’s language of

Didier Bert (Ed.): B’98, LNCS 1393, pp. 148–161, 1998.
c© Springer-Verlag Berlin Heidelberg 1998
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types and expressions supports the forms of data abstraction which are useful
in comprehension and validation.

The required B specification will comprise a hierarchy of abstract machines, each
of which contains state values of relatively simple types. This decomposition of
the state may support subsequent refinement, developing an understanding of
how the design can be achieved.

In other words, when translating a VDM specification to B, complexity in VDM’s
expression language should be replaced by complexity in AMN’s state language,
in order to obtain the best from both notations.

In this paper we propose a method which synthesises a structured B design from
a flat VDM specification by analysing how type definitions are used within the
VDM state in order to generate a corresponding B machine hierarchy.

1.1 Background

VDM and B were first used together in the MAFMETH project [3]. There, a
high-level VDM specification was hand-translated into B. MAFMETH showed
that using the two methods in this manner gave benefits over “traditional” de-
velopment approaches. However, translation by hand was error prone: most of
the few design errors were introduced at this stage.

The EC project SPECTRUM1 has been further investigating the interoperability
of VDM and B. The project has developed a design lifecycle whereby VDM is
used in the early stages of design for high level design, and validation against
requirements through prototype generation, and a move to B is performed for the
later stages of development towards code, while referring back to the VDM as a
test case oracle. Thus an important requirement of the project is an automated
translation of VDM into B.

Z to B translation has been carried out in [9] and elsewhere (e.g. [4]). [9] proposed
a style similar to “algebraic” specification for translating Z’s free type definitions.
Though feasible, the resultant B specifications were “unnatural” (in terms of B
style), and were difficult to work with in practice. Nevertheless, this style formed
a starting point for SPECTRUM, giving a property-oriented style of specification,
with extensive use of CONSTANTS and PROPERTIES clauses, and few
state variables.

An object-based style of B specification is developed in [8] wherein each object
class is realised by a machine that “manages” a state that effectively comprises

1 EC ESPRIT project 23173, SPECTRUM, is a collaboration between: Rutherford
Appleton Laboratory, GEC Marconi Avionics, Dassault Electronique, B-Core UK
Ltd, Institute of Applied Computer Science (IFAD), Space Software Italia and Com-
missariat à l’Energie Atomique. For information about this project contact Juan
Bicarregui.
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a set of currently-existing instances of that class. Individual objects in the set
are “known” to the rest of the system via their “handles” (or object identifiers)
that are created and maintained by the object manager machine. Whilst this
object-manager approach is more natural within B and one which is more readily
analysable by B tools, it can at times be overly complex, and it was not readily
apparent how this could be derived from a VDM specification.

Here we propose a hybrid of these two approaches, based on a top-down analysis
of the VDM specification. Where a type is used as part of the state, we follow the
object based approach; a machine is created to manage the values of that type.
Where a type is used only in a declarative way, say as the parameter or result
of an operation, then the “algebraic” approach is followed. This translation was
tested within SPECTRUM through the case study of translating a simple train
control specification from Dassault Electronique (“the Metro specification”).

In the remainder of this paper we discuss this translation in more detail. Section 2
gives an overview of the approach. Sections 3 and 4 give some of the technical
details of the automated translation, and Section 5 discusses some extensions for
further language features. Section 6 gives an example, and the paper is summed
up in Section 7.

2 An Analytic Approach

The VDM-SL and B-AMN notations have broadly similar semantics2 and ad-
dress similar problem areas (specification of sequential state-based systems).
However, the two notations place different emphases on state structure, and on
type and value expressivity. VDM provides an expressive type definition lan-
guage, and a similarly rich language of expressions and functions, but (relative
to AMN) its state model is flat: in effect, the state model of a VDM-SL spec-
ification typically contains at most a small number of variables, though each
variable can have a complex value (of a complex type), and operations are gen-
erally viewed as acting on the state as a whole. On the other hand, whilst AMN
provides powerful constructs for state modularisation, its type and expression
notations are impoverished relative to VDM-SL. The state of an AMN specifi-
cation consists of a relatively large number of state variables, usually of simple
types, spread across a number of machines, each of which has “local” operations.

Thus, in translating from VDM-SL to AMN, two problems must be addressed:
firstly, how to represent complex types and expressions within a weaker expres-

2 Whilst we recognise that VDM has a denotational semantics over a logic for partial
functions, and B has a weakest precondition semantics over classical logic, and thus
have some differences in interpretation, we believe that the semantics are sufficiently
similar for interoperability to be meaningful and useful. A further part of our work
intends to investigate any semantic differences.
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sion syntax, and secondly, how to “infer” a structured state model from an
unstructured model.

We propose a new approach to translation from VDM to B which attempts to
use the most appropriate style of B specification for the various parts of the
VDM specification, resulting in a specification with a more distributed state. A
top-down analysis is undertaken to work out which approach is best for each
part of the specification. We first consider the state in the VDM specification.
Consider the state of a representative VDM specification:

state S of
n : N

a : A
end

where A is a user defined record type:

A : : a1 : A1
a2 : A2

In the property oriented approach, since the record type A is translated as an
algebraic specification, it is given as the following stateless machine (truncated
for brevity):

MACHINE A Type

SETS A

CONSTANTS

mk A, inv A, a1 , a2
PROPERTIES

a1 : A -→ A1 ∧
a2 : A -→ A2 ∧
mk A : A1 × A2 -→ A ∧
inv A : A -→ BOOL ∧
(∀ xx,yy).( xx ∈ A1 ∧ yy ∈ A1 ⇒

(a1 (mk A(xx ,yy)) = xx))
. . .

END

And a top level state machine of the form:

MACHINE S

SEES A Type

VARIABLES n, a

INVARIANT
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n ∈ N ∧ a ∈ A
END

This is a literal translation of the VDM. the algebraic VDM record type A is
translated into a stateless “property-oriented” machine, which declares the type
as a set, a new mk A constant as the constructor function, the fields as projection
functions, and a new inv A constant as the invariant function. The behaviour of
these constants is defined using properties, in effect giving an algebraic specifi-
cation of the type. The properties clause soon becomes very large, with complex
first-order logic and set theory expressions. Because of the relative weakness of
this expression language, these become hard to read, and the support tools for
B find such expressions hard to deal with.

The property oriented approach has led to a different “granularity” of the state
than would be natural in a B specification. A more “natural” B approach would
be to split the record A into its fields, and give a state variable for each, gener-
ating a simple state specification as follows:

MACHINE A Obj

VARIABLES

a1 , a2

INVARIANT

a1 ∈ A1 ∧ a2 ∈ A2
. . .

END

And a top level state machine which includes this to represent the “inheritance”
of the datatype:

MACHINE S

INCLUDES A Obj

VARIABLES n

INVARIANT

n ∈ N

. . .

END

If the data types A1, A2 are themselves record types they can be broken down
further into similar machines. Thus we build a hierarchy of machines which pre-
serve the structure of the VDM specification, but have a finer state granularity.
This specification is much clearer and easy to work with, exploiting as it does
the strength of B and B tools in manipulating machine state and generalised
substitutions.
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If the state has an aggregate type of records, such as set or map, then the
appropriate B specification is different. For example, if the state is of the form:

state S of
n : N

a : A-set
end

with A as before, then an “object manager” approach is more appropriate:

MACHINE A Mgr

SETS A Ids

VARIABLES

aids, a1 , a2

INVARIANT

aids ⊆ A Ids ∧
a1 ∈ aids → A1 ∧
a2 ∈ aids → A2

. . .

END

Typically, an object manager machine will also include some basic operations
for inspecting and manipulating the variables; for example equality should be
defined on the value of the attributes rather than on the identifier. In this paper,
these are omitted for clarity.

A top level state machine which includes this to represent the “inheritance” of
the datatype within the VDM record:

MACHINE S

INCLUDES A Mgr

VARIABLES n, a

INVARIANT

n ∈ N ∧ a ⊆ aids
. . .

END

Where the attribute being modelled is a sequence or map of records, the variable
a here would be a sequence or map of aids. Again, if either of A1, A2 are
themselves record types, then they should themselves be made into objects.
However, since they are accessed from an object manager machine, they should
be implemented as object managers themselves.
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In this fashion we can analyse the specification and give appropriate definitions
for each record type. This is formalised in the following sections.

3 Preprocessing the VDM Specification

In this top-down analysis, the VDM spec is preprocessed to decide how to best
translate each record type. Two sets are declared, Simple and Manager which
represent those types which should be represented as a simple object machine,
or as an object manager machine respectively. The analysis is a simple recursive
procedure. First find the state, for example:

state Example of
a : T // where T contains no record type
b : R // where R is a record type
c : S -set // where S is a record type

end

T is any type which does not contain a record type, and it can be basic, user
defined or an aggregate type (set, map or sequence) which do not have record
types as members.

Any record types which are referenced directly, such as R, are added to the set
Simple, and any record which is part of an aggregate, such as S , are added to
the set Manager .

This process is repeated for each record type R ∈ Simple, and S ∈ Manager ,
with the additional conditions:

1. if S ∈ Manager , then S 6∈Simple;
2. if record R occurs in a field of S ∈ Manager , then R ∈ Manager .

Thus if a record type S is added to Manager , it must be removed from Simple,
and any records referenced from S must also be added to Manager .

4 Inferring a Structured Model

When the preprocessing is complete, then machines can be generated. All record
types in Simple are translated as simple structured object machines, while types
which are in Manager are translated as object manager machines. Any record
types not in either of these sets are translated as property oriented stateless
machines.

Thus there are three cases to consider of records to translate: a Simple record
with a reference to a Simple record within it; a Simple record with a reference to
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a Manager record; and a Manager record with a reference to a Manager record.
The final case of Simple within Manager will not occur.

In the first case, if for example, P ∈ Simple such that:

P : : r1 : T // non record type
r2 : R // record type such that R ∈ Simple

then we would generate the simple state machine:

MACHINE P Obj

INCLUDE r2.R Obj

VARIABLES

r1

INVARIANT

r1 ∈ T
END

where R Obj is a simple state machine as in Section 2 above. Note that the ma-
chine R Obj is included into this machine with a renaming, using the convenient
name r2. This machine may well be used elsewhere in the specification, and each
including machine needs a unique copy.

For the second case, if P ∈ Simple such that:

P : : r1 : T // non record type
r2 : S // record type such that S ∈ Manager

then generate the simple state machine:

MACHINE P Obj

INCLUDE S Mgr

VARIABLES

r1 ,r2

INVARIANT

r1 ∈ T ∧ r2 ∈ sids
. . .

END

where S Mgr is an object manager machine for the type S , as given in section 2.

Note that there is no renaming carried out here. There is only one object manager
machine in the system, and all references should be to that machine. However,
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there is an issue here: the rules of composition in B allow a machine to be
included in only one other machine. Thus if the manager record is referred to
from more than one record type, this condition may be broken. The resolution of
this problem would be to break down the S Mgr machine into two, with a simple
machine declaring the abstract set S Ids, representing the object identifiers, and
a manager machine. The manager machine is then included with renaming, and
the set is accessed via the SEES construct. This allows the same set of object
identifiers to be used across different object managers.

For the third case, if P ∈ Manager such that:

P : : r1 : T // non record type
r2 : S // record type such that S ∈ Manager

then generate the object manager machine:

MACHINE P Mgr

INCLUDE S Mgr

SETS P Id

VARIABLES

pids,r1 ,r2

INVARIANT

pids ⊆ P Id ∧
r1 ∈ pids → T ∧
r2 ∈ pids → sids

. . .

END

Other types and record types, which are not accessed via the state model are
treated by a property oriented translation.

It may also be necessary to give property oriented translations as well as state
based ones for certain records; they are used as input/output to functions for
example. The analysis of the specification can be extended to cover this eventu-
ality.

5 Handling Further language Constructs

The translation presented so far concentrates on the different data models of
VDM and B. To present a full translation, other aspects of the languages need
to be considered, especially the type and expression language, and the operation
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and function language. These are not the main subject of this paper, which is
considering the data model, so we shall only consider them briefly.

The richness of the VDM-SL expressions and types makes direct translation to
AMN difficult. Many expression constructs are not easily expressed in AMN’s
properties notation; and result types of operations and functions may be of
compound types (e.g. tuples) which are awkward to represent and work with in
AMN. On the other hand, there are reasonably obvious translations from the
VDM expression syntax to AMN’s generalised substitutions. Though the latter
are state transformers and not functional expressions, this suggests a transla-
tion approach that wherever possible “re-interprets” VDM functions as AMN
operations which do not change the state.

A VDM specification which makes heavy use of functions and expressions trans-
lates to a heavily property-oriented AMN specification which is ungainly to work
with in practice, generating difficult proof obligations both for self-consistency
and in subsequent refinement and implementation.

Part of the principle of our approach is to translate VDM functions into B
operations as much as is practically possible. Some analysis of functions is thus
required to determine which part of the state they are applied to, and which
machine to enter them into. Some of these are fairly straightforward. If a function
has a signature of the form:

record fun1 (rin : Record , a1 : t1 . . . an : tn) rout : Record
pre . . .

post rout = mk-Record (P1(rin, a1 . . . an), . . . ,Pm(rin, a1 . . . an)) ;

where Record is a record type in the set Simple, then it is reasonable to translate
this function as an operation in machine Record obj, with the declaration of the
form:

record fun1 ( a 1, . . ., a n ) =̂
PRE

a 1 ∈ t 1 ∧ . . . a n ∈ t n
. . .

THEN

r 1 : = P 1(a 1 . . . a n)
. . .

r m : = P m(a 1 . . . a n)
END ;

where r 1, . . . r m are the variables of the record machine. The expressions P 1,
. . ., P m which give the transformation of variables may also involve the vari-
ables of the machine, and also may themselves be operations (with consequent
changes in syntax), especially if the variables are themselves record types, and
thus provided by an included machine.
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6 A Worked Example.

To illustrate the different approaches, we consider the following small example of
a VDM-SL specification. This has a state Metro, which has a train component.
The train itself is a record with two components, motion, representing the status
of the train’s motion, and the current speed of the train. The invariant on the
train states that when the train is stopped, its speed is zero. We also provide a
function for braking.

state

state Metro of
train : Train

end

types

Train : :motion : MOTIONSTATUS
speed : N

inv mk-Train (mm, ss) 4
(mm = stopped ⇒ ss = 0)

brake (tin : Train) tout : Train
pre tin.motion ∈ {accelerating, steady}
post tout = mk-Train (decelerating, tin.speed) ;

Under the property oriented translation, this becomes two machines, one with
the state model:

MACHINE Metro Type

SEES

Train Type

VARIABLES

train

INVARIANT

train ∈ Train

END
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The other machine is a stateless property-oriented specification, with the invari-
ant represented as a complex first-order logic formula in the properties clause,
and the brake represented as a stateless operation:

MACHINE Train Type

SETS Train0

CONSTANTS

Train, mk Train, inv Train, motion, speed , init Train

PROPERTIES

Train ⊆ Train0 ∧
mk Train ∈ MOTIONSTATUS × N → Train0 ∧
inv Train ∈ Train0 → BOOL ∧
motion ∈ Train0 → MOTIONSTATUS ∧
speed ∈ Train0 → N ∧
(∀ mm,ss).( mm ∈ MOTIONSTATUS ∧ ss ∈ N ⇒

(inv Train(mk Train(mm,ss)) ⇔ ((mm = stopped) ⇒ (ss = 0)))) ∧
. . .

OPERATIONS

tout ←- brake( tin ) =̂
PRE

tin ∈ Train ∧
motion ( tin ) ∈ { accelerating , steady }

THEN

tout : = mk Train ( decelerating , speed ( tin ) )
END

END

In this latter machine, all functions are represented as stateless operations, which
permits a more expressive syntax than translating them as properties. Never-
theless, this is an awkward machine to manipulate in the B-Method, and while
perfectly valid in the language, is not a “natural” approach in B.

However, in the top-down method, the train record type is translated into a
machine with state variables.
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MACHINE Train Obj

VARIABLES

motion , speed

INVARIANT

motion ∈ MOTIONSTATUS ∧
speed ∈ N ∧
(motion = stopped) ⇒ (speed = 0)

OPERATIONS

brake =̂
PRE

motion ∈ { accelerating , steady }
THEN

motion : = decelerating
END

END

This machine then INCLUDEd into the top-level Metro specification, together
with a renaming. This is a much more “natural” B machine, using more state
variables of simple types, which are close to machine types. This machine can be
easily included into a continuing B development, and resulting proof obligations
more easily expressed and discharged.

7 Conclusions

We have demonstrated the feasibility of synthesizing structured B specifications
from VDM. However, the translation is not yet complete. Further analysis is
still required to provide an account of the translation of VDM functions and
operations, and of VDM’s full type and expression language. This is the subject
of ongoing research.

The translation presented here automates the extraction of design information
from the VDM-SL specification, by deriving a finer-grained state model. As the
design process requires intelligent insight, the resultant design may not be in
the form the user desires, and therefore an element of user judgement is still
required to determine which elements of this design are appropriate. However,
as the design elements have been automatically generated, the useful elements
have been gained at no cost.
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Abstract. In this paper, we describe an approach to the design of distributed sys-
tems that integrate object-oriented methods (OOM) and the non object-oriented B
formal method. Our goal is to retain some OOM advantages and produce a flexible
and reliable specification, and through the use of our example, we show how this
is achieved. We prove formally that our design meets its informal specification
with the help of B-Toolkit Release 3.3.1. We illustrate the approach by the B spec-
ification of A Computerized Visitor Information System (ACVIS). Using Object
Modeling Technique diagrams allows us to make ACVIS more readable and open
for changes.

1 Introduction

This article presents the B specification and implementation of ACVIS. B is a method
for specifying, designing, and coding software systems [1]. ACVIS isA Computerized
Visitor Information System. This system assists in managing arrangements for visitors
and meetings at a large site. Our goal is to produce a reusable specification of this sys-
tem. For this purpose, we use Object-Oriented Methods (OOM). We prove formally
that our design meets its specification with the help of B-Toolkit Release 3.3.1 (Copy-
right B-Core (UK) Ltd. 1985-96) [2]. Although B is not object-oriented in nature, we
still hope to retain some OOM advantages. Through the simulation of inheritance and
encapsulation we integrate OOM with the not object-oriented formal method B. A B
specification is generally constructed from a structure of included abstract machines.
Abstract machine is a concept that is very close to certain notions well-known in pro-
gramming, under the names of modules, classes or abstract data types [1]. For detailed
description of ACVIS we use the Object Model Notation of Object Modeling Technique
(OMT). These diagrams allow us to make ACVIS more readable and open for changes.
The following steps are taken for the formal specification, design and implementation
of ACVIS software:

– At an early stage in the analysis it becomes clear that ACVIS consists of several
highly independent subsystems. It leads us first to define the manager of our system
and then to specify the help machines (the subsystems in isolations).

Didier Bert (Ed.): B’98, LNCS 1393, pp. 162–181, 1998.
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– We refine the help machines into four special ones. We need to prepare the ACVIS
for the implementation of a previously used dot notation.

– We implement all specifications that we are using for the system modeling.

The resulting model is bigger than the ”classical” one but more robust, flexible and
reliable. There are fewer numbers of proof obligations. The given solution can be changed
easily according to any new task. The process of organizing new structures takes some
effort.

Section 2 is a description of ACVIS problem domain. In section 3 we use our system
to illustrate how an object analysis can be used to guide B developments. Section 4 is
devoted to the well-commented B-Toolkit specification of our system. Sections 5 and
6 present some intermediate steps between specification and implementation. In other
words, these sections show the evolution of design. Section 7 presents the implemen-
tation step. There are some concluding remarks in section 8. Appendix contains the
implementation of significant operations.

2 Problem Description

The following information [5] is initially given: Visitors come to the site to attend
meetings. A visitor may require a hotel reservation. Each meeting is required to take
place in a conference room. A meeting may require the use of a dining room for lunch.
Booking a dining room requires lunch information, including the number of places
needed.

Some important properties:

1. At any time a conference room may be associated with only one meeting.
2. At any time a meeting may be associated with more than one conference room.
3. At any time a meeting may be associated with only one dining room.
4. At any time participants from several meetings can occupy the same dining room.

Each dining room has a maximum capacity and unnumbered seats.
5. At any time a visitor may be associated with only one meeting.
6. At any time a meeting may involve several visitors.
7. At any time a hotel room may be associated with only one visitor.

Remark: We omit the notion of time but it can be added, if needed.

3 From the Problem Description to the Specification

At initial glance, objects and B machines have many similarities, such as inheritance or
encapsulation. The B-Method and its supporting tools enforce the idea of encapsulation
completely [4]. However, as noted in [10] objects are structured in order to model the
real world, where machines are structured in order to encapsulate proof obligations.
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We do not use polymorphism and dynamic binding because they are not supported by
B-Toolkit. Thus, in practice, B-Toolkit can not even give a possibility to exploit any
global variables. Nevertheless, it makes sense, because when the tool tries to prove the
correctness of a machine nobody can be sure that simultaneously another machine, using
the aforementioned variables has not changed their values. This causes confusion as to
the correct variables to use. Finally we can state that the B-Toolkit is not object-oriented
but object-based, that is why we name our system as Object-Based ACVIS (OBACVIS).

Our goal is to create a specification that meets the OBACVIS requirements. As far as
OBACVIS is an object-based solution let us start from the object model. For constructing
such a model we should do the following steps according to the OMT notation [6]:

– Identify classes;
– Identify associations between classes;
– Identify attributes of classes;
– Organize and simplify classes using inheritance.

1. The identification of classes consists of:

– Extraction of all nouns from the problem statement. Presume they are the ini-
tial classes. In the OBACVIS example it is: Visitors, Meetings, Hotel reserva-
tion, Conference rooms, Participants, Dining rooms, Lunch, Seats, Hotel rooms,
Maximal capacity of a dining room, Number of places in a dining room.

– Additional classes that do not appear directly in the statement, but can be iden-
tified from our knowledge of the problem domain. For example, People.

– Eliminating unnecessary and incorrect classes according to the following crite-
ria:

• Attributes. Names that primarily describe individual objects should be re-
stated as attributes. For example, Maximal capacity of a dining room is a
dining room’s property.

• Operations. For example, Hotel reservation is a sequence of actions and not
an object class.

• Irrelevant. Initial class Lunch has nothing in common with our visitor in-
formation system.

• Vague. For example, Seats is vague. In the OBACVIS system, this is a part
of Dining rooms.

• Redundant. If two or more classes express the same information the most
descriptive name should be kept. For instance, Participants and Visitors are
redundant.

Removing all spurious classes, we are left with the following classes:
• PEOPLE
• MEETINGS
• CONFERENCEROOMS
• DINING ROOMS
• HOTEL ROOMS
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PEOPLE MEETINGS

CONFERENCE_ROOMS

DINING_ROOMS

HOTEL_ROOMS

hotel_rooms_booking conference_rooms_booking

dining_rooms_bookingmeeting_visits

exactly one

many (zero or more)

Fig. 1. OBACVIS initial class diagram

2. Now we should identify the associations between classes. Any dependency between
two or more classes is an association. It can be easily done according to the task
description. For example, if one considers the phrase from the problem description
”At any time a conference room may be associated with only one meeting”, it is
obvious that between classes MEETINGS and CONFERENCEROOMS should be
’many-to-one’ relation. By using such a simple method we find four associations be-
tween defined classes. They are designated asmeetingvisits, hotelroomsbooking,
dining roomsbooking, conferenceroomsbooking.
Now we have the classes and associations between them. We can draw an initial class
diagram by using Object Model Notation of OMT. Following the notation, all classes
are described by means of rectangles and the associations among classes are defined
as named arcs. Fig. 1 shows OBACVIS initial class diagram. The class diagram is
an object diagram that describes classes as a schema, pattern, or template for many
possible instances of data [6]. We should not forget the difference between classes
and objects. Object is a concept, the abstraction, or thing with crisp boundaries
and meanings for the problem at hand. Class is a description of a group of objects
with similar properties, common behavior, common relationships, and common
semantics [6]. In such case, HOTELROOMS is a class but HOTELROOM is an
object.

3. Attributes are properties of individual objects, such as name, weight, velocity, or
color. In the OBACVIS we define the following attributes:registerbook for visitors,
registerbook for meetingsandDining RoomCapacity.
Actuallyregisterbook for visitorsandregisterbook for meetingsare sets of names.
The meaning of these two attributes can be explained in the following manner: hav-
ing name of any visitor (meeting) one can check if this item is in the set of visitors
(meetings) or not. One can use this information to avoid duplication of the registra-
tion. AttributeDining RoomCapacityis a maximal number of seats at each dining
room. For the simplification of our problem we assume that all the dining rooms
have an equal number of seats.
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PEOPLE

MEETINGS

CONFERENCE_ROOMS

DINING_ROOMS

HOTEL_ROOMShotel_rooms_booking

conference_rooms_booking

dining_rooms_booking

meeting_visits
HM

register_book_for_visitors       PEOPLE

Dining_Room_Capacity: int

register_book_for_meetings
MEETINGS

Fig. 2. OBACVIS class diagram with attributes and inheritance

4. The next step is to organize classes by using inheritance. CONFERENCEROOMS,
DINING ROOMS and HOTELROOMS have similar structure, except DININGROOMS
which has an attributeDining RoomCapacity. We can open a new superclass HM
(help machine). Each subclass (CONFERENCEROOMS, DINING ROOMS and
HOTEL ROOMS) inherits all properties from the superclass HM.
Fig. 2 is a class diagram of OBACVIS with attributes and inheritance.

4 Specification

In the B-Method, specifications, refinements and implementations are presented as Ab-
stract Machines. B is one of the few ”formal methods” which has robust, commercially
available tool support for the entire development life cycle from specification through to
code generation [3]. Further on, we are going to show the B-code and explain the way
of system modeling by using the object model of OBACVIS.

We present each class from previously defined object model as a separate abstract ma-
chine. Machine OBACVIS is the cover or manager of the system in whole. The at-
tributes of the object model we define as two variables (registerbook for visitorsand
registerbook for meetings) and one input parameter (Dining RoomCapacity).

INVARIANT should contain all information about the associations between classes,
otherwise one can not be sure that a machine meets the requirements of the informal
specification.

Operations can be generated according to the different scenarios (a scenario is a sequence
of operations that occurs during one particular execution of a system, the scope of
scenario can vary). For example, a conference:
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1. A conference is arranged (operationCreateMeeting).
2. Conference participants are registered (CreateVisitor).
3. The participants need accommodations (BookHotel Room).
4. Conference and dining rooms are needed (BookDining Room,

BookConferenceRoom).
5. Unused conference and dining rooms should be closed to the participants by the

organizers (CancelDining Room, CancelConferenceRoom).
6. The conference participants check out (CancelHotel Room, DestroyVisitor).
7. The conference is over (CancelMeeting).

Finally, we specify 13 OPERATIONS:

– CreateMeetingcreates a new meeting at a certain time. A meeting can not be created
twice.

– CancelMeetingcloses a meeting, provides no conference rooms, dining room and
registered visitors are associated with the meeting.

– Add Visitor To Meetingadds a name of registered visitor to the list of participants
of an arranged meeting. The precondition of this operation checks, if there is a place
for the new visitor in the already booked dining room. A visitor can not be added
twice.

– RemoveVisitor From Meetingremoves a name of registered visitor from the list of
participants of an arranged meeting.

– BookConferenceRoombooks a free conference room for an arranged meeting. A
conference room can not be booked twice.

– CancelConferenceRoommakes free a booked conference room.
– BookDining Roombooks a free dining room for an arranged meeting. A dining

room can not be booked twice.
– CancelDining Roommakes free a booked dining room.
– CancelMeetingArrangementquits a meeting with associated conference, dining

rooms and all registered visitors.
– CreateVisitor registers a new visitor. A visitor can not be registered twice.
– DestroyVisitor removes a name of registered visitor from the registration list.
– BookHotel Roombooks a hotel room for a registered visitor. A person can not book

one hotel room twice. Only one person can book one hotel room.
– CancelHotel Roomchecks out a visitor.

OBACVIS manages each operation of the above-defined classes. Such managing works
in the following way: OBACVIS declares the types of input parameters and after that
calls the operations from the help machines. They do some actions: an initialization of
variables, definition of sets and INVARIANT, checking preconditions of operations (the
INVARIANT should hold for all preconditions), and finally changing sets according to
the operation.

There are still some preconditions at the operations of OBACVIS. Mainly these pre-
conditions declare the types of input parameters. That is why B-Toolkit generates only
twenty-four proof obligations for the OBACVIS instead of thirty-seven for the non
object-based solution ACVIS. Fifteen proof obligations were proved by the Automatic
Prover (AutoProof) of B-Toolkit. Others were proved easily.
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MACHINE OBACVIS ( Dining RoomCapacity )

INCLUDES

HR . HM 1 ,
CR . HM 3 ,
MV . HM 2 ,
DR . HM 2

VARIABLES

registerbook for visitors ,
registerbook for meetings

INVARIANT

registerbook for visitorsis a subset of setPEOPLE. In other words,registerbook for visitors
is the list of registered visitors.

registerbook for visitors⊆ PEOPLE∧

registerbook for meetingsis a subset of setMEETINGS.
In other words,registerbook for meetingsis the list of registered meetings.

registerbook for meetings⊆ MEETINGS∧

The sum of all registered visitors from all registered meetings that associated with each dining
room should be less or equalDining RoomCapacity.

∀ d r . ( d r ∈ DINING ROOMS⇒
card ( MV . event−1 [ DR . event−1 [ { d r } ] ] ) ≤ Dining RoomCapacity)

INITIALISATION

registerbook for visitors := {} ‖
registerbook for meetings:= {}

OPERATIONS

CreateMeeting( meeting) =̂
PRE meeting∈ MEETINGS∧

meeting6∈registerbook for meetings
THEN

registerbook for meetings:= registerbook for meetings∪ { meeting}
END ;

CancelMeeting( meeting) =̂
PRE meeting∈ registerbook for meetings∧

meeting6∈ran ( MV . event) ∧
meeting6∈ran ( CR . event) ∧
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meeting6∈dom ( DR . event)
THEN

registerbook for meetings:= registerbook for meetings− { meeting}
END ;

Add Visitor To Meeting( visitor , meeting) =̂
PRE meeting∈ registerbook for meetings∧

visitor ∈ registerbook for visitors∧
visitor 6∈dom ( MV . event) ∧

Before adding a name of newvisitor to the list of participants of the currentmeetingwe want
to be sure that there is as minimum one vacant place in the dining room.

card ( MV . event−1 [ DR . event−1 [ DR . event[ {meeting} ] ] ] ) <
Dining RoomCapacity

THEN
MV . Adding( visitor , meeting)

END ;
RemoveVisitor From Meeting( visitor ) =̂

PRE visitor ∈ dom ( MV . event) THEN
MV . Cancelation( visitor )

END ;
BookConferenceRoom( meeting, room) =̂

PRE meeting∈ registerbook for meetings∧
room∈ CONFERENCEROOMS∧
room6∈dom ( CR . event)

THEN
CR . Adding( room , meeting)

END ;
CancelConferenceRoom( meeting) =̂

PRE meeting∈ ran ( CR . event)
THEN

CR . Cancelation( meeting)
END ;

BookDining Room( meeting, room) =̂
PRE meeting∈ registerbook for meetings∧

meeting6∈dom ( DR . event) ∧
room∈ DINING ROOMS∧

Before booking the diningroom, we want to be sure that there are enough vacant seats for all
visitors of the currentmeeting.

card ( MV . event−1 [ DR . event−1 [ { room} ] ∪ { meeting} ] ) ≤
Dining RoomCapacity

THEN
DR . Adding( meeting, room)

END ;
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CancelDining Room( meeting) =̂
PRE meeting∈ dom ( DR . event)
THEN

DR . Cancelation( meeting)
END ;

CancelMeetingArrangements( meeting) =̂
PRE meeting∈ registerbook for meetings
THEN
registerbook for meetings:= registerbook for meetings− { meeting} ‖

CR . Cancelation( meeting) ‖
DR . Cancelation( meeting) ‖
MV . Cancelation( meeting)

END ;
CreateVisitor( person) =̂

PRE person∈ PEOPLE∧
person6∈registerbook for visitors

THEN
registerbook for visitors := registerbook for visitors∪ { person}

END ;
DestroyVisitor( person) =̂

PRE person∈ registerbook for visitors∧
person6∈dom ( HR . event) ∧
person6∈dom ( MV . event)

THEN
registerbook for visitors := registerbook for visitors− { person}

END ;
BookHotel Room( person, room) =̂

PRE
person∈ registerbook for visitors∧
person6∈dom ( HR . event) ∧
room∈ HOTEL ROOMS

THEN
HR . Adding( person, room)

END ;
CancelHotel Room( person) =̂

PRE
person∈ dom ( HR . event)

THEN
HR . Cancelation( person)

END

DEFINITIONS

HOTEL ROOMS =̂ N ;
PEOPLE =̂ N ;
MEETINGS =̂ N ;
CONFERENCEROOMS =̂ N ;
DINING ROOMS =̂ N

END
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5 Help Machines

We include four help machines into system manager OBACVIS. Actually, there are only
three help machines. We make our specification more elegant by using a dot notation.
For instance, MV.HM2 and DR.HM2 are two machines with an identical structure
but with different data. In other words, machines MV.HM2 and DR.HM2 inherit all
variables and operations from the machine HM2. If we add one element into machine
MV.HM 2, it will be the same as if we would add one element into the setMV.eventbut
not into the setDR.eventor event. Each help machine has its own INVARIANT.

DR.HM 2 corresponds to the class DININGROOMS, CR.HM3 - CONFERENCE-
ROOMS, HR.HM1 - HOTEL ROOMS, MV.HM 2 simulates the process of visitor

registration. It is easy to note that name of each help machine consists of class name
abbreviation and number of help machine’s type. We keep few classes inside the system
manager, for instance, PEOPLE and MEETINGS. We would like to emphasize the fact
that it is not necessary to define each class as a separate abstract machine.

Each help machine includes operations to create an object (Adding) and to destroy all
object instances (Cancelation). It is impossible ”to send” from super-machine into sub-
machines any notes about the type of operator between variables. Machines HM1 and
HM 2 are absolutely identical but variableeventat HM 1 is a set of partial injections (also
known as ’one-to-one relation’). Unlike variableeventat HM 2 is a set of partial function
(also known as ’many-to-one relations’). The difference between HM3 and HM1 or
HM 2 is that at operationCancelationof machine HM2 the result is an anti-restriction
(also known as domain subtraction) but at other help machines it is anti-co-restriction
(also known as range subtraction).

MACHINE HM 2

VARIABLES

event

INVARIANT

event∈ XX 7→ YY

INITIALISATION

event:= {}

OPERATIONS

Adding( xx , yy ) =̂
PRE xx∈ XX ∧

xx 6∈dom ( event) ∧
yy∈ YY

THEN event:= event∪ { xx 7→yy}
END ;

Cancelation( xx ) =̂
PRE xx∈ XX
THEN event:= { xx } /− event
END
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HM

Adding(xx, yy)

Cancellation(xx)

HM_1 HM_2 HM_3

HR.HM_1 MV.HM_2 DR.HM_2 CR.HM_3

OBACVIS
Dining_Room_Capacity : int

register_book_for_visitors    PEOPLE

register_book_for_meetings    MEETINGS

Create_Meeting(meeting)

Cancel_Meeting(meeting)

Add_Visitor_To_Meeting(visitor,meeting)

Remove_Visitor_From_Meeting(visitor,meeting)
Book_Conference_Room(meeting,room)

Cancel_Conference_Room(meeting)

Book_Dining_Room(meeting,room)

Cancel_Dining_Room(meeting)
Cancel_Meeting_Arrangements(meeting)

Create_Visitor(person)

Destroy_Visitor(person)

Book_Hotel_Room(person,room)

Cancel_Hotel_Room(person)
hotel_rooms_booking

conference_rooms_booking

dining_rooms_bookingmeeting_visits

Fig. 3. General structure of the OBACVIS.

DEFINITIONS

XX =̂ N ;
YY =̂ N

END

The B-Toolkit generates nine proof obligations for the help machines. All of them can
be easily proved by the AutoProof.

6 From the Specification to the Implementation.

All advantages that we had on the previous level, we lose on the level of implementation.
Unfortunately, it is almost impossible to implement the dot notation in B-Toolkit. We
simulate it in the following manner. To make the help machines different we change the
names of variables to prevent B-Toolkit from generating errors. On the previous level
we have three help machines with the similar structures and one of them was used twice
with different prefixes. Now we have four help machines with different names without
any prefixes. You can clearly identify which one corresponds to the help machine on
the previous level because of the information within the machine’s name. For example,
machine HRHM1 is the machine HR.HM1 which is submachine for machine HM1 in
its turn. Fig. 3 shows general structure of the OBACVIS.

The following example demonstrates how the system works. If one needs to book a hotel
room he (she) should call operationBookHotel Roomfrom machine OBACVIS which
calls operation AddingHR from HRHM1. Machine OBACVIS checks types of input
parameters (name of visitor and number of room). The help machine checks if the visitor
is previously registered and if the room is vacant. If successful, it will proceed to add
the tuple (name, number) tohotel roomsbooking.
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MACHINE MVHM2

VARIABLES

MVevent

INVARIANT

MVevent∈ XX 7→ YY

INITIALISATION

MVevent:= {}

OPERATIONS

AddingMV( xx , yy ) =̂
PRE xx∈ XX ∧

xx 6∈dom ( MVevent) ∧
yy∈ YY

THEN MVevent:= MVevent∪ { xx 7→yy}
END ;

CancelationMV( xx ) =̂
PRE xx∈ XX

The result of this operation will be anti-restriction ofMVeventby xx (also known as domain
subtraction).

THEN MVevent:= { xx } /− MVevent
END

DEFINITIONS

XX =̂ N ;
YY =̂ N

END

7 Implementation

In B, an implementation is an abstract machine from which data declaration and exe-
cutable statements can be generated. The implementation has no VARIABLES clause.
Instead, it has IMPORTS clause. The B-Toolkit provides a library of machines with
concrete data types. In our example, OBACVISI is an implementation of the system
manager. HRHM1I, MVHM2I, CRHM3I and DRHM2I are implementations of the help
machines (subsystems). They are imported into the OBACVISI. BoolTYPE, basicio,
String TYPE are machines from library.

The specification’s variables are encapsulated in the machines from the standard library.
The preconditions of operations are presented as error messages. After these changes
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SPEC
(Create_Meeting)

IMP
 (Create_Meeting)

- we can create
meeting only once

;

this machine returns boolean value
TRUE  if this meeting is a member

of of set MEETING otherwise it
returns FALSE

meeting_bool          rbfm_MBR_SET (meeting)
if meeting_bool is TRUE then print the error

message

This meeting was registered before

meeting      register_book_for_meetings

Fig. 4. Example of implementation of a logical sentence

the model of the OBACVIS system looks like a C program. There are some typical
situations:

– when we try to book something (for example,CreateMeeting);
– when we try to cancel/destroy something/somebody (CancelMeeting).

Fig. 4 shows an example of a translation of one logical sentence of the precondition’s
operationCreateMeeting:

– At the specification there was the line ”a meeting is not a member of operation
registerbool for meetings”. It means that we can create a meeting only once.

– At the implementation this line is translated into the following sequential composi-
tion:
1. Run the machinerbfm MBR SETwith an input parametermeeting. This ma-

chine checks if the currentmeetingis in the setregisterbook for meetingsor
not. The result is the value of Boolean variablemeetingbool. An abbreviation
rbfm corresponds to the variableregisterbook for meetings.

2. If meetingbool is TRUEthen the error message ”There is no use to register this
meeting, it has already been registered.” says on the screen of the monitor.

The implementation of six significant operations (e.g.CreateMeeting, CancelMeeting,
Add Visitor To Meeting, RemoveVisitor From Meeting, BookConferenceRoom and
CancelConferenceRoom) is available as an Appendix.

8 Conclusions

There is an advantage in object-based solution ACVIS (A Computerized Visitor Infor-
mation System) problem:
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– Decrease a quantity of proof obligations. There are 24 proof obligations for the main
machine OBACVIS and 9 for the sub-machines. However, about 80 % of the proof
obligations are proved by AutoProof.

– The new system is quite flexible. If one needs a new kind of room he (she) should
include one of the submachines, which meets the requirements of the selected type,
call some operations of this submachine from OBACVIS or if it makes sense, add
a new submachine. He (she) should not add any new variables or lines into the
INVARIANT.

– A beneficial side effect for practitioners writing such documents is that their un-
derstanding of the system in OMT diagrams is greatly helped by the process of
constructing formal specifications. Such diagrams can be useful for presentations.

Acknowledgment

I would like to thank my supervisor Ralph-Johan Back, Emil Sekerinski, Kaisa Sere
and Ib Sørensen who readily responded to my questions and also to express gratitude to
Philipp Heuberger whose critical comments were very useful.

References

1. Abrial, J.-R.: The B-Book. Cambridge University Press (1996)
2. B-Core. B-Toolkit Release 3.2. Manual. Oxford, U.K. (1996)
3. Lano, K.: The B Language and Method. A guide to Practical Formal Development. Springer-

Verlag (1996)
4. Wordsworth, J.B.: Software Engineering with B. Addison-Wesley (1996)
5. Flinn, B., Sørensen, I.H.: CAVIAR: a case study in specification. In I.Hayes (editor) Specifi-

cation Case Studies, Prentice-Hall International (1987)
6. Rumbaugh, J., Blaha, M., Premerlani, W., Eddy, F., Lorensen W.: Object-Oriented Modeling

and Design. Prentice-Hall International (1991)
7. Seidewitz, E., Stark., M.: Reliable Object-Oriented Software. SIGS Books (1995)
8. Meyer, B.: Object-oriented Software Construction. Prentice-Hall International (1988)
9. Shore, R.: An Object-Oriented Approach to B. ”First B Conference”, Nantes, France, Novem-

ber, 24-26 (1996)
10. Facon, P.: Mapping object diagrams into B specifications. In Methods Integration Workshop

(1996)

Appendix

IMPLEMENTATION OBACVISI

REFINES

OBACVIS

SEES

Bool TYPE, basic io , String TYPE, HReventNfnc , CReventNfnc ,
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DReventNfnc , MVeventNfnc

IMPORTS

HRHM1, MVHM2 , CRHM3, DRHM2,
rbfv set( PEOPLE, n of visitors) ,
rbfm set( MEETINGS, n of meetings) ,
STORAGEVarr ( N , for storage) ,
OBLOOPS

INVARIANT

rbfv sset= registerbook for visitors∧
rbfm sset= registerbook for meetings

OPERATIONS

CreateMeeting( meeting) =̂
VAR

meetingbool
IN

IF meeting< 0 ∨ meeting> n of meetings
THEN

PUT STR( “ This meeting is not a member of the set
MEETINGS. ” ) ;
NWL ( 1 )

ELSE
meetingbool←− rbfm MBR SET( meeting) ;
IF meetingbool = TRUE
THEN

PUT STR( “ There is no use to register this meeting, ” ) ;
PUT STR( “ it has already been registered. ” ) ;
NWL ( 1 )

ELSE
rbfm ENT SET( meeting)

END
END

END ;
CancelMeeting( meeting) =̂

VAR
meetingbool , mv , check, def mv

IN
meetingbool←− rbfm MBR SET( meeting) ;
IF meetingbool = FALSE
THEN

PUT STR( “ It is unregistered meeting. ” ) ;
NWL ( 1 )

ELSE
mv := 0 ;
check:= FALSE;
WHILE mv≤ n of meetings∧ check= FALSE DO

def mv←−MVeventDEF NFNC ( mv) ;
IF def mv= TRUE
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THEN
check←−MVeventEQL NFNC ( mv , meeting)

END ;
mv := mv+ 1

INVARIANT
( check= FALSE⇒meeting6∈MVeventNfnc [ 1 . . mv− 1 ] ) ∧
( check= TRUE⇒meeting∈ ran ( MVeventNfnc) ) ∧
mv∈ 0 . . n of meetings+ 1∧
meeting∈ 0 . . n of meetings

VARIANT
n of meetings− mv

END ;
IF check= TRUE
THEN

PUT STR( “ Still, there are some registered visitors of
meeting number ” ) ;
PUT NAT ( meeting) ;
NWL ( 1 )

ELSE
check←− loop cr ( meeting) ;
IF check= TRUE
THEN

PUT STR( “ Still, there are some conference rooms
for meeting number ” ) ;
PUT NAT ( meeting) ;
NWL ( 1 )

ELSE
check←− DReventDEF NFNC ( meeting) ;
IF check= TRUE
THEN

PUT STR( “ Still, there are some dining rooms
for meeting number ” ) ;
PUT NAT ( meeting) ;
NWL ( 1 )

ELSE
rbfm RMV SET( meeting)

END
END

END
END

END ;
Add Visitor To Meeting( visitor , meeting) =̂

VAR
meetingbool , visitor bool , check, aa , def aa , bb , def bb , room , sum, ii

IN
meetingbool←− rbfm MBR SET( meeting) ;
IF meetingbool = FALSE
THEN

PUT STR( “ It is unregistered meeting. ” ) ;
NWL ( 1 )
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ELSE
visitor bool←− rbfv MBR SET( visitor ) ;
IF visitor bool = FALSE
THEN

PUT STR( “ It is unregistered visitor. ” ) ;
NWL ( 1 )

ELSE
check←−MVeventDEF NFNC ( visitor ) ;
IF check= TRUE
THEN

PUT STR( “ Visitor can not be at two meetings
simultaneously ” ) ;
NWL ( 1 )

ELSE
aa := 0 ;
def aa := TRUE;
room := 0 ;
WHILE aa≤ n of meetings∧ def aa= TRUE DO

def aa←− DReventDEF NFNC ( aa ) ;
IF def aa= TRUE
THEN

IF aa= meeting
THEN

room←− DReventVAL NFNC ( aa )
END

END ;
aa := aa+ 1

INVARIANT
( def aa= FALSE⇒meeting6∈DReventNfnc [ 1 . . aa− 1 ] ) ∧
( def aa= TRUE⇒meeting∈ dom ( DReventNfnc) ) ∧
aa∈ 0 . . n of meetings+ 1∧
meeting∈ 0 . . n of meetings

VARIANT
n of meetings− aa

END ;
sum:= 0 ;
aa := 0 ;
ii := 0 ;
check:= FALSE;
def aa := TRUE;
loop dr ;
bb := 0 ;
aa := 0 ;
check:= FALSE;
def bb := TRUE;
WHILE bb≤ n of visitors∧ def bb= TRUE DO

def bb←−MVeventDEF NFNC ( bb ) ;
IF def bb= TRUE
THEN

aa←− DReventVAL NFNC ( bb ) ;
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check←− STORAGEEQL ARR( ii , aa )
END ;
IF check= TRUE
THEN

sum:= sum+ 1
END ;
bb := bb+ 1

INVARIANT
( def bb= FALSE⇒ visitor 6∈MVeventNfnc [ 1 . . bb− 1 ] ) ∧
( def bb= TRUE⇒ visitor ∈ dom ( DReventNfnc) ) ∧
bb∈ 0 . . n of visitors+ 1

VARIANT
n of visitors− bb

END ;
IF sum< Dining RoomBooking
THEN

AddingMV ( visitor , meeting)
ELSE

PUT STR( “ There is no empty seats in the dining
room that ” ) ;
PUT STR( “ has been booked for meeting ” ) ;
PUT NAT ( meeting) ;
NWL ( 1 )

END
END

END
END

END ;
RemoveVisitor From Meeting( visitor ) =̂

VAR
check

IN
check←−MVeventDEF NFNC ( visitor ) ;
IF check= FALSE
THEN

PUT STR( “ There is no visitor with such name. ” ) ;
NWL ( 1 )

ELSE
CancelationMV ( visitor )

END
END ;

BookConferenceRoom( meeting, room) =̂
VAR

meetingbool
IN

meetingbool←− rbfm MBR SET( meeting) ;
IF meetingbool = FALSE
THEN

PUT STR( “ It is unregistered meeting. ” ) ;
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NWL ( 1 )
ELSE

IF room< 0 ∨ room> n of crs
THEN

PUT STR( “ This conference room is not a member of
the set CONFERENCE ROOMS.” ) ;
NWL ( 1 )

ELSE
AddingCR( room , meeting)

END
END

END ;
CancelConferenceRoom( meeting) =̂

VAR
check

IN
check←− loop cr ( meeting) ;
IF check= FALSE
THEN

PUT STR( “ For this meeting no conference
rooms were booked. ” ) ;
NWL ( 1 )

ELSE
CancelationCR( meeting)

END
END ;

DEFINITIONS

for storage =̂ 50 ;
Dining RoomBooking =̂ 20 ;
n of visitors =̂ 50 ;
n of meetings =̂ 50 ;
n of hrs =̂ 100;
n of drs =̂ 100;
n of crs =̂ 100;
HOTEL ROOMS =̂ N ;
PEOPLE =̂ N ;
MEETINGS =̂ N ;
CONFERENCEROOMS =̂ N ;
DINING ROOMS =̂ N ;
HELP SET =̂ N ;
loop dr =̂ WHILE aa≤ n of meetings∧ def aa= TRUE DO

def aa←− DReventDEF NFNC ( aa ) ;
IF def aa= TRUE
THEN

check←− DReventEQL NFNC ( aa , room)
END ;
IF check= TRUE
THEN
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STORAGESTOARR( ii , aa ) ;
ii := ii + 1

END ;
aa := aa+ 1

INVARIANT
( def aa= FALSE⇒meeting6∈DReventNfnc [ 1 . . aa− 1 ] ) ∧
( def aa= TRUE⇒meeting∈ dom ( DReventNfnc) ) ∧
aa∈ 0 . . n of meetings+ 1∧
meeting∈ 0 . . n of meetings

VARIANT
n of meetings− aa

END

END
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Abstract. Reactive systems can be designed graphically using statecharts. This
paper presents a scheme for the translation of statecharts into the Abstract Machine
Notation (AMN) of the B method. By an example of a conveyor system, we illus-
trate how the design can be initially expressed graphically with statecharts, then
translated to AMN and analysed in AMN, and then further refined to executable
code.

1 Introduction

Reactive systems are characterised as having to continuously react to stimuli from their
environment, rather than having to produce a single outcome. Distributed systems, em-
bedded systems, and real-time systems are examples of reactive systems.

Statecharts are a visual approach to the design of reactive systems [6]. Statecharts
extend finite state diagrams, the graphical representation of finite state machines, by
three concepts: hierarchy, concurrency, and communication. These three concepts give
enough expressiveness for the specification of even complex reactive systems. Because
of the appeal of the graphical notation, statecharts have gained some popularity. For
example, statecharts are also part of object-oriented modelling techniques [11,7].

This paper presents a scheme for the translation of statecharts to the Abstract Machine
Notation (AMN) of the B method [1]. This translation scheme allows the design of
reactive systems to be

1. initially expressed in the graphical notation of statecharts,
2. translated to AMN and analysed in AMN, e.g. for safety properties, and
3. further refined to AMN machines which can be efficiently executed.

By this translation scheme, statecharts are given a formal semantics in terms of AMN.
Several other definitions of the semantics of statecharts were proposed [4]. Although
we largely follow the (revised) original definition [8], our goal is a semantic which
harmonises well with the refinement calculus in general and with AMN in particular.

Sections 2 – 5 give thetranslation schemes for state diagrams, hierarchical state di-
agrams, state diagrams with concurrency, and state diagrams with broadcasting, respec-
tively. Section 6 illustrates the approach by an example of a conveyor system. Section 7
compares this approach with other definitions of statecharts and other approaches to
modelling reactive systems with AMN

Didier Bert (Ed.): B’98, LNCS 1393, pp. 182–197, 1998.
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2 State Diagrams

A state diagram is a graphical representation of a finite state machine. State diagrams,
the simplest form of statecharts, consists of a finite number ofstatesand transitions
between those state. Upon anevent, a system (state machine) may evolve from one state
into another. In statecharts, states are symbolised by (rounded) boxes. In AMN, the states
of a state diagram are represented by a variable of an enumerated set type:

�
�
�
�S1 · · ·
�
�
�
�Sn

SETS
S= {S1, . . . ,Sn}

VARIABLES
s

INVARIANT
s∈ S

A system must have an initial state. In statecharts, an arrow with a fat dot points to the
initial state. In AMN, this corresponds to initialising the state variable with that state:

r -
�
�
�
�S1

INITIALISATION
s := S1

A system can have several initial states, which leads to a nondeterministic initialisation:

r��
��

-
@

@
@R

�
�
�
�S1

· · ·�
�
�
�Si

INITIALISATION
s :∈ {S1, . . . ,Si}

Events cause transitions from one state to another. Events may begeneratedby the
environment. In statecharts, transitions are visualised by an arrow between two states,
where the arrow is labelled with the event which triggers this transition. In AMN, events
are represented by operations, which may be called by the environment. Upon an event,
a transition takes only place if in the current state there is a transition on this event.
Otherwise, the event is ignored. Suppose only one transition in the system for eventE
exists:

�
�
�
�S1

E
-
�
�
�
�S2

OPERATIONS
E =̂ IF s= S1 THEN s := S2 END
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In case there are several transitions labelled withE, the one starting from the current
state is taken, if any transition is taken at all. Let{S′

1, . . . ,S
′
i } ⊆ S, whereS′

1, . . . ,S
′
i do

not have to be distinct:

�
�
�
�S1

E
-
�
�
�
�S′

1

· · · · · ·�
�
�
�Si

E
-
�
�
�
�S′

i

OPERATIONS
E =̂

CASEs OF
EITHER S1 THEN s := S′

1
· · ·
OR Si THEN s := S′

i
END

For simplicity, we assume from now on that there is only one transition for any event.
In case there are several, the above scheme has to be applied.

A transitions may have anactionassociated with it, which is performed when the
transition takes places. Actions are assumed to be instantaneous. Typically, actions in-
volve setting actuators or modifying global variables. With the ability to have global
variables of arbitrary types, statecharts are not restricted to a finite state space. Here we
allow actions to be statements of AMN. In statecharts, an action (or its name) is written
by preceding it with a slash:

�
�
�
�S1

E/act

-
�
�
�
�S2

OPERATIONS
E =̂ IF s= S1 THEN s := S2 ‖ act END

An action may also be performed when setting an initial state. Here we give only the
rule if there is one initial state:

r /act

-
�
�
�
�S1

INITIALISATION
s := S1 ‖ act

Transitions may be restricted to be taken only when an additional condition holds. Typi-
cally, conditions depend on sensor values and global variables. Here we allow conditions
to be predicates of AMN. In statecharts, a condition is written in square brackets:

�
�
�
�S1

E[cond]/act

-
�
�
�
�S2

OPERATIONS
E =̂

IF s= S1 ∧ condTHEN
s := S2 ‖ act

END

If an action or a condition mentions variablev of typeT, thenv has to be added to the
VARIABLES section andv ∈ T has to be added to the INVARIANT section.

So far all transitions on an event are from different states. However, there may also
be two or more transition from a single state on the same event. If the conditions are
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disjoint, then at most one transition can be enabled. If the conditions are overlapping,
an enabled transition is chosen nondeterministically:

�
�
�
�S1

E[cond1]/act1

������1

-
PPPPPPq
E[condi ]/acti

�
�
�
�S′

1

· · ·�
�
�
�S′

i

OPERATIONS
E =̂

SELECTs= S1 ∧ cond1 THEN
s := S′

1 ‖ act1
· · ·
WHEN s= S1 ∧ condi THEN

s := S′
i ‖ acti

ELSEskip
END

Finally, a transition may have parameters, which are supplied by the environment which
generates the event. These parameters may be used in the condition and the action of
the transition:

�
�
�
�S1

E(para)[cond]/act

-
�
�
�
�S2

OPERATIONS
E(para) =̂

IF s= S1 ∧ condTHEN
s := S2 ‖ act

END

As a special case, a transition can be without an event, known as aspontaneoustransition.
In this case the transition leading to a state with a spontaneous transition needs to be
continued immediately by this transition, if the condition is true. Spontaneous transitions
allow sharing of a condition and an action if several transitions lead to the starting state
of a spontaneous transition:�
�
�
�S1

?
E(para)[cond1]/act1�
�
�
�S2

?
[cond2]/act2�
�
�
�S3

OPERATIONS
E(para) =̂

IF s= S1 ∧ cond1 ∧ cond2 THEN
s := S3 ‖ act1 ‖ act2

END

For brevity, we continue to consider transitions labelled only by an event. Parameters,
conditions, and actions can be added as given above.

3 Hierarchy

States can have substates. If the system is in a state with substates, it is also in exactly
one of those substates. Conversely, if a system is in a substate of a superstate, it is also in
that superstate. In statecharts, a superstate with substates is drawn by nesting. In AMN,
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we model the substates by an extra variable for each superstate containing substates.
This generalises to substates which again contain substates:

�

�

�

�
S1

. . .
�
�
�
�Sn

�� ��R1 . . .
�� ��Rm

SETS
S= {S1, . . . ,Sn} ;
R= {R1, . . . ,Rm}

VARIABLES
s, r

INVARIANT
s∈ S ∧ r ∈ R

When entering a superstate, the substate to be entered has to be specified as well. In
statecharts this is expressed by letting the transition arrow point to a specific substate. In
AMN this corresponds to setting the variable for both the superstate and the substate(s)
appropriately:�

�

�

�
S2E

-
�
�
�
�S1
�� ��R1 . . .
�� ��Rm

OPERATIONS
E =̂

IF s= S1 THEN
s := S2 ‖ r := R1

END

If a transition arrow points only to the contour of a superstate, then an initial substate
must be marked as such. This is identical to letting the transition arrow point directly
to that initial state. This is useful if the superstate is referred to only by its name and is
defined separately:�

�

�

�
S2E

-
�
�
�
�S1
�� ��R1

r
?

. . .
�� ��Rm

OPERATIONS
E =̂

IF s= S1 THEN
s := S2 ‖ r := R1

END

A transition can leave both a state and its superstate. In AMN, this corresponds to simply
setting a new value for the variable of the superstate:�

�

�

�
S1 E

-
�
�
�
�S2

�� ��R1 . . .
�� ��Rm

OPERATIONS
E =̂

IF s= S1 ∧ r = Rm THEN
s := S2

END

If a transition arrow starts at the contour of a superstate, then this is like having an arrow
starting from each of the substates, going to the same state on the same event. This is
one of the ways statecharts economise on drawing arrows. In AMN, this corresponds to
simply setting a new value of the variable of the superstate, irrespective of the current
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substate. Note that the basic schema for the transition between two simple states is a
special case of this:�

�

�

�
S1 E

-
�
�
�
�S2�� ��R1 . . .

�� ��Rm
OPERATIONS

E =̂ IF s= S1 THEN s := S2 END

In statecharts, a transition can point from the contour of a superstate inside to one of
the substates. This is like having a transition from all of the substates on that event to
this substate. It is again a way statecharts economise on drawing arrows. In AMN, this
corresponds to going to that substate irrespective of the value of the variable for the
substate:�

�

�

�
S1

6E

�� ��R1 . . .
�� ��Rm

OPERATIONS
E =̂ IF s= S1 THEN r := R1 END

The schema for multiple transitions on an event and for multiple transitions starting from
the same state apply to hierarchical states as well. However, it should be pointed out that
if there is a transition on an event between two substates and between the superstate of
those substates and another state, then the schema for multiple transitions from the same
state applies, which gives rise to nondeterminism.

4 Concurrency

Reactive systems are naturally decomposed into concurrent activities. In statecharts,
concurrency is expressed by orthogonality: a system can be in two independent states
simultaneously. This is drawn by splitting a state with a dashed line into independent
substates, each of which consists of a number of states in turn. In AMN, this corresponds
to declaring a variable for each of the (two or more) concurrent states. These variables
are only relevant if the system is in the corresponding superstate:

#

"

 

!

S1

Q �� ��Q1

. . .�� ��Ql

R �� ��R1

. . .�� ��Rm

SETS
S= {S1, . . . ,Sn} ;
Q = {Q1, . . . ,Ql} ;
R= {R1, . . . ,Sm}

VARIABLES
s,q, r

INVARIANT
s∈ S ∧ q ∈ Q ∧ r ∈ R
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A state with concurrent substates is entered by a fork into states in each of the concurrent
substates. In AMN, this corresponds to setting the variables for all the concurrent states:

#

"

 

!

S2

E
HHHj
���*

�
�
�
�S1

�� ��Q1 . . .
�� ��Ql

�� ��R1 . . .
�� ��Rm

OPERATIONS
E =̂

IF s= S1 THEN s := S2 ‖
q := Q1 ‖ r := R1

END

If a transition arrow points only to the contour of a state with concurrent substates, then
an initial state must be marked as such in all of the concurrent states. This is identical
to a fork of the transition arrow to all those initial states. This is useful if the state is
referred to only by its name and is defined separately:

#

"

 

!

S2

E
-

�
�
�
�S1

r-�� ��Q1 . . .
�� ��Ql

r-�� ��R1 . . .
�� ��Rm

OPERATIONS
E =̂

IF s= S1 THEN s := S2 ‖
q := Q1 ‖ r := R1

END

A state with concurrent substates is exited by a join from all the concurrent states. Such
a transition can only be taken if all concurrent states are in the substate from where
the transition arrow starts. In AMN, this implies testing all substates before making the
transition:

#

"

 

!

S1

E
-���

HHH
�
�
�
�S2

�� ��Q1 . . .
�� ��Ql

�� ��R1 . . .
�� ��Rm

OPERATIONS
E =̂

IF s= S1 ∧ q = Ql ∧ r = Rm THEN
s := S2

END

If a transition arrow for exiting a state with concurrent substates starts only at one of the
states in the concurrent substates, then this is like having a join from all other states of
the concurrent state. Again, this is one of the ways statecharts economise on drawing
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arrows. In AMN, this corresponds to simply setting a new value of the variable of the
superstate, irrespective of the concurrent substate:

#

"

 

!

S1
E
-
�
�
�
�S2

�� ��Q1 . . .
�� ��Ql

�� ��R1 . . .
�� ��Rm

OPERATIONS
E =̂

IF s= S1 ∧ q = Ql THEN
s := S2

END

Two concurrent states may have transitions on the same event. In case this event occurs,
these transitions are taken simultaneously. In AMN, this corresponds to the parallel
composition of the transitions. Note that this has implications on the global variables
which can occur in the conditions and the actions, a variable can only be assigned by
one action:

#

"

 

!

S1�� ��Q1
E -
�� ��Q2

�� ��R1
E -
�� ��R2

OPERATIONS
E =̂

BEGIN
IF q = Q1 THEN q := Q2 END ‖
IF r = R1 THEN r := R2 END

END

5 Communication

Communication between concurrent states is possible in three ways: First, concurrent
states can communicate by global variables. These can be set in actions and read in
actions and conditions, following the rules for variables given earlier. Secondly, the
condition or the action of a transition may depend on the current substate of a concurrent
state. The test whether stateS is in substateSi is writtenin Si . In AMN, this corresponds
to comparing the state variable toSi :

in Si s= Si

Thirdly, concurrent states can communicate by broadcasting of events. On a broadcast
of an event, all concurrent states react simultaneously. Events are either generated in-
ternally through a broadcast or externally by the environment. Broadcasting of events is
associated to transitions and is drawn the same way as an action. In AMN, broadcasting
an event corresponds to calling the operation for that event:

�
�
�
�S1

E1/E2

-
�
�
�
�S2

OPERATIONS
E =̂ IF s= S1 THEN s := S2 ‖ E2 END
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As calling an operation is a statement, which can appear as an action, the above schema
is just a special case of the schema for translating actions. In general, broadcasting of
an event may occur anywhere within an action. Care has to be taken since the resulting
code may be illegal: an operation of a machine cannot be called from another operation
of the same machine. This can be resolved with auxiliary definitions of the bodies of
the operations and using those instead of the operations. This way of resolving the
dependencies between operations has the benefit that no cycles between operations can
be introduced as an effect of broadcasting.

The evolution of a system can be studied by considering itsconfigurations. A (basic)
configuration is a tuple of basic, concurrent states. The basic states determine uniquely
the superstates in which the system is and hence a configuration gives the complete
information about the current states of a system. We denote the fact that a system makes

a transition from configurationC to C′ on eventE by C
E−→ C′.

'

&

$

%

P

�� ��Qr-
�� ��R
?

E 6H
S

�� ��Tr- �� ��U�� ��V

HHHj
E

���� F/G

6E

W
�� ��Xr- �� ��Y-G/H

�
E

Fig. 1. Statechart with simultaneous transitions on eventE and a chain reaction on event
F.

In the statechart of Fig.1, the initial configuration is(Q,T,X). On external eventE,
statesP andSchange fromQ to R andT to U, respectively, andW remains inX:

(Q,T,X) E−→ (R,U,X)

If external eventF follows, then eventG is generated inS on the transition fromU to
V, which in turn generates eventH in W on the transition fromY to Z. This causes the
transition fromR to Q in P:

(R,U,X) F−→ (Q,V,Y)

Figure2gives the code which results from the translation. It exhibits the above behaviour.

6 Example

We illustrate the technique by an example of a conveyor system. A conveyor belt and an
elevating and rotation table are placed next to each other (see Fig.3). The conveyor belt
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MACHINE M
SETS

P = {Q,R} ;
S= {T,U,V} ;
W = {X,Y}

VARIABLES
p,s,w

INVARIANT
p ∈ P ∧ s∈ S ∧ w ∈ W

INITIALISATION
p := Q ‖ s := T ‖ w := X

DEFINITIONS
HH == (IF p = R THEN p := Q END) ;
GG== (IF w = X THEN w := Y ‖ HH END)

OPERATIONS
E =̂

BEGIN
IF p = Q THEN p := R END ‖
CASEs OF

EITHER T THEN s := U
OR V THEN s := T
END

END ‖
IF w = Y THEN w := X END

END ;
F =̂ IF s= U THEN s := V ‖ GGEND ;
G =̂ GG ;
H =̂ HH

END

Fig. 2. AMN machine which corresponds to the statechart of Fig.1

has to transport objects which are placed on the left of the conveyor belt to its right end
and then on the table. The table then elevates and rotates the object to make it available
for processing by further machines.

The conveyor belt has a photo-electric cell which signals when an object has arrived
at the right end or has left the belt (and thus has moved onto the table). The motor for
the belt may be switched on and off: it has to be on while waiting for a new object and
has to be switched off when an object is at the end of the belt but cannot be delivered
onto the table because the table is not in proper position.

The table lifts and rotates an object clockwise to a position for further processing.
The table has two reversing electric motors, one for elevating and one for rotating.
Mechanical sensors indicate whether the table is at its left, right, upper, and lower end
position, respectively. The table must not move beyond its end position. We assume that
initially the table is in its lower left position.

Both machines run in parallel, thus allowing several objects to be transported si-
multaneously. The program has to ensure that all objects are transported properly, i.e.
objects leave the conveyor belt only if the table is in lower left position.
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Fig. 3. The conveyor belt on the left and the elevating and rotating table on the right

Statechart of the Conveyor System

The statechart of the conveyor system is given in Fig.4. We assume that the eventsSen-
sorOffandSensorOnfor the conveyor belt and the eventsUpReached, DownReached,
RightReached, LeftReached, andObjectTakenfor the Table are generated by the envi-
ronment (hardware). The eventsContinueDeliveryandObjectPlacedserve internally for
the communication between the concurrentConveyorBeltandTablestates. At this stage,
we consider only the abstract states of the system, like the table being in loading position,
rather than the detailed states of the actuators and sensors. As common in statecharts,
some states are not given names.

AMN Specification

An AMN machine of the conveyor system is given in Fig.5. Note that the names
MovingToUnloadingandMovingToLoadingfor the two unnamed states ofTableand the

'

&

$

%

ConveyorSystem

ConveyorBeltr
?�� ��Running

�� ��Delivering

�� ��Stopped

6

SensorOff/

ObjectPlaced

?

SensorOn
[in ReadyForLoading]

�
?

SensorOn
[¬in ReadyForLoading]

��

ContinueDelivery

Table

r
?�� ��ReadyForLoading

?ObjectPlaced

�� ��ReadyForUnloading

6ObjectTaken

�

�

�

�

r
?
r
?�� ��MovingUp
�� ��RotRight�� ��AtUpper
�� ��AtRight

?UpReached ?RightReached

@@ ��
?

�

�

�

�r6 r6
�� ��Mov.Down
�� ��RotLeft

�� ��AtLower
�� ��AtLeft

6DownReached 6LeftReached

�� @@
6/ContinueDelivery

Fig. 4. The statechart of the conveyor system
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setsToUpper, ToRight, ToLower, ToLeft for their concurrent substates are introduced.
As the eventsObjectPlacedandContinueDeliveryare generated only internally, they
are defined only in the DEFINITIONS section.

MACHINE ConveyorSystem
SETS

ConveyorBelt= {Running,Stopped,Delivering} ;
Table= {ReadyForLoading,MovingToUnloading,ReadyForUnloading,MovingToLoading} ;
ToUpper= {MovingUp,AtUpper} ;
ToRight= {RotRight,AtRight} ;
ToLower= {MovingDown,AtLower} ;
ToLeft= {RotLeft,AtLeft}

VARIABLES
conveyorBelt, table, toUpper, toRight, toLower, toLeft

INVARIANT
conveyorBelt∈ ConveyorBelt∧ table∈ Table ∧
toUpper∈ ToUpper ∧ toRight∈ ToRight ∧ toLower∈ ToLower ∧ toLeft∈ ToLeft

INITIALISATION
conveyorBelt:= Running‖ table:= ReadyForLoading‖
toUpper:∈ ToUpper‖ toRight:∈ ToRight‖ toLower:∈ ToLower‖ toLeft :∈ ToLeft

DEFINITIONS
ObjectPlaced==

(IF table= ReadyForLoadingTHEN table:= MovingToUnloading‖
toUpper:= MovingUp‖ toRight:= RotRight

END) ;
ContinueDelivery==

(IF conveyorBelt= StoppedTHEN conveyorBelt:= DeliveringEND)
OPERATIONS

SensorOn=̂
SELECTconveyorBelt= Running∧ table= ReadyForLoadingTHEN

conveyorBelt:= Delivering
WHEN conveyorBelt= Running∧ table6= ReadyForLoadingTHEN

conveyorBelt:= Stopped
ELSEskip
END ;

SensorOff =̂
IF conveyorBelt= DeliveringTHEN ObjectPlaced‖ conveyorBelt:= RunningEND ;

ObjectTaken=̂
IF table= ReadyForUnloadingTHEN table:= MovingToLoading‖

toLower:= MovingDown‖ toLeft := RotLeft
END ;

UpReached=̂
IF table= MovingToUnloading∧ toUpper= MovingUpTHEN toUpper:= AtUpper‖

IF toRight= AtRightTHEN table:= ReadyForUnloadingEND
END ;

RightReached̂=
IF table= MovingToUnloading∧ toRight= RotRightTHEN toRight:= AtRight‖

IF toUpper= AtUpperTHEN table:= ReadyForUnloadingEND
END ;

DownReached̂=
IF table= MovingToLoading∧ toLower= MovingDownTHEN toLower:= AtLower‖

IF toLeft= AtLeftTHEN table:= ReadyForLoading‖ ContinueDeliveryEND
END ;

LeftReached=̂
IF table= MovingToLoading∧ toLeft= RotLeftTHEN toLeft := AtLeft‖

IF toLower= AtLowerTHEN table:= ReadyForLoading‖ ContinueDeliveryEND
END

END

Fig. 5. AMN specification of the conveyor system



194 Emil Sekerinski

Safety Properties

Given an AMN machine of the conveyor system, safety properties can be expressed
as invariants. For example, the condition that the conveyor belt must beDelivering
only if the table isReadyForLoadingcan be proved by adding following implication to
ConveyorSystem:

INVARIANT
(conveyorBelt= Delivering⇒ table= ReadyForLoading)

Note that for this safety property to hold, it is essential that the eventsObjectPlacedand
ContinueDeliveryare considered to be internal events. If they were operations rather
than definitions inConveyorSystem, they could be called from the environment at any
time and would violate this safety property.

Implementation

An implementation has to set the actuators. Assuming that following types are given,

SETS
MOTOR= {RUN,HALT} ;
REVMOTOR= {FWD,BACK,STOP}

variables for the conveyor belt motor and the two table motors can be introduced and
related to the original states:

VARIABLES
beltMotor,elevMotor, rotMotor

INVARIANT
beltMotor∈ MOTOR∧ elevMotor∈ REVMOTOR∧ rotMotor ∈ REVMOTOR∧
(conveyorBelt∈ {Running,Delivering} ⇒ beltMotor= RUN) ∧
(conveyorBelt= Stopped⇒ beltMotor= HALT) ∧
(table= MovingToUnloading∧ toUpper= MovingUp) ⇔ (elevMotor= FWD) ∧
(table= MovingToLoading∧ toLower= MovingDown) ⇔ (elevMotor= BACK)∧
(table= MovingToUnloading∧ toRight= RotRight) ⇔ (rotMotor = FWD) ∧
(table= MovingToLoading∧ toLeft= RotLeft) ⇔ (rotMotor = BACK)

The implementation then needs to update these variables accordingly. The implementa-
tion could also reduce the state space of the specification since not all the information in
there is necessary for controlling the conveyor system. Finally, the implementation has
to replace parallel composition by compilable constructs like sequential composition.
These are all standard refinement steps in AMN but are not common for statecharts.

An alternative to this refinement approach is to provide the information about the
actuators and how they are updated in the original statechart itself. We believe this
is an unnecessary overloading of the statechart since it is not needed for an abstract
understanding of the system. This information can be better presented separately and
related to the statechart and checked for consistency via refinement relations.
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7 Discussion

We briefly compare our semantics with the (revised) original definition [8]. One differ-
ence is that we currently do not give priorities to transitions. If there is the possibility
of either a transition between two substates within a superstate or from one of the sub-
states out of the superstate to another state, then we leave this choice nondeterministic.
In the original statechart semantics, priority is given to the transitions which leave the
superstate.

The other major difference comes from our use of parallel composition for the
combination of all actions in concurrent states which are triggered by the same event.
Two or more concurrent actions must not modify the same variables. This eliminates
any nondeterminism which would be otherwise present. However, it also disallows that
any two actions which are taken simultaneously may generate the same event (since this
corresponds to a parallel call of the same operation, which inevitably causes a read/write
conflict).

A number of useful features of statecharts have been left out [6]:

1. activities which take time (in contrast to actions which don’t);
2. entry and exit actions in states for all incoming and outgoing transitions, resp.;
3. internal actions which leave the system in the substates is was;
4. timing, e.g. by an eventtimeout(E,d) which is generated exactlyd time units after

eventE is generated;
5. transitions with multiple targets depending on a condition;
6. histories, for returning to the same substates from which a superstate was left;
7. overlapping states;
8. boolean expressions for events, e.g.E ∧ ¬F.

These remain the subject of further research. We believe that most can be treated by
straightforward extensions, possibly with the exception of the last one. Also, as soon as
the interaction between statechart features gets more involved, a more rigorous definition
of the translation to AMN becomes desirable.

The use of statecharts as well as other graphical, object-oriented techniques in the
formal program development with AMN is studied in [9]. There, the more general
situation is studied when statecharts describe the behaviour of a set of objects, rather
than a single object as here. Statechart events are translated to operations in AMN,
as here, but with the initial state of a transition being part of the precondition of the
corresponding operation. However, this implies that during refinement this precondition
can be weakened and more transitions become possible, which is not the case here.

The theory of action systems can also be applied to the refinement of reactive systems
in AMN [ 5,13]. Although action systems can be naturally expressed in AMN, with
each action becoming an AMN operation with a guard (rather than a precondition), an
additional proof obligation (for the exit condition) is necessary, which is not part the
AMN refinement rule. With the modelling of reactive systems by statecharts in AMN as
studied here, the AMN refinement rule is sufficient. However, the reason for this is that
action systems describe reactive behaviour in terms of actions, which are not called but
become enabled, whereas the reactive behaviour of statecharts in AMN is in terms of
operations, which are called. Hence, the operations here correspond to procedures rather
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than actions [3]. These serve different purposes: AMN operations as procedures describe
‘abstract machines’, whereas AMN operations as actions describe ‘abstract systems’ [2].

Statecharts have also been combined with the Z specification language in various
ways, for example for formalising different aspects of a reactive system in Z and stat-
echarts and then checking the consistency of these views [12,14], or by extending the
statechart semantics to include Z data types and operations [10]. By comparison, here
we embed statecharts in AMN. In all cases, this gives similar possibilities of specifying
the state space with data types and the modification of the state space in actions with
operations of Z and AMN, respectively. The embedding of statecharts in AMN offers
the further possibility of subsequent refinement: the statechart specification may give a
concise, abstract view of the system; implementation details can be introduced gradually
in refinement steps.

Acknowledgement.We are grateful to the reviewers for their careful reading and for
pointing out related literature.
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Abstract. This paper explores the use of the B method as a formal
framework for structuring and verifying process control systems engi-
neering. In particular, it is shown how the B method can be used to
define implementation independent modular specifications. Benefits are
related to the re-use of verified and perennial specifications for control
systems facing a fast evolution of implementation technologies. Limits
are related to the compliance of formal methods with the other methods
or methodologies involved in the development of a production system.
This justifies the methodological framework needed for representing, rea-
soning and verifying the control system as interacting with other tech-
nological or human systems. The approach is illustrated and discussed
using a level control system example.

1 Introduction

The paper shows how to use a formal framework, such as the B method, to
improve the competitiveness of process control engineering, in terms of design
re-use and safety. Indeed, facing fast technology evolution, control engineering
could benefit from promoting the re-use of implementation independent and
modular specifications. Re-use implies, first, that specifications result from a
structuring framework ensuring their modularity and perenniality with regards
to new distributed technologies and, second, that these specifications are fully
validated and compliant with users’ requirements.

Current practice in industrial control engineering is based on the standardisa-
tion process. In this way, IEC 1131-3 standard [8] constitutes an implementation
standard which provides basic building blocks for programmable logic controllers
(P.L.C.). Proposal IEC 1499 [14] evolves from this implementation standard,
which suffers from a serious lack of semantics, to a designing standard which
provides functional blocks described by data-flow diagrams and state-transitions
structures to be used in the process control specification.

Another step would be to complete these normative approaches by a formal
framework allowing us to define semantics for a structured control system spec-
ification using function blocks and to prove their correctness with regards to
users’ requirements.
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Section 2 briefly introduces control engineering practice and requirements.
Section 3 presents what process control engineering could expect from using
formal methods borrowed from software engineering. Section 4 illustrates the
use of a B formal framework using the level control system example.

2 Control Engineering Requirements

The definition of a control system depends on the process being controlled (whose
representation stands on scientific foundations such as mathematics, physics or
chemistry) and on the activities assigned to control operators [11].

In this context, a control system is expected to schedule commands to ac-
tuators and sensors according to predetermined control laws in order to achieve
the desired states of a process system in a safe manner.

Traditionaly, methods and models taken from control engineering provides
materials for specifying a global constrained system behaviour, commonly rep-
resented as a closed control loop, which supports more or less complex control
algorithms. Validation of this behaviour is obtained via simulation techniques
which provide a global view of the plant functioning (including simulation of con-
trol and process systems) and allow us to minimise the bad-functioning states.

Fast technology (from P.L.C. towards integrated circuits for intelligent field-
devices) and architecture evolution (from rigid centralised architecture towards
open distributed ones) provides the control engineers with a double challenge.

Firstly, we have to minimise the impact of technology evolution in the engi-
neering process, by encouraging the re-use of implementation independent spec-
ifications. Specific attention shall be paid to the validation and verification of
re-usable, or even standardised, functional control blocks [21]. This requires to
define systematic methodology for testing control blocks with the aim of detect-
ing specification errors and to formally prove that some safety critical properties
are satisfied.

Secondly, we have to minimise the impact of architecture evolution, by pro-
moting a modular structure for control systems which can be distributed among
different computing devices. A structuring framework, as defined in [7], advo-
cates the control architecture to be based on the process structure, which can be
considered as the most stable element of the process control, by defining tightly
coupled automation and mechanical specifications [16].

3 Expected Benefits of Formal Methods for Control
Engineering

Formal methodologies borrowed from software engineering could be suitable for
re-usable control specifications by providing descriptions at a very high level
of abstraction, as required by implementation independent issues, and formal
proofs of some behavioural properties, as required by validation issues.
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However, specific attention shall be paid to avoid hiding automation criteria
behind formal notations.

First of all, validation of control studies aims to secure the correct plant func-
tionality. The objective is not limited to safely control the production system
but rather to product in a safe manner, i.e. to ensure the safety of a discrete
event control system tightly coupled with a continuous process systems [11].
Thus, proving control system properties, without reasoning about their impact
on the controlled system, assumes that the physical process functioning (event
reactions to/from actuators/sensors) is perfect. Taking into account the process
reality, which is far from perfect, properties proofs should be more significant if
the formal specification of the discrete control system is completed, as suggested
by [15], using a formal representation of the continuous system model.

A second difficulty is linked to the interaction of control engineering with other
related activities - mechanical engineering, control display, etc - involved in the
development cycle of a production system. This requires a methodological frame-
work for integrating formal methods in the industrial development processes, in
order: first, to keep the control specifications in line with the other engineering
studies and, second, to master, from an end-user point of view, the difficulties
linked to the notation complexity.

Such a methodological framework has been widely discussed for software en-
gineering. For instance, we mention methodological frameworks for specifying B
machines from textual description [17], from object OMT semi-formal models
[9], from NIAM specifications [13]; or for structuring VDM modules from func-
tional analysis with SART [19]. The key idea is to provide the designer with
semi-formal or graphical notations used as an intermediate step allowing the
pre-formalisation of the users’ textual requirements.

However, considering the widely agreed hypothesis that the control functions
of a production system are defined from the mechanical studies, the methodolog-
ical framework would benefit from being based on the structure of the physical
process with automation engineering criteria rather than on an abstract analysis
based on software engineering criteria [1]. The advantage is to provide re-usable
and modular specifications of quite autonomous automation objects associating
their control and mechanical resources.

Finally, implementation of the formal specification has to be compliant with the
implementation or designing standards used in an industrial context, such as
the IEC 1131-3 [8] for P.L.C. programming or the IEC 1499 proposal [14] re-
lated to function blocks for process control specification. Indeed, these standards
are needed to ensure the consistency and the interoperability of the distributed
process applications, that is to say the ability for heterogeneous devices to com-
municate and to provide complementary services. However, semantics of this
standards is very poor and need to be enriched [22] or defined as a final step of
a formal development.
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Our application of the B formal method on the level control system case
study is an attempt to provide elements of solutions for these problems.

4 Level Control System Case Study

Our case study is the simplified level control system shown in figure 1. It consists
of the following process items: the water level in a constant section tank is ob-
tained by modifying the output flow rate through a modulating motorised valve
in presence of an external perturbation represented by the input flow of the tank.
The control architecture is distributed on different heterogeneous processing de-
vices, such as P.L.C. or computer, communicating via field-bus, as promoted by
the new generation of intelligent field-devices [12].

out-flow(t)

in-flow(t) level

transmitter
control

actuator
control control

level

CONTROL SYSTEMS
fieldbus

Fig. 1. Level control system

The objective of the exercise is to prototype and test a structuring framework
of B machines allowing us to map the functional view of the end-users to the
technological description of the process. Indeed, from an end-user point of view,
what is expected to be proved is not limited to the level control software but
should include the functioning of the whole system (control and process systems).

This problem can be modelled as an interaction between functional agents (hu-
man operators and/or control systems), operating in the world of information in
order to reach the system goal, and technological objects having to be physically
modified. The B structure of the level control system is expected to provide mod-
ular specifications based on process / control elementary interaction, capable of
being implemented, in terms of process control function blocks, as interoperable
but heterogeneous processing devices.

4.1 Structured Modelling of the Level Control System

The functionality of the level control system is to maintain a tank level (Phy level)
at a requested value (Level Rq) within a certain tolerance (tol). It is represented
by the invariant of the Mach Level Control System machine as following:
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INVARIANT
/* information and physical variables associated to the level control */
(Phy Level ∈ PhyLevel) ∧ (Inf Level ∈ InfLevel) ∧ (Phy Flow ∈ PhFlow)
∧ (tol ∈ NAT1)
/* type of request for control system */

∧ (Level Rq ∈ Rlevel) ∧ (Flow Rq ∈ Rflow)
/* finality of the level control */

∧ ((Phy Level ≤ Level Rq + tol) ∧ (Phy Level ≥ Level Rq - tol)

This functionality is expected to be maintained thanks to :

– a physical process, which is able to store and to modify a level quantity. The
operation Level Process describes how the level of the tank (level) evolves
according to the output flow (out flow) and to the section of the tank (Sec),
which is supposed to be constant.
MACHINE Mach Level Process
....
OPERATIONS

level ← Level Process(out flow) =
PRE out flow ∈ NAT
/* integral calculus of the level of the tank with a dt sampling period */
THEN level := (1/Sec) × (((out flow pre - in flow pre) × dt) +
((out flow - in flow) × dt)))
‖ out flow pre := out flow ‖ in flow pre := in flow
END

– a control system for managing the previous physical transformation, that is
to say to process a level request (level setpoint) in order to produce a flow
variation request (flow setpoint) according to the measured level of the tank
(level meas).
Note that our example focuses on the event control processing but could be
extended to describe mode management or monitoring functions associated
to the controller.
MACHINE Mach Level Controller
....
OPERATIONS

flow setpoint ← level controller (level setpoint, level meas) =
PRE (level meas ∈ NAT) ∧ (level setpoint ∈ NAT)
THEN IF level meas 6= level setpoint

THEN ∃ fl . (level meas 6= level meas pre); flow setpoint := fl
ELSE flow setpoint := 0 /* no output flow variation if

requested level is reached */
END ;
level meas pre := level meas

END
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These ”process” and ”control” operations are performed in two dedicated
machines which are included in the machine which describes the higher level of
abstraction of our case study as follows:
MACHINE Mach Level Control System
....
INCLUDES Mach Level Process, Mach Level Controller
OPERATIONS Level System=

PRE Phy Level 6= Level Rq
THEN Phy Level ← level process(Phy Flow)

‖ Flow Rq ← level control(Level Rq, Inf Level)
END

Solving the process / control interaction is based on the emergence mecha-
nism [6] which considers that interactions between two entities define additional
properties which are not included in the own properties of each entity.

This mechanism, often used to describe emerging behaviour of complex sys-
tems, especially in the field of distributed artificial intelligence or multi-agents
Systems [10], has been proposed by [18] to describe an emerging engineering
process for the production systems. It leads to define, from each process / con-
trol interaction, emerging actuation and measurement operators which support
the interface between the symbolic and physical worlds (respectively by trans-
forming control requests into physical effects and physical effect into significant
information) and their related mechanical and automation know-how.

The emergence mechanism is represented in B with the help of a refinement
mechanism which allows us to introduce new machines (and operations) as re-
quired for solving the process / control interaction and satisfying its invariant.
It means that the proof failures encountered by the B prover are used not only
to enrich the specifications (detection of particular control states in which the
invariant cannot be maintained due to process functioning in limit conditions)
but also to systematically and progressively define the control system structure
thanks to the emergence mechanism.

Application to the level control problem leads us to identify: an actuation
operation (flow actuation) which transforms a flow variation informational re-
quest into physical variation of the output flow and a measurement operation
(level measurement) which transforms the tank level into significant informa-
tion. These new operations are described in B machines, respectively dedicated
to flow modification and level measurement. They can be considered as quite
autonomous with regards to the first set of machines related to the level modifi-
cation. Indeed, this set described their own level control goals and the process and
control resources needed to reach it. In the same way, the new actuation and mea-
surement machines describe other sub-goals also including their own process and
control resources. For instance, the actuation machine (Mach Flow Actuation)
focuses on the output flow control by modifying the percentage of the valve
opened due to process (flow process) and control (flow control) operations.
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MACHINE Mach Flow Actuation
INCLUDES Mach Flow Process,Mach Flow Control
....
INVARIANT

(Phy Opening ∈ PhOP) ∧ (outflow ∈ PhFl)
∧ (Opening Rq ∈ RqOP) ∧ (Inf Flow ∈ InfFlow)
/* finality of flow control module */
((outflow ≤ Flow SP + ftol) ∧ (outflow ≥ Flow SP - ftol))

OPERATIONS Flow leftarrow actuation(Flow SP) =
PRE Flow SP ∈ NAT
THEN outflow ← flow process(Phy Opening, Phy Level)
‖ Opening Rq ← flow control(Flow SP, Inf Flow)
‖ Flow := outflow
END

REFINEMENT Ref Level Control System
REFINES Mach Level Control System
IMPORTS Mach Flow Actuation, Mach Level Measurement
....
OPERATIONS Level System=

PRE Phy Level 6= Level Rq
THEN Phy Level ← level process(Phy Flow);

Phy Flow ← actuation(Flow Rq);
Inf Level ← measurement(Phy Level);
Flow Rq ← level control(Level Rq,Inf Level)

END

Applying again the same structuring concept leads us to identify several
refinements of product/process interactions characterised by automation engi-
neering quantities to be modified - from water volume in the tank towards a
servo-motor position through a flow rate, an opening percentage of the valve
and a position of the valve stem - and their associated mechanical objects per-
forming the considered modification (figure 2).

These B machines can be considered as non divisible according to distri-
bution criteria because they are associated to a mechanical device supporting
elementary physical transformation. Thus, the resulting B specifications of the
controllers machines have the same structure as the process controlled one. Fur-
thermore, they can be refined and implemented into different heterogeneous
processing devices as shown in next section.

4.2 Refinement and Implementation

Control design has now to focus on the behavioural description of the controllers,
previously identified for managing the level, flow, valve position, stem position
and servo-motor position. Indeed, each controller needs to be refined in order to
complete the description of its functionality by the algorithm used to achieve it.
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Fig. 2. Architecture of the level control system specification

For instance, the previously described level controller only specifies that the
modification of the tank will be obtained by a modification of the output flow
while the refined operation describes how the output flow has to be decreased
or increased in order to reach the requested level:

REFINEMENT Ref Level Controller
REFINES Mach Level Controller
...
OPERATIONS

flow setpoint ← level controller(level setpoint, level meas) =
PRE level setpoint 6= level meas
THEN IF level setpoint ¿ level meas THEN

fl:(fl¡fl$0); /* output has to be decreased */
Tstate := filling;
flow setpoint := fl

ELSIF level setpoint ¡ level meas THEN
fl:(fl¿fl$0); /* output flow has to be increased */
Tstate := emptying;
flow setpoint := fl

ELSE Tstate := ok;
flow setpoint := 0 /* output flow is maintened at its current

value,e.d. flow variation equal to zero */
END

END
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The property expected to be proved for this elementary control machine is
related to liveness property : the level control process must eventually terminate.
Such a constraint could be represented in linear temporal logic by [2] :

(tstate 6= Ok) ; (tstate = ok)
(tstate = ok means that the tank is not filling or emptying when the level is

as requested)
This kind of property is defined in [15] as a variant function of the controller

state. This function is such that whenever the level is not reached, each action of
the controller decreases the variant function. However, the proof of such a prop-
erty requires an extension of the B model. Several work has already suggested
alternatives approaches [3][20]. The importance of proving such a property for
control engineering problems justifies further work in this domain.

Considering the needed compliance of formal specifications with standards cur-
rently used in an industrial context, the structure of our B controller operation
can be viewed as close to a control loop including a comparator function (which
delivers the gap between the level set point and the real level) and a transfer
function controlling the variation of the flow set-point in order to reduce this gap
(most of the time by applying a Proportional-Integrative-Derivative P.I.D. algo-
rithm). Consequently, this B operation could be implemented using the required
function blocks provided by the IEC 1131-3 standard (figure 3). The benefit
is that B machines represent a proved formalisation of the control architecture
which can be considered as a first step to compensate for the lack of semantics
of implementation standards. A more complete approach, allowing a safe imple-
mentation of reusable and standardised function blocks, needs to solve the two
following problems.
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Fig. 3. Implementation of level controller using 1131-3 standard
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Firstly, we must consider the semantic break between the specification and
implementation steps which can cause trouble. Indeed, even if the B specifica-
tion can be trusted thanks to the prover, its implementation through industrial
standards is not guaranteed to maintain the properties already proved. How-
ever, taking into account the current practice in industrial world, and the fact
that the use of implementation standards (IEC 1131-3) or designing standards
(in progress IEC 1499) is currently the only way towards interoperability of
distributed process applications, the work to be done is to define formal links
between the used standards and formal approaches, such as suggested by [22],
allowing automatic generation of standardised function blocks from formal spec-
ifications.

The second problem is related to the choice of interpretation algorithm required
for implementation as processing devices. Indeed, implementation of these blocks
requires us to schedule the execution of each block according to real process
events and to data flow structure, in order to ensure the determinism property of
the reactive systems. This criteria can be applied in B by defining a synchronous
polling cycle which processes internal states of operations according to a fixed
image of the input and output events. Note that this approach is very close to
the one used in discrete event control theory, in particular with synchronous
languages [4] and Grafcet [5].

5 Conclusion

This paper is an attempt to show how the B method can be used for process con-
trol engineering. The benefits have been shown in terms of description at a high
abstraction level which favours the re-usability of control studies by providing
safe implementation independent specifications. However, pragmatic use in the
industrial context of control engineering requires defining structuring framework
which allow us to ensure re-use of modular specifications able to be implemented
on a distributed architecture and to be compliant with the implementation stan-
dards.

Our level control system case study has shown how the B method can used
to support the emergence mechanism in order to fulfill this structuring require-
ment. This mechanism allows us to avoid having the structure of modular B
specifications depend on the designer intuition, but results in a methodological
framework which systematically leads to modular machines representing process
/ control interactions to be implemented on different processing devices accord-
ing to the required standards.

In this context, the B method provides materials to progressively, but sys-
tematically, refine the initial specification by considering a proof failure as a
means to enrich the specifications. In a complementary way, liveness properties
have been shown as interesting for process control engineering but difficult to
prove in the current B model. This point motivates further research in this area.
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Even if these preliminary results highlight the scientific benefit of formal ap-
proaches for process control engineering and the work still to be done, the real
benefit for industrial use will be demonstrated only when applied on real pro-
duction systems with higher complexity than the case studies presented up to
now. In this way, our structuring approach is expected to be validated as a
practicale methodological approach for the European Intelligent Actuation and
Measurement pilot developed in the framework of Esprit IV-23525 IAM-Pilot.
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Abstract. The observations described in this paper are based on the
experience we gained in applying the B method to a realistic safety-
critical case study. The main goal was to integrate the B method into
the heart of the development cycle, particularly for such applications.
We outline a framework to reason about control process systems in order
to capture functional and safety-related properties and to organize the
conceptual architecture of these systems.
Thus, we describe how a B Model can be designed both with respect
to safety constraints and in terms of software architecture abstractions.
We use the B method to support architectural abstractions, codifying
the interactions of components. Finally, we present essential results of
the case study and we show the significant impact of such a B formal
development on the development process by giving some metrics.

1 Introduction

The main concern in the development process is to identify the characteris-
tics of the application domain. These vary with the physical phenomena be-
ing modeled, the computational model (i.e. sequential, distributed, distributed
and concurrent, and real time dependent) and the constraints to be hold (i.e.,
safety-related, embedded, and cost-critical). These characteristics determine the
methodological choices at each step of the development process. For instance, in
the specific domain of control process, cyclic software systems can be modeled in
a sequential way. Usually, they must respect safety constraints. An appropriate
analysis method must be based on state machines.

Considering the characteristics of control processes, the B method seems to
be a suitable support. At the present time, when standards recommend the
integration of formal methods within the safety critical development process,
Z and VDM are mentioned. However, the B method could be similarly used.
Nevertheless, as the B method covers most of the life-cycle phases, there are
some pitfalls when it comes to completely integrating it. In the rest of this paper,
we will present a strategy to overcome these problems and we will describe the
architecture phase in more detail.
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Recently, software architecture has begun to emerge as an important field of
study for software developers and researchers alike. The architecture of a software
system defines the system in terms of components and interactions among those
components.

Different trends can be observed in this domain. One is the recognition
of well-known patterns and idioms for structuring complex software systems
[Cop95]. Another trend consists in exploring a specific domain to provide reusable
frameworks for product families and thus for capturing an architectural style (cf.
[Sha96b]).

In addition to specifying the structure and topology of the system, the ar-
chitecture must show the intended correspondence between the system require-
ments and elements of the system constructed. Thus, it can deal with system-
level properties. Such of a conceptual architecture must evidently be described
independently of the implementation. The corresponding step of life-cycle is not
clearly outlined. In most systems, conceptual architectures are implicit, and hid-
den within the documentation.

The use of computers to automate various applications has increased and
concern about the safety of those systems has also grown. In this paper, we
focus on software components of control process systems. Some common aspects
can be extracted from these software systems, so that an architectural style can
be inferred[Sha96a].

In a global approach [Sae90], the physical process may be modeled by a
single component. Disturbances from the environment require the introduction
of a controller. The whole system forms a control loop (see Figure-1). Data

Physical process

Controller

Disturbances

Fig. 1. Control process system.

consist of parameters, inputs, outputs of the physical process, and disturbances.
Transformations are physical laws and alterations which are a consequence of
the controller action. We are not interested in the real-time behavior of the
controller. We assume that any transformation can happen in a time interval
that the designer can determine. We take a static view of its behavior including
all different states of the system.
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Usually, the design of a reactive system begins with the specification of the
system behavior. In the design of a control process system, this specification
must be derived both from functional requirements and from safety-related re-
quirements. Experts of the application domain describe the physical process,
the disturbances expected from the environment and the behavior of the system
under hazardous circumstances.

In this paper, we outline our methodology to design a B model. Our approach
focuses on traceability of safety-related constraints. The remainder of the paper is
organized as follows. Section 2 presents our experience with the B development
process. We further describe our main methodological contribution: Section 3
explains how to link the user’s requirements with system safety analysis in a
new structured informal statement. Section 4 presents our preliminary analysis
cycle at the end of which a formal statement of the critical requirements is
produced. Section 5 deals with the architectural conception phase. Finally, in
Section 6 we report the results of our experience gained from the development
of a case study in the railways domain.

2 B development process

In this section we summarize the essential features of the B method which will
be useful to us.

2.1 Our terminology

First, let us recall some B terminology in relation with structuring concepts:

– A component denotes either an abstract machine, one of its refinements,
or its implementation.

– A module puts together an abstract machine, all its refinements and its
implementation.

– Links denote shared access or composition mechanisms.
– A model is composed of all the modules and their links.

We use conventional software architecture notations : modules represent soft-
ware components and links represent connectors.

2.2 Development activities

The main B development activities are type checking, refinement engineering
and verification engineering. The interaction between these activities is shown
in figure 2. Refinement and verification activities have a trial and error nature,
reflecting some invention and verification aspects.

Each refinement step is an iteration from the refinement first to the type
checking, then to the verification. The modeling process and the construction of
the verification must be performed concurrently.



Designing a B Model for Safety-Critical Software Systems 213
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Code generation

code
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Fig. 2. B development activities.

2.3 Module and model elaboration

Construction of a module entails a number of refinement steps, each introducing
a few specification details or design decisions, so that the induced properties
can be easily proved. Module elaboration involves a layered architecture. Proof
is constructed to verify the consistency between each level and the previous one.

Simple enough problems can be modeled in a single module. In more com-
plex problems, the development process begins at a very abstract level. A formal
high-level design which describes the mapping of the requirements onto specifica-
tion must be constructed. This high-level design describes how specification-level
information is to be implemented in software structures. Consistency between
the specification and this high-level design can be formally proved.

At each step of module construction, the B method provides links allowing
shared and compositional specification. Thus, when designing a B model, mod-
ules may exist and interact while at different development stages. While the
entire B-development process can be conducted in a process of systematic step-
wise refinement, it is practically conducted more on intuition than on process
framework.

2.4 Life-cycle phases

The B method covers the central aspects of the software life-cycle from specifica-
tion to code generation. The requirements analysis phase is not addressed, thus
we have to assume that functional and safety properties have been captured.
However, the development process does not respect the usual sequencing of the
phases. The designer must wait until the end of the development to bring out
a very clear dividing line between specification concerns and design decisions.
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Moreover, during the formal specification phase, the organization of the B model
must be questioned again.

To fill this void we suggest a corresponding life-cycle (see Figure-3), each
phase of which we will describe in later sections. The integrated process begins
with a restatement of the user’s requirements (which are informally expressed) in
a new structured document with links to safety analysis. In order to extract the
software requirements, we have proposed elsewhere a Preliminary Analysis Cycle
[Tao96], the aim of which is to draw out a detailed analysis of the requirements.
Our aim is to help both the developer and the verifier to keep track of the desired
properties. The output of this part of the process is mainly a formal statement
of the ‘critical requirements’ which will be mapped onto the formal specification.
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3 Safety analysis

In order to ensure a given level of safety a hazard analysis should be performed.
Its process is continuous and iterative (see Figure-4). This analysis should be
started early in the process development of the system.
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Fig. 4. Safety analysis.

Standards describe the analysis process in four steps:

– Preliminary hazards analysis : The scope of this step is to highlight critical
functions and identify hazards. This step yields a set of functional and safety
criteria for the whole system. It is the input for the next step.

– Hazards at the system level : This step starts as soon as the design activity
is stabilized and continues while the design is being modified. The scope of
this step is to identify hazards introduced by interfaces between sub-systems
and to deduce a set of constraints on system design. The result of this step
is the input for the following step.

– Hazards at the sub-system level : The system analysis has decomposed the
system into several sub-systems, at the same time decomposing these sub-
systems into functions. The safety analysis consists in translating constraints
which result from the previous step into criteria for the sub-systems. At this
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step, each sub-system is analyzed according to its safety criteria in order to
identify hazards introduced by the relation between sub-systems and equip-
ment and to determine safety inputs and outputs.

– Hazards at the operational level : The scope of this level is to identify hazards
due to the support and operation of the system. This notably applies to the
human interface with the machine.

The set of constraints resulting from a step constitutes the set of criteria
for the following step. Thus, requirements specification for software should be
broken down into three definitions :

– Objective definition;
– Criteria definition;
– Priorities on objectives and criteria assignment.

In order to ease construction of specifications, guidelines are given in [Lev95]
and [Sae90]. These guidelines are intended for an analysis based on state ma-
chines and are suitable for the B formal method. They are a collection of rules
on states, inputs, outputs, values and transitions. Within the software process
development, the continuity of safety analysis must be maintained. We thus
introduce into the life-cycle the safety analysis as a preliminary phase, which
means that we must, at this level:

– keep record of the hazards identified at the system level and translate soft-
ware hazards into safety criteria.

– show the consistency between safety criteria and requirements related to the
software and show the completeness of the functional requirements regarding
the safety criteria.

In order to fulfill the first objective, safety analysis should be performed in
a top-down approach from the system down to sub-system. This phase must
start early in the system analysis. We feel that inputs to the system process
development should be requirements and safety objectives. The safety analysis
takes these goals as inputs and then deduces the criteria in order to fulfill them.
The criteria are identified at the system level. Criteria documentation must give
means to verify that safety criteria and objectives are satisfied. Moreover, as
the software can make more or less than the requirements the generated code
must be verified in order to show that safety criteria are held or to highlight
vulnerabilities to be circumvented by other means.

4 Preliminary analysis cycle

Keeping in mind the objective of traceability in terms of both software engi-
neering and safety, we introduce a preliminary analysis phase before the formal
specification phase. The scope of this phase is the analysis of requirements, first
their semi-formal expression, and finally, their formal expression.
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Our approach takes into account three points : type of application, formal
method for the specification, and constraints of safety design. Each of these
points contributes toward this method :

– the type of application provides a well-defined structure where the main
relation between modules is well established ;

– the B formal method is model-oriented and its basic concept is the abstract
machine. This concept allows us to classify this method among state machine
oriented ones.

– safety analysis imposes rules on the specification in order to ensure safety
constraints.

This approach constitutes a preliminary analysis of the informal specifica-
tions to construct the formal specifications. It is a mean to keep track of the
safety criteria deduced from the analysis at the system level. The system being
modeled is studied module by module. For each module, the question is to iden-
tify its function and the criteria it ensures. Each module is described by a set of
variables, by relations with the other modules and then by the whole behavior.
For this analysis, we define a four-step framework:

– Determination of elementary time for the analysis. The objective is to de-
termine the relevant interval of time to observe the system behavior. E.g.,
for the cyclic system the basis time will be the cycle ;

– Static analysis for module description. This phase allows the specification
of constraints on behavior without detailing them. The analysis may be
performed in three steps:

• Modules characterization: At first, one must identify all modules, then
for each module, one must determine variables useful to its description.

• Static relationships : At this time, we have to determine all static rela-
tionships between these variables. These relationships constitute a part of
the constraints on behavior; they could be constraints induced by equip-
ment design or physical laws. At this step, results by domain experts
should be mandatorily introduced, because these constraints typically
cannot be formally verified.

• State variables: The question is to bring out state variables, which are
used to describe behavior according to the elementary time, e.g, at the
beginning and the end of cycle. To this end, the first task is to determine
the relevant properties to be considered, then to identify useful variables
to express them.

– Dynamic analysis to describe desired behavior: This phase is concerned with
behavior description using state transformation relationships. A deductive
analysis is adopted, its input being the set of state variables. For each vari-
able, one must determine all the relationships working towards its transfor-
mations. Performing analysis in this way, we ensure that all transformations
will be identified and described.
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– Safety analysis to identify safety constraints. Inputs for this task are cri-
teria resulting from the safety analysis at the system level. One must first
express these criteria using software variables. At this point, it is interesting
to observe that not all criteria could be translated in this manner. Instead,
verification of the non expressed criteria should be done statically.

In order to help domain experts verify the completeness of the specifications
and to help designers understand the requirements, results of each phase are
expressed in a semi-formal language, and then in a formal language. Complete
results of the preliminary analysis constitute inputs for formal specifications.

5 Architectural conception

To cope with mandatory requirements, it seems important to underline that this
architectural conception must be clearly identified.

5.1 Specific concerns of control process design

In the global approach mentioned in section 1, modeling of control process sys-
tems is based on data abstraction of the physical process and state transforma-
tions of the system. The main concern in modeling such systems is to keep a
general relation between components of the control loop. The architectural style
must be related to abstract data encapsulation. However, it is not compatible
with the philosophy of objet-oriented organization. When developing an object-
oriented system, designers must identify and create software objects correspond-
ing to real-world objects. When developing a control process system, their main
concerns must be to keep a global link between components in relation with the
safety properties. Sometimes, objects may appear just as iconic classes of in-
terface. Usually, designers think of software as algorithmic transformation. This
model breaks down when the system operates a physical process with external
disturbances because values appear somehow to change spontaneously. Thus, the
architectural style is not either compatible with functional design. The organi-
zation is a particular kind of dataflow architecture which assumes that data are
updated continuously and which requires a cyclic topology.

Observing software products for various control process applications, a con-
trol paradigm and some useful definitions have been highlighted:

– Process variables are properties of the process that can be measured.
– Controlled variables are process variables the values of which the system is

intended to control.
– Input variables are process variables which measure an input to the process.
– Manipulated variables are process variables the value of which can be changed

by the controller.
– A set point is the desired value for a controlled variable.
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The essential parts of the software system are:

– Computational elements which logically partition the process of the control
policy.

– Data elements which update process variables and give set points.
– The control loop paradigm which establishes the relation that the control

algorithm exercises.

The design methodology requires an explicit identification of each kind of vari-
able and element of the control loop. An example is described later in subsection
6.2.

5.2 B designing features

To build a software architecture of modules, designers have a single connector
composed of SEES and IMPORTS links. The SEES link provides a shared data
access. SEES and IMPORTS together provide a full-hiding interaction and sup-
port independent development. In order to encourage reuse and to aid large
system construction, designers have at their disposal, among others links, IN-
CLUDES link. To clarify structural properties of modules interactions, we rec-
ommend designers to merely use independent INCLUDES link as described in
[Ber96]. Thus, this INCLUDES link provides an exclusive data access as well as
a semi-hiding interaction. The refinement of the including module can be done
independently. Proof obligations for a machine Y including a machine X are
simpler to manage than when considering them as a single component.

5.3 Design methodology

In this section we introduce our methodology to design an architecture according
to formal specifications. This methodology is heterogeneous because it is based
on process-control style [Sha95] and a development organization using the B
method. At first, the architecture design achieved using a process control style
constitutes an architecture abstraction, which will be refined using our method-
ology. The proposed methodology takes into account three points:

– Use of invariants to express safety constraints in order to formally verify
that they have been taken into consideration. It is important to organize
the expression of the safety criteria into modules in accordance with the
following objectives: consistency of state components and use of appropriate
links.

– Formal demonstration that the constraints have been taken into account.
– Keeping track of constraints.

The abstraction of the architecture could then be formulated from three points
of view:
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– Consistent states point of view: dependency links are listed in order to enable
a classification of variables according to the criteria of strong connection.
This classification brings out a set of consistent states to be modeled by
abstract machine.

– Sharing data point of view: in this task one must build a graph where nodes
are consistent states identified in the previous state and links visualize data
sharing. This graph is used during formal specification to organize data and
control.

– Constraints point of view: at this step we have to construct a set of graphs.
Each graph modelizes for each variable its links with other variables and
constraints. This graph will be used during specification elaboration to in-
tegrate safety constraints and to validate that they have been taken into
account.

5.4 Formal specification

According to our approach, at this stage we shall use the software architec-
ture paradigm together with the results of the preliminary analysis. Indeed this
paradigm just suggests a framework. In order to build the formal specifications,
we develop each component using results of preliminary analysis to specify the
abstract machine and its refinements. During this specification, at each step we
can introduce new components or we can converge on an existing component.
This allows us to emphasize the fact that the results of architecture design only
give a framework and that there are not the final architecture.

6 Results and perspectives

In this section, we illustrate the framework presented in previous sections with
the example which is given in its entirely in [Tao97a]. This case study, called
KLV 1, concerns a critical software system whose aim is to control the speed of
a train. This KLV system carries out a specific function of the real system which
is in service in the French railway system (the KVB System 2).

6.1 Simplified behavior of KLV

The KLV functions are restricted to control the temporary speed limitations
which are applied near a construction area. We only present a simplified descrip-
tion of the KLV behavior. The KLV system is cyclic and the cycle is determined
by a time interval which is unsplittable. At the beginning of each cycle, the
system receives information on:

– the distance covered by the train during the previous cycle;
– complex and composed informations concerning signalling;
– the train location.

1 KLV means Limited Speed Control.
2 KVB means Speed Control with signalling informations given by Beacons.
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During a cycle, according to the inputs, the system carries out the following
controls:

– If the train respects all the speed controls given by the signals, the system
does nothing. The states of warning and emergency braking do not change;

– If the speed becomes higher than the warning level, the system informs the
driver with the warning ‘tell-tale ’ lamp;

– If the speed becomes higher than the emergency level, the system commands
the emergency braking 3. This command cannot be terminated until the train
stops.

Disturbances can come from erroneous signalling informations (for instance, bad
transmission). The warning level does not influence the safety, but provides for
a better availability. In order to observe the efficiency of our design methodology
when it comes to maintenance, we develop the system without the warning speed
level at first.

6.2 Software architecture paradigm for KLV

The KLV system is analyzed considering it in accordance with control process
paradigm. The essential parts of the software system are (see figure-5):

– Function: The description of the physical process takes two elements into
account: the train and the driving instructions. The train is described by
equations which modelizes its kinematic behavior. The driving instructions
are also described by equations based on signalling informations. The speed
ordered by the driver must respect both sets of equations. If the emergency
braking has been commanded, the driver should not be able to do anything.

– Control loop : The paradigm corresponds to a feed-forward control system.
Future effects of the speed are anticipated. The controller raises the emer-
gency braking if the speed becomes too high.

Different kinds of variable are identified:

– The process variable which concerns the measured speed of the train;
– The controlled variable which is the computed speed of the train;
– Input variables which are signalling information and command from the

controller;
– The manipulated variable which are the emergency braking and the tell-tale

lamp when considering the warning level;
– Set point which is a technical data. It concerns the maximum authorized

speed of the train.

The relations between variables are not only established by equations but also
expressed with pre-conditions and post-conditions to express a residual state
through successive cycles.
3 Moreover, the system informs the driver with the emergency ‘tell-tale ’ lamp.
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Emergency braking
CONTROLLER

Signalling informations

FUNCTION

Train speed & distance covered

Desired speed

Fig. 5. KLV control loop.

6.3 B architectural model

The results of the preliminary analysis for the KLV case study have been pre-
sented elsewhere [Tao97b]. From this analysis, we outline a graph of shared data
(see figure-6). This graph and the control process outline the same elements.

This B model corresponds to an abstract system as described in [Abr96]. It
describes in a hierarchical way the global vision of the safety-related properties of
the system. The role of the abstract machine of each module will be to express
in its invariant a part of these global properties. The corresponding data are
‘encapsulated’ into the module and gradually introduced following the graphs of
the preliminary analysis.

To manage an incremental modification, designers can choose between two
options: modify the operation or add a new one. The latter choice minimizes the
effort in developing the proof. The results of the high-level design are presented
in both cases. Figure-6 represents the B model of the system without the warning
level while figure-7 represents the B model after the incremental modification.
A new module named WARNING has been added; its state corresponds to the
modelization of the tell-tale lamp. This WARNING module and the BRAKING
module are sharing the same data, and their states are strongly consistent. In-
troducing the WARNING state with a new module allows to provide a separated
proof.

CONTROLS TRAIN_SPEED

TRAIN__MOVINGSIGNALLING_INFORMATION

BRAKING

Fig. 6. KLV B model.
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WARNING

CONTROLS TRAIN_SPEED

TRAIN__MOVINGSIGNALLING_INFORMATION

BRAKING

Fig. 7. KLV B model after modification.

6.4 Observations

This section presents the results of the observations made across the project.
The table 1 shows how the effort expended on the project was distributed. It is
a typical profile of formal development practice. The most important effort is in
the early activities where the requirements are being analyzed.

Phases Effort given in person-month
Theoretical training for modeling 1
Practical training for safety of specific domain 2
Restatement of informal specification 1
Preliminary analysis 1
Architectural Design 1/2
Formal modelization 2

Table 1. Distribution of time within each activity

The results presented in table 2 are very similar to metrics given in [Hab97]
for the development of the Calcutta subway.

6.5 Conclusion

In this paper, we present ideas to provide a methodological guideline, emphasiz-
ing safety-related traceability through the life-cycle. As a demonstration of the
feasibility of our approach, a real case study has been entirely developed. From
this experience, we draw some remarks:

It is well-known that without any guideline, there is a risk that a B model
will be difficult to prove and also to refine until the code generation phase. The
main advantage of our approach is to provide a framework which overcomes
these problems, in a way easily understood by domain experts. This framework
has a significant impact on the software development process as well as its doc-
umentations.
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Comments Measure
Number of modules 18
Number of C lines generated 3261
Number of specification lines (machines) 1017
Number of B0 lines 1083
Number of proof obligations 1638
Ratio for automatic proof 92%
Number of proof obligations per specification lines and BO lines 1.7
Number of proof obligations per lines of code 2

Table 2. Metrics

The validation process cannot be formalized, since the original system de-
scription is provided informally; experts must convince themselves that the for-
mal description accurately reflects the intended system behavior. The trace-
ability of the safety-related properties is helpful to conduct this process. This
traceability will be reinforced by a tool, the role of which could be to produce
before-after predicates derived from substitutions. The resulting document should
allow to perform down-up trace from the B model to the formalization of the
preliminary analysis.

To efficiently use the B method, one must follow methodological heuristics.
Currently, there is no general solution. However, various proposals have been put
forward in specific application domains (e.g. [Abr97]). They all have in common
the outline of architectural concepts based on an abstract system. More work
needs to be done in this direction to bring closer Software Architecture and B
formal development.
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Abstract. We outline a theory of communicating “Abstract State Ma-
chines”. The state of an Abstract State Machine has two components:
a behavioural state and a data state. The behavioural states are shown
on a state diagram, whose transitions are labelled with an “event” and
a B operation. The firing of a transition is synonymous with the occur-
rence of its associated event. We use a synchronous model of communi-
cation based on shared events which simultaneously change the state of
each participating machine. The B operation associated with a transi-
tion generally has the form G =⇒ S, where a necessary condition for the
transition to fire is that G is true, and where S describes any resulting
changes in the data state of the Abstract Machine. The paper includes
simple examples, the translation of Abstract State Machines to B Ac-
tion Systems, the translation of Abstract State Machines into “primitive”
Abstract State Machines which have only behavioural state, the parallel
combination of high level Abstract State Machines, and short notes on
choice and refinement.

1 Introduction

Recently there has been a considerable interest in modelling reactive and dis-
tributed systems in B. [1] [3] [4] [6]. In such cases, we are interested in describing
a system in terms of its interacting subsystems, and in the closely connected
issue of describing how a system behaves with respect to its environment. The
most popular approach [1] [3] [4] is to use a B representation of the Action
System formalism. Within this formalism it is possible to use approaches which
communicate via shared variables, or via shared events.

An action system in B consists of an abstract machine whose operations are
guarded rather than pre-conditioned. Whereas the operations of a classical B Ab-
stract Machine can be thought of as specifying procedures, whose pre-conditions
provide us with information on when they may be safely used, the operations of
an Action System describe transitions. These transitions are thought of as being
enabled if their guard is true. The life cycle of an action system consists of seeing
which of its operations have true guards, and non deterministically choosing one
such operation to fire. This process is repeated indefinitely.

In this paper we present an approach based on a related formalism which
we call “Abstract State Machines”. An Abstract State Machine resembles an
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Action System whose state is factored into two components, a data state, and
a behavioural state. This factoring does not increase our expressive power in a
mathematical sense, but we believe it allows us to present our distributed system
models in a more accessible way. The behavioural aspects of an Abstract State
Machine can be presented in pictorial form, using state machine diagrams.

We begin by presenting “primitive” Abstract State Machines, which have
only behavioural state, and we give rules of communication between such ma-
chines based on the idea of the simultaneous change of state of machines on
the occurrence of a shared event. We show how communicating primitive state
machines can be described in terms of Action Systems.

We then present an example of an Abstract State Machine which has an
internal data state. We show how the description of such a machine is structured
in terms of a data machine, which provides operations that act on the data state,
together with a state machine diagram which adds a behavioural layer. We give
the machine’s translation into a B action system.

After these initial examples we outline a semantics for Abstract State Ma-
chines, based on the translation of Abstract State Machines into primitive Ab-
stract State Machines.

We then consider the parallel composition of Abstract State Machines. The
ability to perform such composition is of primary importance because it enables
us to build a mathematical model of system behaviour[2] and to state any global
invariant properties we feel are important. The techniques for checking that our
model does not violate the global invariant is then identical to verifying the
invariant of a B Action System (or indeed a B Abstract Machine, since the
replacement of pre-conditions by guards leaves us with exactly the same proof
obligations.[2])

The above discussions equip us to look more closely at the translation of
Abstract State Machines into B Action Systems, and we return to this topic
with another example which shows our general approach to handling i/o.

We follow this with some remarks of the different forms of choice that can
be expressed in our formalism: provisional (with backtracking), irrevocable and
clairvoyant.

We have previously explored communicating state machines in the “Event
Calculus”, a theory of communicating state machines described in Z [9]. Some of
the ideas have also evolved through our work on process algebras, in particular
ZCCS, a dialect of CCS which uses Z as its value calculus [5]. What is new in
this paper is the re-expression of these ideas in B, which is important because it
may improve our ability to compartmentalise proof. It also gives us the oppor-
tunity to work with predicate transformers, a formalism that is very amenable
to mechanical manipulation through the idea of a generalised substitution.

1.1 Primitive Abstract State Machines

We use a simple formulation of the idea of a “state machine”. A machine has
a number of states, and changes state on the occurrence of an “event”. Only
one event can occur at a time. Communication between machines, including
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the passing of data, is expressed in terms of shared events that simultaneously
change the state of two or more machines.

We assume three primitive sets, MACHINE, STATE and EV ENT , and a
function ψ which maps each machine to its behaviour, expressed as a next state
relation. So that ψ ∈MACHINE −→ ((STATE × EV ENT )←→ STATE).

As a first example we consider a vending machine V that sells chocolate bars
at two pounds each, and a customer C. Their next state relations, which are
denoted by ψ V and ψ C, are shown in Fig. 1.

Fig. 1. Vending Machine and Customer

First consider the vending machine V without reference to the customer.
Suppose it starts in initial state V0. The machine can accept one pound and
two pound coins, and after insertion of two pounds allows a customer to collect
his chocolate bar. The machine may also stop accepting coins and dispensing
chocolate bars, perhaps because it is empty.

Next consider the vending machine with its customer, starting in the initial
composite state {V0, C0}. The basic rule of synchronisation is that events which
are common to more that one machine only occur as shared events.

From initial state {V0, C0} the possible events that may occur are two or
stop. The event two is a shared event: the vending machine has a two pound
coin inserted, and the customer inserts the coin. This results in a simultaneous
change of state in both machines, from {V0, C0} to {V2, C1}.
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The event stop concerns machine V only, and results in a change of state
from {V0, C0} to {V3, C0}.

We do not want the rules of our calculus to allow the event one to occur from
state {V0, C0}, since the customer has no intention of inserting a one pound coin.
But how should we frame these rules to differentiate between one and stop, since
these are both events which the customer is not prepared to take part in? We
associate with each machine a set of events known as its repertoire. This set
will contain all the events evident in the machines behaviour (i.e. all events used
in forming its next state function) but may also include additional events. We
include one in the repertoire of C.

We can now give an informal set of rules for the behaviour of a set of state
machines (a formal version of these rules is given in [8])

– An event can only occur when all machines that have that event in their
repertoire are ready to take part in it.

– When an event occurs each machine that has that event in its repertoire
changes according to one of the possibilities offered by its next state relation.
Other machines are unaffected.

These rules allow us to derive the behaviour of a composed machine from the
behaviour of its constituent machines.

For each Abstract State Machine there is a corresponding B Action System
with isomorphic behaviour. The isomorphism consists of there being a one to
one correspondence between event traces of the Abstract State Machine, and
operation traces of the Action System. We now give a translation of our example
machines into corresponding B Action Systems. For reasons of space we use a
notation based on GSL (the Generalised Substitution Language).

Machine V
Sets STATE = {V0, V1, V2, V3}
Variables state
Invariant state ∈ STATE
Initialisation state := V0
Operations

stop =̂ state = V0 =⇒ state := V3
one =̂ state = V0 =⇒ state := V1 [] state = V1 =⇒ state := V2
two =̂ state = V0 =⇒ state := V2
collect =̂ state = V2 =⇒ state := V0
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Machine C
Sets STATE = {C0, C1}
Variables state
Invariant state ∈ STATE
Initialisation state := C0
Operations

two =̂ state = C0 =⇒ state := C1
collect =̂ state = C1 =⇒ state := C2
one =̂ false =⇒ skip

The combined behaviour of the machines V and C, in accordance with the
rules of synchronisation given above, is isomorphic to the following action system.

MachineV withC
Includes V.V, C.C
Operations
stop =̂V.stop
one =̂V.one ‖C.one
two =̂V.two ‖C.two
collect =̂V.collect ‖C.collect

1.2 Abstract State Machines with Internal Data States.

We extend our model to one in which the vending machine has an internal data
state. We first define some constants to detail the price of a bar and the set of
coins accepted by the machine.

Machine VMDetails
Constants coins, price,maxbars
Properties coins = {1, 2}, price = 2

The data state of our vending machine details the number of chocolate bars it
holds and the value of coins input so far for the present transaction. We define a
“data machine” to describe this internal data and the effect of operations which
are invoked on the input of a coin, on completion of payment, and on the sale
of a chocolate bar.

Machine VMData
Uses VMDetails
Variables numbars, coins in
Invariant numbars ∈ 0..maxbars ∧ coins in ∈ 0..price
Initialisation numbars := maxbars ‖ coins in := 0
Operations

In(coin) =̂numbars > 0 ∧ coin+ coins in ≤ price =⇒
coins in := coins in+ coin

Paid =̂ coins in = price =⇒ skip
Sale =̂numbars > 0 =⇒ numbars := numbars− 1
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Fig. 2. Vending machine with internal state

The complete description of the vending machine is obtained by adding a
behavioural layer, which is provided in diagrammatic form in figure 2). The
figure also describes the behaviour of two customers. Note that the transitions
of the vending machine have labels of the form e|Op where e is an event, and Op
is an operation from the associated data machine. The function of the operation
is to impose any guard required to limit when the transition can occur, and to
describe the change in data state when the transition does occur. For example
consider the system in its initial state. That is in behavioural state {V0, C0, D)}
and with data state of V as given by the initialisation clause of VMData. Then
the transition labelled paid|Paid cannot occur because the guard of Paid is false.
On the other hand the guard of the transition labelled in(coin, cust)|In(coin)
is true for suitable values of coin and cust. Input of a coin is a shared event so
for this transition to occur we also need to satisfy the rules of synchronisation.
In this case there are two ways for this to occur: the vending machine can
synchronise with either machine C or machine D. If it synchronises with C the
event is in(2, C); cust becomes instantiated to C, coin becomes instantiated to
2, and the change to the data state of the vending machine is described by the
operation In(2). A formal semantics will be given in the next section.

We use descriptive functions to refer to events. For example the expression
in(2, C) is used to refer to the event that customer C inserts a ten pence coin.
These descriptive functions are injections (which ensures, for example, that
collect(C) and collect(D) are different events) with mutually disjoint ranges
(which ensures, for example, that collect(C) is a different event from in(2, C)).
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In addition the ranges of these functions are disjoint from any individual events,
such as paid.

The individual events and the functions for describing events are not associ-
ated with any particular machine. Events are rather a means of communication
between machines; they inform the way we combine machines together. When
we translate an Abstract State Machine into a B Action System, each simple or
parametrized event in our system is metamorphosed into a B operation.

We define what we mean by “customers”.

Machine VMCustomers
Sets MACHINE = {V,C,D}
Constants cust
Properties cust = {C,D}

The vending machine described in fig. 2 will translate into the following
Action System:

Machine VM
Includes VMDATA
Uses VMCustomers
Sets STATE = {V0, V1}
Variables state
Invariant state ∈ STATE
Initialisation state := V0
Operations

in(coin, cust) =̂ state = V0 ∧ coin ∈ coins∧
cust ∈ customers =⇒ skip ‖ In(coin)

paid =̂ state = V0 =⇒ state := V1 ‖ Paid
collect(cust) =̂ state = V1 ∧ cust ∈ customets =⇒ state := V0 ‖ Sale

2 A Semantics for Abstract State Machine Transitions

In our first example we introduced some simple state machines diagrams. We can
think of these as next state relations, which map a current primitive state and a
primitive event to a next primitive state. Each element of these relations may be
thought of as a primitive transition. The purpose of this section is to interpret
the possibly parametrized labelled transitions of Abstract State Machines with
an internal data state in terms of primitive transitions.

In the following discussion we consider an Abstract State Machine A whose
associated data state machine has a state space D. We take A0 and A1 to be two
arbitrary behavioural states of A, such that there is some high-level transition
from A0 to A1. It will be convenient to consider behavioural states as total
injective functions from D, the set of data states, to the set of primitive states.
This is to provide a convenient way of combining a behavioural state and a data
state into a primitive state (or alternatively of factoring a primitive state into
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a behavioural state and a data state). Thus if A is in behavioural state A0 and
data state d (where necessarily d ∈ D) it is in the primitive state A0(d).

Suppose the transition from A0 to A1 has the form:

A0
e|Op−−−−−→A1

where e is a primitive event. Then our high level transition denotes the set of all
primitive transitions from A0 with some data state d to A1 in some data state
d′, where the change of data state from d to d′ is one of the possibilities offered
by Op. i.e.

{t|∃d, d′@(d, d′) ∈ rel(Op) ∧ t = (A0(d), e) 7→A1(d′)}
where

rel(Op) = {d, d′|(d, d′) ∈ D ×D ∧ ¬([Op]d 6= d′)}
This idea extends in an obvious way to the form in which e is parametrized

by the input parameter of Op.

A0
e(x)|Op(x)−−−−−−−−−→A1

Now our parametrized transition denotes the following set.

{t|∃d, d′, x@x ∈ dom(e) ∧ (d,d′) ∈ rel(Op(x))∧
t = (A0(d), e(x)) 7→A1(d′)}

Handling of output parameters is rather different, since instantiating an out-
put parameter with a value gives an invalid substitution. This is because output
parameters occur on the left side of assignments, which is not a suitable place
for a value! Consider the parametrized transition:

A0
e(y)|y ← Op−−−−−−−−−−−→A0

To know if e(y) can occur for some given value of y, we need to know if Op
could yield that value as its output. We achieve this by placing the operation
in a context which renders is non-feasible unless it yields the result we require.
To do this we provide a local variable y′ in which Op will deposit its result, and
then we impose a guard that will only allow through a value y′ that is equal to
y. The denoted set in this case is:

{t|∃d, d′, y@y ∈ dom(e)∧
(d, d′) ∈ rel (var y′@y′ ← Op; y′ = y =⇒ skip)}

A transition with both inputs and outputs is a straightforward combination
of the previous two cases. It is also possible for the event function e to involve
parameters which are not related to the associated operation. E.g. in our vending
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machine some events are parametrized with a variable that becomes instantiated
to the identity of the customer, and are used to specify where input comes from
or output goes to. Such cases are also a straightforward extension of the above.

Along with the rules for the firing of transitions given in section 1.1, these
rules give us the entire behaviour of an Abstract State Machine model. This can
be of practical use with model checking techniques, or when the state space of
the machine is small enough to permit exhaustive search methods to be used
to investigate its properties. It also provides the definitive meaning of our event
calculus, against which we can judge the correctness of techniques for the high
level combination of parametrized machines. Such techniques are introduced in
the next section.

3 The High Level Combination of Synchronized
Transitions

The rules given so far enable us to translate high level abstract state machines
into primitive abstract state machines, and to combine such primitive machines
into primitive systems. Although this provides the theoretical basis of our cal-
culus, it is much more useful to be able to combine high level systems directly.
We will be able to do this if we can combine pairs of high level transitions.

We will consider transitions from two disjoint systems A and B, where A
and B are said to be disjoint if no component machine of A is also a component
machine of B.

3.1 Combining Transitions which Synchronise on a Primitive Event

Suppose that in systems A and B we have the transitions:

A0
e|Op1−−−−−→A1

B0
e|Op2−−−−−→B1

then this gives us the following single transition in the combined system A ‖ B:

A0, B0
e|Op3−−−−−→A1, B1

where:

Op3 =̂Op1 ‖ Op2
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3.2 Combining Transitions which Synchronise on a Parametrized
Events

We consider events described by a total injective function e. For the moment we
will restrict ourselves to the case in which ran(e) ⊆ repertoire(A) and ran(e) ⊆
repertoire(B). This ensures, by the rules of our primitive calculus, that the tran-
sitions can only fire together.

We will be rather informal with respect to describing the necessary side
conditions to avoid variable capture, simply assuming that if this occurs when
applying one of our rules, then this renders the application of the rule invalid.

Shared Input Suppose that in systems A and B we have transitions:

A0
e(x)|Op1(x)−−−−−−−−−−→A1

B0
e(y)|Op2(y)−−−−−−−−−−→B1

Then we obtain the following transition in A ‖ B.

A0, B0
e(x)|Op3(x)−−−−−−−−−−→A1, B1

where:

Op3(u) =̂Op1(u) ‖ Op2(u)

One way Transfer of Data Suppose in systems A and B we have transitions:

A0
e(y)|y ← Op1−−−−−−−−−−−−→A1

B0
e(x)|Op2(x)−−−−−−−−−−→B1

This will give us the following transition in A ‖ B.

A0, B0
e(x)|x← Op3(x)−−−−−−−−−−−−−−→A1, B1

where:

v ← Op3(u) =̂
var v′@v′ ← Op1; v′ = u =⇒ (v := u ‖ Op2(u))

The combined transition accepts an input and offers the same value as out-
put. By still offering an output, we can combine with a further transitions that
require input, and thus model broadcast communications. By still accepting an
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input we can combine with further transitions that provide output, but what
would that mean? In fact if we combine several transmitters with a single re-
ceiver the transmitters must agree on the value to be transmitted. This is obvi-
ously a less likely scenario than a broadcast transmission, and in the approach
of [4] it is not allowed. We include it for two reasons. Firstly, our policy for high
level combination of systems is to include anything that is allowed by the under-
lying semantics. Secondly, we have found that models that do not match what
we expect from implementations can nevertheless be used to give an abstract
conceptual description of a system. For example if we are modelling a system in
which a critical calculation is duplicated on several different bits of hardware;
the event that identical results are transmitted could be modelled by combining
the transmissions into a single event.

If we know that only A and B are involved in the communication, we can
simplify the resulting transition to:

A0, B0
e(x)|Op3(x)−−−−−−−−−−→A1, B1

Since the communication is now internal to the combined system made up of A
and B, there is no notion of “input” required for this transition. The value of x
serves purely to parametrize Op3, which is defined as:

Op3(u) =̂ var v′@v′ ← Op1; v′ = u =⇒ Op2(u).

Two way Exchange of Data It is possible to combine operations which both
involve both input and output. Suppose we have the transitions:

A0
e(w, x)|x← Op1(w)−−−−−−−−−−−−−−−−−→A1

B0
e(y, z)|y ← Op2(z)−−−−−−−−−−−−−−−−→B1

This will give us the following transition in A ‖ B

A0, B0
e(x, y)|x, y ← Op3(x, y)−−−−−−−−−−−−−−−−−−−→A1, B1

where:

s, t← Op3(u, v) =̂ var a, b@
(a← Op1(u) ‖ b← Op2(v));
(u = b ∧ v = a) =⇒ (s := u ‖ t := v)

If the exchange involves only A and B we can suppress the output parameters,
and express the combined transition as:

A0, B0
e(x, y)|Op3(x, y)−−−−−−−−−−−−−−→A1, B1
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where:

Op3(u, v) =̂ var a, b@(a← Op1(u) ‖ b← Op2(v));
(u = b ∧ v = a) =⇒ skip;

To model an exchange of data we have used our parametrized events to
positionally match the output of each transition with the input of the other. i.e.
in machine A’s transition we have the event e(w, x) where w is an input and
x an output, and in B’s transition we have e(y, z) where y is an output and x
an input. We needed to call upon the parametrization of the event e to match
A’s input with B’s output and vice-versa. Note that there is another, possibly
less useful, scenario allowed by our semantics, which matches up the inputs of
the two transitions with each other, and matches the outputs with each other.
The parametrizations of the operations themselves are insufficient to distinguish
the two scenarios, because the B syntax for representing inputs and outputs
of operations loses the required positional information. This is one reason for
distinguishing events from operation names. Another is that events are semantic
objects in our universe of discourse, whereas operation names appear to exist at
a meta level, as part of the language with which we describe that universe. For
an approach that does not make this distinction see [4].

3.3 Other Cases

We have only considered transitions for events described by some function e and
systems A and B such that ran(e) ⊆ repertoire(A) and ran(e) ⊆ repertoire(B).
This will not be the case where we parametrize events with the identity of the
machine they are associated with, as we did with in(2, C) (C inserts £2) and
in(1, D) (D inserts £1) in our second vending machine example. Here the pa-
rameters C and D are introduced precisely to distinguish the events of machine
C from those of machine D. Such cases do not introduce any significant compli-
cations, but we do not have space to consider them here.

4 The Treatment of Output Operations when Translating
Abstract State Machines to B Action Systems

In our initial example machines we avoided any mention of output operations.
In the previous two sections we have considered the translation of high level
Abstract State Machine transitions into sets of primitive transitions, and the
combination of high level Abstract State Machines by combining pairs of transi-
tions. In both cases the treatment of output operations involved us in assigning a
value and then attempting to execute a guarded operation which not fire unless
the previous assignment caused its guard to be true. Operationally, we could
think of such an arrangement in terms of backtracking. if the wrong assignment
is made, the operation in question will back track to the point the assignment
was made and try another value if it can.
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Fig. 3. Invoice Clerk

We now show how output operations are handled when translating an Ab-
stract State Machine into an Action System. We use an example machine taken
from an invoicing system. The particular machine we will consider performs the
duties of an invoicing clerk. The Abstract State Machine diagram is shown in
figure 3.

The invoice clerk receives details of stock and details of orders, and then
processes the orders until all orders have either been converted into invoices, or
have become failed orders (unable to be met from current stock). He then outputs
details of the invoiced orders and becomes ready to process the next batch.1 We
will assume, without giving further details, a data machine InvoiceClerkData
which describes the internal data held by the invoice clerk and provides the
1 This machine provides two nice examples of how the ability to express behaviour can

simplify system specification. Firstly, to specify the processing of a batch of orders we
are able to make use of Process order, the specification of an operation to process
a single order. Secondly, we can use the outer loop to specify, within the operation
T invoices, that failed orders will be re-queued as pending orders to be retried next
time round.
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operations Tstock (transfer stock), Torders (transfer orders), Process order
and Tinvoices (transfer invoices).

The B Action System corresponding to the data clerk machine is:

Machine InvoiceClerk
Includes InvoiceClerkData
Sets State = {A0, A1, A2, A3}
Variables state
Invariant state ∈ STATE
Initialisation state := A0
Operations
tstock(s) =̂ state = A0 =⇒ state := A1 ‖ Tstock(s)
torders(o) =̂ state = A1 =⇒ state := A2 ‖ Torders(o)
process order =̂ state = A2 =⇒ skip ‖ Process order
tinvoices(i) =̂

state = A3 =⇒ state := A0 ‖
var i′@i′ ← Tinvoices; i = i′ =⇒ skip

In the Abstract State Machine, to see that the parameter i in the event
tinvoices(i) represents an output, we have to refer to the associated B operation
i ← Tinvoices. We mirror this approach in the corresponding Action System.
The operation tinvoices(i) can only fire with a value of i which corresponds to
the value that will be output by the data level operation i ← Tinvoices. Any
other value will cause the operation to be disabled, because the guard i = i′ will
be false.

By means of this approach, we encapsulate the distinction between input and
output at the inner level of the data machine. Operations that mimic events have
no outputs, but only inputs. Freeing ourselves from outputs, which cannot be
considered as true parameters, enables us to extend the correspondence between
the events of Abstract State Machines and the operations of the isomorphic B
action system to cover parametrized as well as primitive events.

It also makes it very easy to combine our Action Systems in parallel. For
example, the invoicing system of which the InvoiceClerk Action System is a part
will include InvoiceClerk.InvoiceClerk and InventoryClerk.InventoryClerk,
where the inventory clerk machine also includes an operation tinvoices(i) which
will receive the invoices output by the invoice clerk. In the combined system the
operation will appear as:

tinvoices(i) =̂ InvoiceClerk.tinvoices(i) ‖ InventoryClerk.tinvoices(i)

4.1 Choice

Our theory allows us several different kinds of choice, which we might term
provisional, irrevocable and clairvoyant.

Provisional choice arises when we combine choice and sequence at the GSL
level. For example consider:

(x := 1 []x := 2);x = 1 =⇒ skip
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Here we have a sequence of two commands in which the first appears to give
us a choice of assigning either 1 or 2 to x. However, B’s predicate transformer
calculus tells us the sequence terminates with x = 1. Note that if we assign 2 to
x, the guard of the following command becomes false. As Nelson has remarked
in the context of his own abstract command language,[7] an operational inter-
pretation would be to think of a false guard as forcing a sequence to backtrack
and make a different choice. We have used a similar technique when dealing with
output “parameters”.

The kind of choice we exercise in making Abstract State Machine transitions,
on the other hand, is irrevocable. Once a transition has been made at the state
machine level it cannot be reversed. If all further transitions are inhibited by
false guards the system is deadlocked.

For an example of clairvoyant choice, suppose machine A has a transition:

A0
in(x)|Op(x)−−−−−−−−−−→A1

where Op(u) =̂ (u = 3) =⇒ S. When machine A is in state A0 it is expecting
an input value, but is fussy about the input it will accept. The transition which
accepts the input will only fire if the offered input has the value of 3. Thus in
our calculus an Abstract State Machine can see an input value before it arrives,
and decide to ignore it if it considers the value to be invalid. This is very useful
in modelling the event driven interfaces generated by visual programming envi-
ronments. Consider, for example, a delete file operation. At the implementation
level the application presents the user with a list of files that are available for
deletion. The user selects a file from the list, and when satisfied with his choice
presses an “ok” button. The file is than deleted. Most of this detail can be ab-
stracted away at the specification level, and we only model the operation that
occurs when the user activates the “ok” button after having selected a valid
choice of file.

5 Refinement

As with B Abstract Machines, our intuitive concept of refinement is based on the
idea of an observer, armed with the specification of an abstract system A and
actually observing a system that conforms to a more concrete specification C.
We say that C is a refinement of A if C does not allow any behaviour that would
lead the observer to conclude the machine did not conform to the specification
of A.

With Abstract Machines, operational refinement allows us to strengthen
guards and weaken pre-conditions. By strengthening guards we reduce the possi-
ble responses of the system, but those that remain still accord with the abstract
specification. In fact we can strengthen guards to the point at which an opera-
tion becomes non-feasible. The ultimate refinement of all operations is magic,
which can be defined as false =⇒ skip. All states existing after the execution
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of magic satisfy any post condition we care to formulate, which is equivalent to
saying there are no such states.

Strengthening guards in the operations of an Abstract State Machine also
reduces non-determinism, and if pursued beyond a certain point will lead to
deadlock. Just as magic is the ultimate refinement of any abstract machine
operation, so the deadlocked Abstract State Machine is the absolute refinement
of any Abstract State Machine. Also, just as refinement of AMN operations
incurs the obligation to prove feasibility if we want to obtain an operation that
can be implemented, so the refinement of Abstract State Machines incurs proof
obligations concerning freedom from deadlock. Note however that, unlike magic,
the deadlocked Abstract State Machine is possible to implement.

The operations of a B Abstract Machine have pre-conditions which inform
as when the operations are safe to use (in the sense that they will be sure to
terminate). In an Abstract State Machine, we are actually using the operations,
and we have the obligation to check that the behavioural context we impose on
an operation will ensure its pre-condition. Once this is established, we are free
to widen pre-conditions as we normally are able to do in operational refinement.
We know, of course, that these wider conditions will never be exercised.

The operations of a B Abstract Machine should be feasible to allow their
implementation. In a B Action System, the individual operations may be partial
(not everywhere feasible) as the guard is now interpreted as a firing condition.
We similarly make use of partial operations in Abstract State Machines.

The parallel composition of Abstract State Machines is monotonic with re-
spect to refinement. This allows us to implement an Abstract State Machine Sys-
tem by implementing its individual component machines. Freedom from dead-
lock, however, cannot be assured by proving freedom from deadlock in all con-
stituent machines. It must be considered globally.

The theory of “time refinement”[1] is applicable to Abstract State Machines.
In this theory we allow refinements to introduce new events not seen in the
abstract system. Our observer, armed with the abstract system specification,
ignores these extra events when observing the concrete system. He merely verifies
that the events detailed in his abstract specification occur as required.

6 Time

We have not found space to include examples involving time, but in [9] we use a
Z based version of this formalism to specify a distributed ticket booking system
with timeouts. The basic technique for handling time is to introduce an event,
tick, supposed to occur at regular time intervals. Introduction of the tick event
incurs the “King Canute proof obligation” (time and tide wait for no man). I.e.
for any system with tick in its repertoire it must always be possible for another
tick to occur at some future point in the systems behaviour.
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7 Conclusions

We have sketched some ideas for a calculus of Abstract State Machines. These
provide an expressive means of specifying and modelling distributed and reactive
systems.

We can use multiple Abstract State Machines to model distributed systems.
Such machines may be combined into a single Abstract State Machine. The
motivation for combining machines in this way is not to aid implementation,
but rather to provide an overall mathematical model of system behaviour.

To make use of the B Toolkit in analysing such a model, we can translate
Abstract State Machines into B Action Systems. These Action Systems are very
simple to combine together, but their operations necessarily involve sequencing,
which is not traditionally available at the B Abstract Machine level.

The need for sequencing arises from our desire to forge a correspondence be-
tween parametrized events in Abstract State Machines, and parametrized opera-
tions in Action Systems. Events may be freely parametrized, but the parametriza-
tion of operations is more restricted; for example we cannot replace an output
parameter by a constant, as this could yield an invalid substitution. We have
reconciled events and operations by making use of the GSL’s ability to express
backtracking and clairvoyant choice.

References

1. J R Abrial. Extending B without Changing it (for Developing Distributed Systems).
In H Habrias, editor, The First B Conference, ISBN : 2-906082-25-2, 1996.

2. Jean-Raymond Abrial. The B Book. Cambridge University Press, 1996.
3. M Butler and M Waldén. Distributed System Development in B. In H Habrias,

editor, The First B Conference, ISBN : 2-906082-25-2, 1996.
4. M J Butler. An approach to the design of distributed systems with B AMN. In

J P Bowen, M J Hinchey, and Till D, editors, ZUM ’97: The Z Formal Specification
Notation, number 1212 in Lecture Notes in Computer Science, 1997.

5. A J Galloway and Stoddart W J. An Operational Semantics for ZCCS. In M J
Hinchey, editor, Proc of ICEEM, 1997.

6. K Lano. Specifying Reactive Systems in B AMN. In J P Bowen, M J Hinchey,
and Till D, editors, ZUM ’97: The Z Formal Specification Notation, number 1212
in Lecture Notes in Computer Science, 1997.

7. Greg Nelson. A Generalization of Dijkstra’s Calculus. ACM Transactions on Pro-
gramming Languages and Systems, Vol 11, No. 4, 1989.

8. W J Stoddart. The Event Calculus, vsn 2. Technical Report tees-scm-1-96, Univer-
sity of Teesside, UK, 1996.

9. W J Stoddart. An Introduction to the Event Calculus. In J P Bowen, M J Hinchey,
and Till D, editors, ZUM ’97: The Z Formal Specification Notation, number 1212
in Lecture Notes in Computer Science, 1997.



Layering Distributed Algorithms within the
B-Method

M. Waldén
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Abstract. Superposition is a powerful program modularization and struc-
turing method for developing parallel and distributed systems by adding
new functionality to an algorithm while preserving the original compu-
tation. We present an important special case of the original superpo-
sition method, namely, that of considering each new functionality as a
layer that is only allowed to read the variables of the previous layers.
Thus, the superposition method with layers structures the presentation
of the derivation. Each derivation step is, however, large and involves
many complicated proof obligations. Tool support is important for get-
ting confidence in these proofs and for administering the derivation steps.
We have chosen the B-Method for this purpose. We propose how to ex-
tend the B-Method to make it more suitable for expressing the layers and
assist in proving the corresponding superposition steps in a convenient
way.

1 Introduction

Superposition is a powerful program modularization and structuring method
for developing parallel and distributed systems [4,11,13]. In the superposition
method some new functionality is added to an algorithm in the form of additional
variables and assignments to these while the original computation is preserved.
The superposition method has been formalized as a program refinement rule for
action systems within the refinement calculus and has succesfully been used for
constructing distributed systems in a stepwise manner [5]. We use action systems
extended with procedures [14] to be able to represent them as distributed systems
where the communication is handled by remote procedure calls.

Since the distributed algorithms are often large and complicated, we need a
good way to represent them. In the superposition method a new mechanism is
added to the algorithm at each step. We can consider each new mechanism as a
new layer of the algorithm. The resulting distributed algorithm will, thus, be of
a structured form consisting of a basic computation and a set of layers.

The derivation using layers is in fact an important special case of the original
superposition refinement for action systems [4,5]. It is, however, powerful enough
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for deriving interesting distributed algorithms [15]. Even if the superposition re-
finement with layers is easier to prove than the original superposition refinement
rule [5], it still yields large refinement steps with many complicated proof obliga-
tions, and tool support is important for getting confidence in these proofs and for
administering the derivation steps. Recently, Waldén et al. [8,17,18] have shown
how to formalize action systems in the B-Method [1]. We use this work as a
basis for providing tool support for our method. In order to be able to represent
the layers as well as to prove the corresponding superposition steps in a more
convenient way, we propose an extension to the B-Method. This extension is in
line with the previously proposed extensions by Abrial [2] and Butler et al. [7,8]
to make it possible to derive distributed algorithms within the B-Method.

Hence, in this paper we will present the superposition derivation in a struc-
tured way with layers and propose how to extend the B-Method to handle these
layers when deriving distributed algorithms. We put special emphasis on showing
how to represent procedures within the layering method. Thereby, we are able
to handle the communication within the distributed algorithms using remote
procedure calls in a uniform manner. Furthermore, we show how to provide tool
support for proving the correctness of the refinement steps within the superpo-
sition method with layers. An example of the layering method is given in [15].
We assume familiarity with the B-Method.

Overview: In section 2 we describe the action system formalism within the B-
Method extending our previous work with procedures. In section 3 we describe
how these action systems are refined into distributed systems using superposition
refinement with layers. We also show how this refinement could be performed
within the B-Method and propose the needed machines and operations on these.
Finally, we end with some concluding remarks in section 4.

2 Action Systems

We use the action systems formalism [4,6,14] as a basis for constructing dis-
tributed algorithms. We first give a brief overview of action systems representing
them within an extended B-notation. Special emphasis is put on the procedure
mechanism. The ideas within the original B-Method are used as far as possible.

2.1 The Action Systems Formalism

An action system A is a machine of the form:
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MACHINE A

INCLUDES
GlobalV ar z,

GlobalProcA p1, . . . , GlobalProcA pm,
GlobalProcE r,
LocalProcsA q

VARIABLES
x

INVARIANT
I(x, z)

INITIALISATION
x := x0

ACTIONS
a1 =̂ A1;
. . .
an =̂ An

END

on the state variables x and z. Each variable is associated with some domain
of values. The set of possible assignments of values to the state variables con-
stitutes the state space. The local variable x is declared and initialised within
the variables- and initialisation-clauses. It is referenced only within the actions
and procedures of A. The variable z is the global variable of A and is unlike x
assumed to be referenced in several action systems. Therefore, following the B-
Method it is declared in a separate machine GlobalVar z which is then included
in machine A. The global and the local variables are assumed to be distinct. The
invariant I(x,z) of the action system gives the domain of the local variable x and
states the relation between the variables x and z in the invariant-clause.

The procedures p1, . . . , pm in A are the exported global procedures and are
declared in the machine GlobalProcA p. These procedures are also called from an
environment E , i.e. from another action system thanA. The way the environment
E and the action system A are composed is, however, not a topic of this paper.
We refer to Sere and Waldén [14] for more information. The local procedures
q of A are called only from A. Since a procedure and the statement calling
it should be in different machines according to the B-Method, we also declare
the local procedures in a separate machine LocalProcsA q. The imported global
procedure r is declared within the environment E in the machine GlobalProcE r,
but is also called from A and is included in A via this machine. The global
procedures r and p are assumed to be distinct from the local procedures q.

The actions Ai of A are given in the actions-clause. Each action Ai in this
clause is named ai and is of the form SELECT gAi THEN sAi END, where
the guard gAi is a boolean expression on the state variables x and z and the body
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sAi is a statement on these state variables. We say that an action is enabled in
a state when its guard evaluates to TRUE in that state.

The behaviour of an action system is that of Dijkstra’s guarded iteration
statement [9] on the state variables: the initialisation statement is executed first,
thereafter, as long as there are enabled actions, one action at a time is nonde-
terministically chosen and executed. When none of the actions are enabled the
action system terminates. The procedures in the action system are executed via
the actions.

The global variable z in A is declared in a separate machine GlobalVar z.
This machine is of the following form:

MACHINE GlobalV ar z

VARIABLES
z

INVARIANT
P (z)

INITIALISATION
z := z0

OPERATIONS
assign z(y) =̂ PRE P (y) THEN z := y END

END

It gives the domain of the variable z in P(z). Furthermore, the variable z is
assigned merely via procedure calls. For example, in machine A a new value y
is assigned to z via the procedure call assign z(y).

Procedures Within Action Systems. The procedures of an action system
are, like the global variables, declared in separate machines. Before we look at the
machines declaring the procedures, let us first study the procedures in general.

A procedure is declared by giving a procedure header, p, as well as a procedure
body, P . The header gives the name of the procedure while the body consists of
statements on the state variables of the action system in which the procedure is
declared as a local or an exported global procedure. The call on a parameterless
procedure p =̂ P within the statement S is determined by the substitution:

S = S[P/p].

Thus, the body P of the procedure p is substituted for each call on the procedure
in the statement S, i.e. the statement is expanded.

The procedures can also pass parameters. There are three different mech-
anisms of parameter passing for procedures in an action system: call-by-value,
call-by-result and call-by-value-result. Call-by-value is denoted as p(f), call-by-
result as f ← p and call-by-value-result as f ← p(f), where p is a procedure and
f is a formal parameter.
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Procedures with parameters can be expanded in the same way as procedures
without parameters. Let y′, z ← p(x, y) =̂ P be a procedure declaration, where
x, y and z are formal parameters. We note that due to B restrictions the value-
result parameter y is renamed to y′ on the lefthand side in the declaration. Then
a call on p with the actual parameters a, b and c can be expanded in the following
way

S = S[P ′/b, c← p(a, b)],

where P ′ can be interpreted as the statement

VAR x, y, y′, z IN x := a; y := b; P ; b := y′; c := z END.

Thus, the formal parameters x, y and z in P are replaced by the actual parameters
a, b and c, respectively, when substituting the procedure body P for the call
b, c← p(a, b).

We also permit the procedure bodies to have guards that are not equivalent
to TRUE. If an action calls a procedure that is not enabled, the system acts
as if the calling action never was enabled. Thus, the enabledness of the whole
statement is determined by the enabledness of both the action and the procedure.
The calling action and the procedure are executed as a single atomic entity. This
can easily be seen by an example. Let us consider the action

A =̂ SELECT gA THEN sA || P END

and the procedure declaration

P =̂ SELECT gP THEN sP END.

The statements sA and sP are assumed to be non-guarded statements. Expand-
ing the action A then gives the following action:

SELECT gA ∧ gP THEN sA || sP END,

when sA terminates. Thus, the guard of the action A is gA∧gP . In case we allow
sequential composition within the action A, we have to take the substitution sA
into account when forming the guard. The action A is then of the form:

SELECT gA ∧ ¬wp(sA, ¬gP ) THEN sA; sP END,

where wp denotes the weakest precondition predicate transformer [9]. Hence,
the action calling a procedure and the procedure itself are synchronized upon
execution.

The procedure declaration can be interpreted as receiving a message, while
the procedure call in an action models the sending of a message, i.e., the proce-
dure is executed upon ‘receiving’ a call with the actual parameters ‘sent’ from
the action. Procedures in action systems are described in more detail by Sere
and Waldén [14].



248 M. Waldén

Let us now return to the procedure declarations of the action system A. The
exported procedure pi of A is included via the machine GlobalProcA pi:

MACHINE GlobalProcA pi

GLOBAL PROCEDURES
pi =̂ Pi

END

This procedure is declared in the global procedures-clause. Each exported global
procedure is included via a separate machine, so that another action system
calling such a procedure can include exactly the procedures that it needs. Since
the machine GlobalProcA pi does not have a state space of its own, we here
postulate that the procedure pi refers to the state space of A by giving A within
the machine name. Considering the B restrictions this state space problem can
for example be solved by allowing the procedure pi to change the state space of
A via its parameters [16].

Also each imported global procedure of A is included in A via a separate ma-
chine. The imported global procedure r is declared within the global procedures-
clause in the machine GlobalProcE r:

MACHINE GlobalProcE r

GLOBAL PROCEDURES
r =̂ . . .

END

It is only the headers of the imported procedures that are of interest to us. The
bodies of the imported procedures can, therefore, be given as SKIP or remain
undefined. The imported global procedures are considered to be declared in
the environment E and to reference the state variables of E as indicated in the
machine name.

The local procedures can all be declared in the same machine, LocalProcsA q,
since they are all called within A and only within A. These procedures are de-
clared in the local procedures-clause as follows:

MACHINE LocalProcsA q

LOCAL PROCEDURES
q1 =̂ Q1;
. . .
ql =̂ Ql

END

and reference the state variables, x and z, of A.
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Notation: We use the standard B-notation with the exception of the clauses
ACTIONS, GLOBAL PROCEDURES and LOCAL PROCEDURES.
These clauses are used for representing the corresponding constructs of the ac-
tion systems. They are merely renamings of the clause OPERATIONS in order
to separate the different constructs of the action systems.

2.2 Distributed Action Systems

An action system can be considered to have a process network associated to it.
This can be done either by assigning each action to a process or by assigning
each state variable to a process. The processes execute the actions concurrently
guaranteeing the atomicity of the actions.

Let us consider an example where we assign variables to processes. We assume
that a variable load i is assigned to the process i. For example, if an action A
has a guard of the form load i < T ∧ load j ≥ T , where T is a constant, then
action A refers to variables of both the processes i and j. The action A is, thus,
shared by these processes and they need to co-operate to execute A. In case
action A would refer merely to variables that are assigned to process i, only
process i is needed to execute action A and we consider action A to be local to
this process i. An action system is considered to be distributed, if all its actions
are local to some process. The values of the variables assigned to other processes
are then communicated to the process, e.g., via remote procedure calls between
the processes.

If two actions are independent, i.e. they do not have any variables in common,
they can be executed in parallel. Their parallel execution is then equivalent to
executing the actions one after the other, in either order. A distributed action
system with merely local actions has many independent actions and, thus, also
a high degree of parallelism.

We introduce procedures into an action system in order to distribute it. Let
us, for example, consider the action system A containing only action A shared
by the processes i and j:

A =̂ SELECT load i < T ∧ load j ≥ T
THEN load j := load i || load i := load i + 1 END.

We can rewrite A as the action A′:

A′ =̂ SELECT load i < T THEN P (load i) || load i := load i + 1 END,

calling the procedure P (e):

P (e) =̂ PRE e ≥ 0 THEN (SELECT load j ≥ T THEN load j := e END) END.

The procedure P (e) is located in another machine than A′ and is included in the
machine of A′ as explained previously. Let us denote the action system containing
A′ and P with A′. This action system is equivalent to A, since introducing
procedures into an action system only involves rewriting of this action system.
Furthermore, A′ is a distributed action system, since the action A′ is local to
process i and the procedure P is local to process j.
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3 Refinement Using Layers

When deriving distributed systems we rely on the superposition method, which is
a modularization and structuring method for developing parallel and distributed
systems [4,5,11,13]. At each derivation step a new functionality is added to the
algorithm while the original computation is preserved. The new functionality
could, for example, be an information gathering mechanism that replaces the
direct access to shared variables. Thus, by applying the superposition method
to a program, we can increase the degree of parallelism of the program and
distribute the control in the program.

Since the superposition refinement is a special form of data refinement, we
first describe the data refinement of action systems generally and then concen-
trate on the superposition refinement with layers.

3.1 Data Refinement

The superposition method has been formalized as a rule within the refinement
calculus, which provides a general formal framework for refinements and for ver-
ifying each refinement step. However, it has been shown [7,8,17,18] how the data
refinement within the refinement calculus, and in particular the superposition
refinement rule, correspond to the rules within the B-Method.

Let S be a statement on the abstract variables x, z and S′ a statement on
the concrete variables x′, z. Let the invariant R(x, x′, z) be a relation on these
variables. Then S is data refined by S′ using the data invariant R, denoted
S vR S′, if for any postcondition Q

R ∧ wp(S, Q)⇒ wp(S′, (∃x.R ∧Q))

holds.
Data refinement of actions can now be defined, considering that the weakest

precondition for an action A [5] of the form SELECT gA THEN sA END is
defined as:

wp(A, R) =̂ gA⇒ wp(sA, R).

Let A be an action on the program variables x, z and A′ an action on the
program variables x′, z. Let again the invariant R(x, x′, z) be a relation on these
variables. Then A is data refined by A′ using R, denoted A vR A′, if

(i) {gA′}; sA vR sA′ and
(ii) R ∧ gA′ ⇒ gA.

Intuitively, (i) means that A′ has the same effect on the program variables that
A has when R holds assuming that A′ is enabled, and moreover, A′ preserves R.
The condition (ii) requires that A is enabled whenever A′ is enabled provided R
holds.

The data refinement of statements can be extended to the data refinement
of procedures [14]. Let us consider the procedure header v ← p(u) with the
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value parameter u and the result parameter v for the procedure P , as well as the
abstraction relation R(x, x′, z, u, v), where x, z are the variables in the procedure
P and x′, z are the variables in the refined procedure P ′, such that P vR P ′. It
then follows that the call b← p(a) on the original procedure P is refined by the
call b← p(a) on the refined procedure P ′, due to:

VAR u, v IN u := a; P ; b := v END vR VAR u, v IN u := a; P ′; b := v END.

3.2 Superposition Refinement with Layers

The superposition refinement is a special form of refinement where new mech-
anisms are added to the algorithm without the computation being changed
[4,5,11,13]. The new functionality that is added involves strengthening of the
guards by taking into consideration the auxiliary variables and including assign-
ments to these variables in the bodies of the actions and procedures. Therefore,
when representing the superposition refinement we only need to introduce the
new mechanism, i.e., the auxiliary variables and the computation on them, as a
layer at each refinement step instead of the whole new algorithm.

The Layer. Let us consider the action system A and the new mechanism added
to A only by strengthening the guards of the procedures and actions in A, as
well as adding some statements to them. The new mechanism is given as the
layer machine M. Let A andM be as follows:
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MACHINE A

INCLUDES
GlobalV ar z,
GlobalProcA p1, . . . , GlobalProcA pk,
GlobalProcE r,
LocalProcsA q

VARIABLES
x

INVARIANT
I(x, z, f)

INITIALISATION
x := x0

ACTIONS
a1 =̂ SELECT gA1

THEN sA1 END;
. . .
am =̂ SELECT gAm

THEN sAm END

END

LAYER M

SUPERPOSES A
INCLUDES

GlobalProcA p+
1 , . . . , GlobalProcA p+

k ,

LocalProcsA q+

VARIABLES
y

INVARIANT
R(x, y, z, f)

INITIALISATION
y := y0

ACTIONS
a1 =̂ SELECT gA+

1
THEN sA+

1 END;
. . .
am =̂ SELECT gA+

m

THEN sA+
m END

AUXILIARY ACTIONS
b1 =̂ SELECT gB1

THEN sB1 END;
. . .
bn =̂ SELECT gBn

THEN sBn END
END

In the layer M the superposes-clause states that the mechanism is to be added
to the action system A. Only the auxiliary variables y and the new guards
and statements on these, which form the mechanism, are given in this layer.
The layer can, however, read the previously declared variables. The invariant
R(x, y, z, f) gives the relation between the auxiliary variables y in M and the
previously declared variables x, z in A, as well as the formal parameters f . In
the actions Ai the parts of the guards and the bodies that concern the auxiliary
variable y are given as gA+

i and sA+
i , respectively. The auxiliary actions B of

the layer are presented for the first time in the derivation and are given in the
auxiliary actions-clause. This clause is an operations-clause for actions with no
corresponding actions in the superposed action system A. In the next derivation
step these actions will not be considered auxiliary anymore, since they will then
already exist from the previous step.

The new functionality is also considered in the global procedures pi and
the local procedures qi in the same way as in the actions Ai. In the procedure
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INCLUDES
SUPERPOSES

LocalProcA_q+

GlobalProcA_p A

M

LocalProcA_q

LAYER

ACTION SYSTEM

GlobalProcA_p+

GlobalVar_zGlobalProcE_r

Fig. 1. Overview of the machines and their relations in a layered action system.

layers we state that the procedure layer GlobalProcA p+
i is superposed on the

previously given global procedure GlobalProcA pi. The global procedure pi in
GlobalProcA pi and its additions in GlobalProcA p+

i are given as follows:

MACHINE GlobalProcA pi

GLOBAL PROCEDURES
pi =̂ SELECT gPi

THEN sPi END
END

LAYER GlobalProcA p+
i

SUPERPOSES GlobalProcA pi

GLOBAL PROCEDURES
pi =̂ SELECT gP+

i

THEN sP+
i END

END

The local procedures qi in LocalProcsA q and their additions in the layer ma-
chine LocalProcsA q+ are given in the same way:

MACHINE LocalProcsA q

LOCAL PROCEDURES
q1 =̂ SELECT gQ1

THEN sQ1 END;
. . .
ql =̂ SELECT gQl

THEN sQl END
END

LAYER LocalProcsA q+

SUPERPOSES LocalProcsA q

LOCAL PROCEDURES
q1 =̂ SELECT gQ+

1
THEN sQ+

1 END;
. . .
ql =̂ SELECT gQ+

l

THEN sQ+
l END

END

In Figure 1 we give an overview of the action system A, the layerM as well
as their included variables and procedures and show how they are related. We
have chosen to include only one exported global procedure (k = 1), in order to
reduce the amount of detail in the figure.
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The refined action system is attained by adding the layerM to the original
action system A. Thus, the layer machine M and the superposes-clause con-
taining A can be interpreted as a refinement machine A+M that refines A as
follows:

REFINEMENT A + M

REFINES A
INCLUDES

GlobalV ar z′,
GlobalProcA p′

1, . . . , GlobalProcA p′
k,

GlobalProcE r′,
LocalProcsA q′

VARIABLES
x, y

INVARIANT
I(x, z, f) ∧ R(x, y, z, f)

INITIALISATION
x := x0 || y := y0

ACTIONS
a1 =̂ SELECT gA1 ∧ gA+

1 THEN sA1; sA+
1 END;

. . .
am =̂ SELECT gAm ∧ gA+

m THEN sAm; sA+
m END

AUXILIARY ACTIONS
b1 =̂ SELECT gB1 THEN sB1 END;
. . .
bn =̂ SELECT gBn THEN sBn END

END

The variables of the refined action system A +M are the variables of A and
M. The invariant R in A+M is the conjunction of the invariants of A andM.
Furthermore, by parallel composition of the initialisations in A andM we form
the initialisation of A +M. In order to get the guard of the refined action Ai

we join the guards gAi in A and gA+
i in M using conjunction, i.e., gAi ∧ gA+

i .
By adding the statements sAi in A and sA+

i inM using sequential composition
we get the refined statement sAi; sA+

i . We have chosen to model the adding
of statements with sequential composition for purity. The composition could
equally well be modelled with parallel composition [3].

The procedures pi and qj of A + M are generated in the same way as
the actions. The refined global procedures pi are included via the machine
GlobalProcA p′

i and the refined local procedures qj via LocalProcsA q′. We
note that the imported global procedure r as well as the global variable z in
A +M remain the same as in A. However, following the B restrictions the
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machines GlobalV ar z and GlobalProcE r are renamed to GlobalV ar z′ and
GlobalProcE r′ in the refinement.

The Rule. We will now study the correctness of this superposition refinement
with layers. Let us consider the action system A and the layer M given above.
Furthermore, let gA be the disjunction of the guards of the actions Ai in A
and gA+ and gB the disjunctions of the guards of the actions Ai and Bj in
M. The action Ai + A+

i is the result of adding action Ai in A and A+
i in M.

Then the action system A is correctly data refined by the action system A+M,
A vR A+M, using R(x, y, z, f), where f denotes the formal parameters of the
exported global procedures Pi, if

(1) the initialisation in A+M establishes R for any initial value on f ,
(2) each refined global procedure, Pi+P+

i inA+M, preserves the data invariant
R,

(3) if a global procedure Pi is enabled in A, so is Pi + P+
i in A +M or then

some actions in A+M will enable Pi + P+
i ,

(4) every refined action Ai + A+
i in A+M preserves the data invariant R,

(5) every auxiliary action Bi is a data refinement of the empty statement SKIP
using R,

(6) the computation denoted by the auxiliary actions B1, . . . , Bn terminates
provided R holds, and

(7) the exit condition ¬(gA+ ∨ gB) of M implies the exit condition ¬gA of A
when R holds.

If action system A occurs in some environment E , we have to take this envi-
ronment into account with an extra condition on the refinement. Thus, for every
action in E :
(8) the environment E does not interfere with the action system A, and it es-

tablishes the data invariant.

The superposition refinement with layers is expressed formally in the follow-
ing theorem:

Theorem 1 (Superposition refinement with layers). Let A and M be as
above. Furthermore, let gA be the disjunction of the guards of the actions Ai in
A, and gA+ as well as gB the disjunctions of the guards of the actions Ai and
Bj in M. Then A vR A +M, using R(x, y, z, f), where f denotes the formal
parameters of the exported global procedures Pi, if

(1) R(x0, y0, z0, f),
(2) R ⇒ wp(Pi + P+

i , R), for i = 1, . . . , k,
(3) R ∧ gPi ⇒

((gPi ∧ gP+
i ) ∨ wp(WHILE ¬(gPi ∧ gP+

i ) DO
(CHOICE A1 + A+

1 OR . . . OR Am + A+
m

OR B1 OR . . . OR Bn END)
END, TRUE)),

for i = 1, . . . , k,
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(4) R ⇒ wp(Ai + A+
i , R), for i = 1, . . . , m,

(5) SKIP vR Bi, for i = 1, . . . , n,
(6) R ⇒ wp(WHILE gB DO (CHOICE B1 OR . . . OR Bn END) END, TRUE),
(7) R ∧ ¬(gA+ ∨ gB) ⇒ ¬gA.

Furthermore,

(8) R ∧ wp(Ei, TRUE)⇒ wp(Ei, R), for i = 1, . . . , h.

when the environment E of A contains the actions E1, . . . , Eh.

We note that the superposition refinement with layers is a special case of the
superposition refinement presented by Back and Sere [5]. The conditions (1), (2),
(4) and (5) originate from the data-refinement conditions. Since the guards of
the refined actions/global procedures in A+M of the form gAi ∧ gA+

i trivially
imply the guards of the corresponding old actions/global procedures in A of the
form gAi, and the computation of A is obviously not changed in A+M, we only
have to show that the refined procedures and actions preserve the data invariant
R in the conditions (2) and (4) in order to prove that the global procedures and
the actions of A +M are correct refinements of the corresponding procedures
and actions in A. Condition (6) can be referred to as a non-divergence condition
for the auxiliary actions, while conditions (3) and (7) are progress conditions for
the global procedures and the actions, respectively.

Proof Obligations for the Layers Within the B-Method. Previously,
Waldén et. al. have shown [8,17,18] how to prove that an action system is a
refinement of another action system, A vR A +M, within the B-Method. In
particular they showed that the proof obligations generated within the B-Method
imply the conditions within the superposition refinement method. However, they
used the machine specification A and the refinement machine A +M in order
to prove the superposition refinement A vR A+M.

Since a purpose of using layers in the derivation is to decrease the amount
of redundant information of the algorithm within the derivation, we will now
discuss how to extend the B-method in order to generate proof obligations that
correspond to the conditions of the superposition refinement with layers in The-
orem 1 directly from the machine specification A and the layer machine M.

The proof obligations for the conditions (1), (2), (4) and (5) can easily be
generated considering the statements in the initialisation-clause and the proce-
dures and actions in the global procedures-, the actions- and the auxiliary actions-
clauses. These proof obligations would even be part of the proof obligations cre-
ated for the corresponding constructs in the original B-Method. We note that
the procedures and the actions given as Pi + P+

i in the theorem all are of the
form SELECT gPi ∧ gP+

i THEN sPi; sP+
i END and their preconditions are

considered to have the value TRUE. The progress condition (7) can also directly
be generated from the guards of the actions and the auxiliary actions in the layer
M and the guards of the actions in the machine A.
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The proof obligations for the conditions (3) and (6) involves calculating the
weakest precondition of a WHILE-loop and are not as trivial to generate as
the proof obligations for the other conditions. In order to generate the proof
obligations for a WHILE-loop, an invariant and a variant are needed. Since in
order to prove the loop:

WHILE G DO S END

with INVARIANT R and VARIANT E the following conditions need to be
proven:

(i) R⇒ E ∈ N,
(ii) (∀l. (R ∧G)⇒ [n := E]([S](E < n))),

where l denotes the variables modified within the loop. Thus, (i) the variant E
should be an expression yielding a natural number, and (ii) when the guard G
of the loop holds, the body S should decrease the variant E. The invariant given
in the layer machine can serve as the loop invariant for the conditions (3) and
(6). The variant for the loop of the condition (3) should be an expression that
is decreased each time an action of A +M is executed. This variant could be
given in a variant-clause in the layer machineM. Condition (6) contains a loop
of the auxiliary actions and, thus, we also need a variant that is decreased each
time an auxiliary action inM is executed. This variant could also be introduced
within the layer machineM in a separate clause called auxvariant to distinguish
it from the other variant. Using these clauses containing the variants as well as
the global procedures, actions and auxiliary actions from their respective clauses,
the proof obligations for the conditions (3) and (6) can be generated.

Hence, proof obligations corresponding to all the conditions in Theorem 1 can
easily be generated within the B-Method considering the machine specification
A and the layer machine M.

Derivation by Superposing Layers. Successive superposition refinements
with layers are modelled as follows: If A vR1 A +M1 and A +M1 vR2 A +
M1 +M2, then A vR1∧R2 A+M1 +M2. Thus, during a derivation a number
of layers might be superposed on the original action system A. In order to
get the resulting distributed algorithm all these layers need to be added to A
following the description in this section. In Figure 2, n layers are superposed
to the action system A during the derivation. We might also have to introduce
procedures during a derivation to attain a distributed action system, as explained
in Section 2. Such a step is only rewriting of the algorithm and does not involve
refinement. In Figure 2 the rewritten parts of the algorithm are given in the
middle column.

4 Conclusions

In this paper we have investigated an important and powerful special case of the
original superposition method [5], namely, that of considering each new mech-
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Fig. 2. Composing the derivation

anism as a layer that only reads the variables of the previous layers. The su-
perposition refinement with layers structures the presentation of the derivation.
Within this method also the correctness proofs are easier than in the original
superposition rule in the sense that part of the conditions in the original rule
becomes trivially true. An example of this refinement method is given in [15].

Layers were introduced by Elrad and Francez [10] for decomposing dis-
tributed algorithms into communication closed layers. Later Janssen [12] intro-
duced a layer composition operator and developed an algebraic law for deriving
algorithms using these kind of layers. Their layers, however, differ from ours.
Namely, during the derivation Janssen first decompose the algorithm into layers
and then refine these layers, while we add a new layer to the algorithm at each
derivation step. Thus, a layer of theirs does not contain a single mechanism as
ours does.

Since the superposition method with layers yields large refinement steps with
many complicated proof obligations, the tool support is important for getting
confidence in these proofs. The B-Method [1] is well suited for representing action
systems and superposition refinement [17,18]. We have, however, proposed an
extension to the B-Method, in order to make it more suitable for representing
the layers. Thereby, we provide a good basis for generating the proof obligations
as well as assisting in proving the superposition refinement with layers correct
and will have a tool support for our method.
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Abstract. Well-known strategies give incentive to the algorithmic re-
finement of programs and we ask in this paper whether general patterns
also exist for data refinement. In order to answer this question, we study
the equivalence relation problem and identify the motivations to replace
the equivalence relation by a data structure suitable for efficient compu-
tation.

1 Introduction

The equivalence relation problem consists of the specification and implemen-
tation of a manager that maintains an equivalence relation over a given set.
The manager allows for the dynamic addition of related (equivalent) elements
together with an equivalence test of two elements.
Abrial distinguishes between three orthogonal aspects of refinement [1], i.e. the
decreasing of non-determinism, the weakening of the precondition and the chang-
ing of the variable space. The third aspect is illustrated by our treatment of
the equivalence relation problem, where a relation in an initial specification is
replaced by a function. The motivation for using two different mathematical
objects to present the problem is that a relation is well suited for the abstract
description and the pointer structure is close to the concrete representation in
the implementation.
Algorithmic refinement has singled out reoccuring patterns for the introduction
of a loop construct. Dijkstra [6] motivates formally each development step with
great care and Gries [8] and Cohen [4] formulate strategies like “deleting a con-
junct” or “replacing constants by fresh variables”. In the examples treated by
them variables are not changed and consequently no strategy for doing so is
formulated.
There are many ways to specify an equivalence relation manager. We present a
variety of them in the B specification method and propose general strategies that
guide the changing of the equivalence to the data structure known as “Union-
Find” or “Fischer/Galler-Trees”.
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The equivalence relation problem is well known and described in many algo-
rithmic textbooks, e.g. [6,3,5]. It has been formally treated thoroughly before in
VDM [12], based on the mathematical object of a set partition. Fraer has carried
out a development in B on a larger example that includes the treatment of the
equivalence relation problem [7]. His major strategy is “design for provability”.
Our approach is different: we look for heuristical guidance to find a suitable data
refinement in order to calculate the refined program by proof and in this paper
we present two strategies to data-refine an equivalence to a forest. The goal is to
identify general strategies for data refinement. In an initial attempt documented
in [10], we have refined a specification corresponding to the VDM treatment
on which we have partly reported in [11]. We have used the B-Toolkit [2,13] in
the initial development and have generated the machines in this document with
AtelierB.

2 The Equivalence Relation Problem

An equivalence relation (or equivalence for short) θ on a set A is a subset of
A × A such that the following three properties hold for a, b, c ∈ A, where a θ b
stands for (a, b) ∈ θ :

a θ a (Reflexivity)
a θ b⇒ b θ a (Symmetry)
a θ b ∧ b θ c⇒ a θ c (Transitivity)

For a better understanding of the algebraic definition, let us consider the rep-
resentation by graphs. In general, every relation corresponds to a graph. The
domain set A of a relation corresponds to the set of nodes in a graph and the
relation θ corresponds to the set of edges in the graph. Equivalences belong to
a particular type of graph, i.e. graphs which consist of fully connected subcom-
ponents only. The equivalence relation problem basically is the construction of
the smallest equivalence containing an arbitrary user-given relation. In mathe-
matics, the construction is called the reflexive, symmetric and transitive closure
or equivalence closure for short. In figure 1, the relation represented as a graph
to the right is the equivalence closure of the one to the left. Observe that the
single-edged cycles at each node are due to the reflexivity and the bi-directed
edges to the symmetry. Moreover, symmetry and transitivity together demand
an edge between b and c.
The equivalence closure gives a very static and functional view of the problem,
i.e. there is one input, i.e. the user-given relation, and one output, i.e. the equiv-
alence. For an equivalence manager though, the problem is more involved. The
relation is not passed as a whole, but every pair of connected elements is sub-
mitted separately. The user may update the relation and inquire the equivalence
dynamically many times in arbitrary order. Translated into the functional view,
the transitive closure is applied to a dynamically changing input.
An equivalence manager basically has two operations: an update operation and
a query operation. For simplicity, pairs of related elements are only added by
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Fig. 1. The reflexive, symmetric and transitive closure of a relation

the update operation. The query operation allows to inquire the equivalence.
Initially, the equivalence relation is the identity relation, i.e. the equivalence
closure of the empty relation. We name the two operations equate and test (, as
in the VDM example). In terms of our first specification in the next section, the
manager maintains an equivalence. The operation equate relates two elements
to each other and any transitively reachable element. A call to the operation
test returns the equivalence relationship of two elements.

3 A Variety of Specifications

The B notation allows us to express the equivalence properties of a relation by
built-in relational constructs. By that, the reflexivity, symmetry and transitivity
of a relation is expressed in an elegant way without referring to the individual
elements. (The relation is denoted with RR because variables need to contain
at least two letters in B.)

id (ASET ) ⊆ RR (Reflexivity)
RR −1 ⊆ RR (Symmetry)
RR ; RR ⊆ RR (Transitivity)

This formulation of the equivalence properties corresponds to the previous defi-
nition. We can convince ourselves for example that symmetry is still symmetry.
Reflexivity and transitivity can be shown to correspond as well.

RR −1 = RR
= { relational equality }

(∀x, y · x RR −1y ≡ x RR y)
= { definition of an inverse relation }

(∀x, y · y RR x ≡ x RR y)
= { ping-pong argument }

(∀x, y · (y RR x⇒ x RR y) ∧ (x RR y ⇒ y RR x))
= { universal quantification distributes over conjunction }

(∀x, y · x RR y ⇒ y RR x)

It is customary to omit the universal quantification in algebraic definitions.
Hence, the last line coincides with the algebraic symmetry. The machine with
the reformulated invariant is given next.
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MACHINE
Equivalence

SETS
ASET

VARIABLES
ER

INVARIANT
ER ∈ ASET ↔ ASET ∧
id(ASET) ⊆ ER ∧
ER −1 ⊆ ER ∧
(ER;ER) ⊆ ER

INITIALISATION
ER:=id(ASET)

OPERATIONS
equate(aa,bb) = PRE

aa ∈ ASET ∧
bb ∈ ASET

THEN
ER:=closure(ER ∪ {aa 7→bb,bb 7→aa})

END;
equivalent ← test(aa,bb) = PRE

aa ∈ ASET ∧
bb ∈ ASET

THEN
equivalent:=bool(aa 7→bb ∈ ER)

END
END

The function closure is the reflexive transitive closure of a relation, which is
denoted hereafter as in algebra by a postfix asterix ∗. There is even a simpler
way to express that RR is an equivalence relation. Consider the function rst
that returns the symmetric reflexive transitive closure of a relation. The function
rst is constructed by applying the reflexive transitive closure to the unification of
the relation with its inverse. Note that the transitive reflexive closure maintains
the symmetry of a relation.

rst =̂ λ x.(x ∪ x−1 )∗

The function rst is the equivalence closure. Applied to an equivalence, the equiv-
alence remains unchanged. Hence, a relation is an equivalence relation, if it is a
fixpoint of the function rst, i.e. RR = rst( RR ) or explicitly

RR = (RR ∪ RR −1 )∗

Hence, for the specification, we have a choice of writing the invariant in two
different ways, either as a conjunct of reflexivity, symmetry and transitivity or
simply by the fixpoint equality. This is a purely notational difference, which
nevertheless affects the proofs.



Two Strategies to Data-Refine an Equivalence to a Forest 265

MACHINE
EquivalenceClo

SETS
ASET

CONSTANTS
rst

PROPERTIES
rst ∈ ASET ↔ ASET → (ASET ↔ ASET) ∧
rst = λ rr.(rr ∈ ASET ↔ ASET | closure(rr ∪ rr −1 ))

VARIABLES
ER

INVARIANT
ER ∈ ASET ↔ ASET ∧
ER = rst(ER)

INITIALISATION
ER:=id(ASET)

OPERATIONS
same as in the machine Equivalence

END

An important semantic difference is obtained from observing that the machine
Equivalence is very eager to compute the function rst. It is not necessary to
compute rst as soon as the update information is available. Consider to compute
the function at another instant. Indeed, the computation can be delayed for
until the equivalence is inquired. Hence, rst can be computed right away (eager)
when the update operation is performed or later (lazy) when the test operation
is performed. In the latter case, the state space invariant does not denote an
equivalence in order to satisfy the specifications of the two operations. In fact, it
suffices to store the user-given relation. Consequently, the machine UserRelation
specified below simply stores the user input.

MACHINE
UserRelation

SETS
ASET

CONSTANTS
rst

PROPERTIES
rst ∈ ASET ↔ ASET → (ASET ↔ ASET) ∧
rst = λ rr.(rr ∈ ASET ↔ ASET | closure(rr ∪ rr −1 ))

VARIABLES
UR

INVARIANT
UR ∈ ASET ↔ ASET

INITIALISATION
UR:= ∅
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OPERATIONS
equate(aa,bb) = PRE

aa ∈ ASET ∧
bb ∈ ASET

THEN
UR:=UR ∪ {aa 7→bb}

END;
equivalent ← test(aa,bb) = PRE

aa ∈ ASET ∧
bb ∈ ASET

THEN
equivalent:=bool(aa 7→bb ∈ rst(UR))

END
END

The eager machine Equivalence (or EquivalenceClo) and the lazy machine User-
Relation are extreme in the distribution of the computational effort among their
operations. Consider an implementation where the relation in question is stored
as a Boolean bit matrix. In the eager specification, where the equivalence closure
is stored, the test operation is cheap and requires only a lookup in the matrix,
but the equate operation needs to perform the expensive closure operation. In
the lazy specification, where the user-given relation is stored, the equate opera-
tion is cheap: it flips a bit in the matrix. The test operation, however, requires
an expensive search through the reachable elements. Hence, in both extreme
cases, the computationally cheap implementation of the one operation goes to
the expenses of an overly costly implementation of the other operation.
Both specifications are also extreme in a further aspect. First, observe that an
invariant in the B-method (in contrast to the Z specification method) is com-
pletely redundant. The invariant could be left out and the specification would
retain its meaning. In both specifications, the invariant is the strongest possible,
i.e. all non-reachable states are excluded by the invariant. However the invari-
ant of the machine Equivalence enjoys an additional property. Its invariant is
tight, i.e. within the mathematical object of a relation and for a given sequence
of updates, the state of the machine Equivalence is uniquely determined by its
invariant to exhibit the future behavior whereas the state of the machine UserRe-
lation is loose and depends on the input sequence. There are other states which
produce the same future behavior. Such a unnecessary dependency of state and
input is not compelling for a specification.
The tightness of the specification invariant appears to be an objective criteria to
discriminate among equivalent specifications. For example, think of a specifica-
tion variant of the machine UserRelation that includes the last inquired present
relationship into the relation. Such a specification already includes an optimiza-
tion that is comparable with a cache. Indeed, there are many possible ways to
select a relation, such that its equivalence closure corresponds to the equiva-
lence closure of the relation given by the user. All the possible relations can be
characterized formally by

{ θ |rst( θ ) = rst(u)}
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where u is the user-given relation. This variety of states is the starting point
for applying our strategies. The goal is to exploit the given freedom in order to
minimize the cumulated effort of the update and test operations.

4 Two Strategies to Data-Refine an Equivalence to a
Forest

From the previous section, we know that any relation whose equivalence closure
is the same as the equivalence closure of the user-given relation may constitute
the state space. So, we have many more relations than the two extreme ones
to select from. Let us search for a restriction of the selection that gives a good
compromise between the computational effort of the two operations.
Our first choice is guided by a general heuristic.

Heuristic 1: Replace relations by functions

The restriction of a relation to a function may be used as a heuristic because fi-
nite functions have immediate computational counterparts, i.e. arrays or pointer
fields in a record structure. In general a relation must be replaced by several
functions. Fortunately, one function suffices for the particular case of an equiv-
alence. Moreover, we restrict a relation to a total and finite function. A total
function is preferable because no test is needed to guard against undefined func-
tion applications.
The dereferencing of pointers or the calculation of array elements from indices
repeatedly occur in reachability operations and there is a risk that pointers or
indices are followed ad infinitum, if the function is cyclic. We could impose the
function to be acyclic. But, “acyclicity” is a very restrictive requirement that
inhibits elegant solutions in general. Nevertheless, a second general heuristic lays
the base for the termination argument of loops in the operations.

Heuristic 2: Eliminate non-detectable cycles.

Since the function is desirably total, we can not be absolutely strict in eliminating
all cycles. But, there is an elegant way to state the desired property such that
only trivial cycles, which are easy to detect, remain.
The desired property is expressed by the antisymmetry of a transitive relation.
Algebraically, antisymmetry is defined as follows:

a θ b ∧ b θ a⇒ a = b (Antisymmetry)

and has a relational counterpart

RR ∩ RR −1 ⊆ id (ASET ) (Antisymmetry)

The remaining cycles are reflexive and can be detected without the explicit
introduction of additional state.
In the particular example of an equivalence manager, we introduce a function
ff . The function is not transitive and we need to substitute RR by the transitive
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closure of ff , i.e. ff +. Because the mere transitive closure is not available in
the B-Toolkit and AtelierB, we use the reflexive transitive closure, i.e. ff ∗ and
obtain a property which we call transitive antisymmetry.

ff ∗ ∩ ( ff ∗)−1 ⊆ id (ASET ) (Transitive Antisymmetry)

Intuitively, “acyclicity” may be observed as follows. Consider the directed edges
of the graph as an indication of the direction of a current. The graph is acyclic, if
there is no possibility to cover a distance going once exclusively in one direction
and then exclusively in the opposite direction of the current.
What we have found by the two heuristics is the characteristics of a forest.
Moreover, we found it by two generally applicable strategies. A forest is a set
of trees, such that every root of a tree has a reflexive cycle (see figure 2) 1. The
trees in a forest are also called “Fischer/Galler-Trees”.

a

b

c d

e

Construct
trees from
a given set
of edges

b

d

e

f g f g

ca

h h

Fig. 2. A forest which represents an equivalence

The taken choices yield a trade-off between the computational effort of the op-
erations. On the one hand, the operation equate is implemented by joining two
trees to one. We do so by replacing the reflexive cycle of the one root by an
edge to the other root. The operation involves the search for the root for the
two given elements. On the other hand, the operation test reduces to the search
for a common root in the forest representation and the operation involves the
root search for two elements. Hence, we have drastically reduced the cumulated
computation cost of the equate and test operation by introducing the forest
representation. The root search is specified by the function root which is built
from the sequential composition of the transitive reflexive closure of the forest
function and the reflexive root cycles.

1 Note that the reflexive transitive closure of the function is a partial order and that
the figure 2 can be regarded as a Hasse diagram.
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REFINEMENT
Forest

REFINES
EquivalenceClo

VARIABLES
ff

DEFINITIONS
root == (closure(ff);id(ASET) ∩ ff)

INVARIANT
ff ∈ ASET → ASET ∧
closure(ff) ∩ closure(ff) −1 ⊆ id(ASET) ∧
rst(ff) = ER

INITIALISATION
ff:=id(ASET)

OPERATIONS
equate(aa,bb) = PRE

aa ∈ ASET ∧
bb ∈ ASET

THEN
ff:=ff <+ {root(aa) 7→root(bb)}

END;
equivalent ← test(aa,bb) = PRE

aa ∈ ASET ∧
bb ∈ ASET

THEN
equivalent:=bool(root(aa) = root(bb))

END
END

4.1 An Alternative Strategy to eliminate non-detectable cycles

There is an alternative way to apply the second heuristic. After using the same
first heuristic - restrict the relation to be a total function - we choose a sim-
pler property to eliminate non-detectable cycles: we require the function to be
idempotent, i.e.

( θ ; θ ) = θ (Idempotency)

This is a stronger restriction than the previous transitive antisymmetry because
the forest consists now of trees not higher than a single edge. For convenience,
we call them flat forest. The representation of an equivalence by an idempotent
function results in a straight-forward specification of the operations. The opera-
tion equate needs to redirect all edges from the members of one tree to the root
of the other tree. Compared with the redirection of a single edge before, it seems
to be more work even though no search for a root is necessary. The test opera-
tion, obviously, is cheaper, since no iterative search for the root is necessary. The
following specification uses the identification function to state the idempotence
for typing reasons.
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REFINEMENT
FlatForest

REFINES
EquivalenceClo

VARIABLES
fs

INVARIANT
fs ∈ ASET → ASET ∧
(fs;fs) = (fs;id(ASET)) ∧
rst(fs) = ER

INITIALISATION
fs:=id(ASET)

OPERATIONS
equate(aa,bb) = PRE

aa ∈ ASET ∧
bb ∈ ASET

THEN
fs:=fs <+ fs −1 [{fs(aa),fs(bb)}] × {fs(aa)}

END;
equivalent ← test(aa,bb) = PRE

aa ∈ ASET ∧
bb ∈ ASET

THEN
equivalent:=bool(fs(aa) = fs(bb))

END
END

The restriction of the data representation to flat forests is stronger than to
arbitrary forests. Figure 3 gives an overview of the different restrictions. The
variety of all relations that have the same (unique) equivalence closure e as the
user-given relation u is indicated as well. We need to distinguish between the
behavioral non-determinism observable from the outside and the representational
freedom of the data structure. Nothing prevents us from relaxing the single edged
trees to arbitrary forests in a second data refinement. The refinement relation is
the root function from before.

REFINEMENT
DeepForest

REFINES
FlatForest

VARIABLES
ff

DEFINITIONS
root == (closure(ff);id(ASET) ∩ ff)

INVARIANT
ff ∈ ASET → ASET ∧
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fs = root
INITIALISATION

ff:=id(ASET)
OPERATIONS
equate(aa,bb) = PRE

aa ∈ ASET ∧
bb ∈ ASET

THEN
ff:=ff <+ {root(aa) 7→root(bb)}

END;
equivalent ← test(aa,bb) = PRE

aa ∈ ASET ∧
bb ∈ ASET

THEN
equivalent:=bool(root(aa) = root(bb))

END
END

Equivalences

Relations

Functions

Forests

FlatForests

u

e

Fig. 3. Restrictions of Relations
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5 Concluding Remarks

The B method offers powerful operators on relations, which are well suited to
specify the equivalence relation problem. We have presented several machines,
which are all equivalent with respect to refinement (refinement-equivalent). The
refinement order gives no hint of how to order the specifications even though the
state space of the machines varies considerably between the two extremes of an
eager and lazy specification. To discriminate among various specifications, the
tightness of the invariant appears to be a criteria for the quality of a specification
in a model-based approach.
Exploiting the variety of specifications, we have identified two heuristics: re-
place relations by functions and eliminate non-detectable cycles. Functions can
be mapped directly to computational equivalent structures and detectable cy-
cles guarantee the possibility to establish termination conditions for repeated
function applications.
The heuristics have been combined to two strategies by avoiding non-detectable
cycles in two ways: by transitive asymmetry and by idempotence. Both elegant
formalizations lead to different restrictions of the initial variety: transitive asym-
metry and idempotence characterize forests and flat forests, respectively, where
idempotence implies asymmetry for functions. We have documented the idempo-
tence property already in [10]. The direct characterization of forests by transitive
antisymmetry is newly introduced in this paper.
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Abstract. In this paper we propose a construction method of multi-
formalism specifications based on B and linear temporal logic. We exam-
ined this method with a case study of a communication protocol between
an integrated circuit card and a device such a terminal. This study has
been carried out in collaboration with the Schlumberger company. We
show the current advantages and limits in combining many specifications
formalisms and the associated toolkits : Atelier B and SPIN. Finally,
we draw conclusions about future directions of research on the proof of
heterogeneous specifications, incremental verification and ontool cooper-
ation to assist in the verification step (e.g. a prover, a model-checker and
an animator).

1 Why and how heterogeneous cooperation formal
methods should be used?

The need to use formal methods is growing in industry, especially for critical
reactive applications such as transport, and the nuclear industry where security
is an imposed goal. In the scientific community, examples such as [9] are chosen
to compare various approachs such as VDM, Z, B, Lustre, Esterel, Lotos, SPIN,
etc. Each method is efficient for some aspect (functionalities, state, concurrency,
etc) but, it is very rare that real applications are reduced to a single aspect.

In this paper, we present an approach using several parallel formal techniques
for the specification of the half duplex protocol which manages the communica-
tion between the Integrated Circuit Card (ICC) and an interface device such as
a terminal.

The cooperation between heteregeneous formal techniques[5] is today an ac-
tive line of research[2][22] designed to provide complementary advantages to
? Specification is available on http://lib.univ-fcomte.fr/RECHERCHE/P5/ICC.html
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formal methods. In this way, our approach is centred on a joint use of the B
method[1] and Linear Temporal Logic[18][19] (LTL), as well as on the associated
checking tools : Atelier B[20] and SPIN[15].

Our project, originating from a pragmatic approach to the specification of
a problem demonstrates the necessity to combine many formalisms. From this
point of view, our work is comparable to the elements of construction method
proposed in [22] and [17] to extend B or other formal descriptions such as Z++
and VDM++[16]. In contrast our work is different because it is based on model
checking to verify temporal properties.

The half duplex protocol of the communication between a card and a device
is a complex application whose requirements analysis is presented in European
standard EN 27816[8]. This standard describes, through rules and scenarios, the
expected properties of ICC-device communication. These properties correspond
on one hand to the invariant in the relationship between variables and, on the
other hand, dynamic properties such as the evolution of the system with time.
In this standard, the description remains informal, and all the properties are
expressed in natural language but perfectly structured.

The Schlumberger division, Urban Terminals and Systems at Besançon, is
developing different vehicle parking control systems. This suggests the use of
ICC for electronic credits or traditional bank cards. In this context, the company
is developping device applications which must respect the EN 27816 standard.
The use of a formal approach in this framework is designed at the same time to
be able to certify the device software and also to be able to detect cards which
do not meet the standard. The company also wishes to understand better the
EN 27816 standard so that it may detect certain inconsistencies within it.

In this article, we demonstrate how this multi-formal approach allows one to
take specifications into account more precisely and completely, and how the joint
implementation of the checking tools (Atelier B and SPIN) helps the definition of
formal specifications. This approach using heteregeneous specifications presents
numerous unresolved problems, as much at the theoretical level in the proof of
the specification as at the level of the refinement strategy. But this experiment
carried out in an industrial context and on a large scale application demonstrates
the value of coupling the B method and LTL and also the complementarity
between the proof approach, and verification by model checking.

In the rest of this article, we present first of all the ICC application in section
2 and we then describe our formal approach in section 3. Then, in section 4 we
present the formal specification before describing the results of the verification
process in section 5. Our conclusions are presented in section 6.

2 Informal Presentation of an Integrated Circuit Card
application

This example belongs to the domain of communication protocols, more precisely
between an integrated circuit card (referred to below as Card) and an interface
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device such as a terminal (called here after Device) shown in figure 1. This sys-
tem is used in many applications such as the electronic purse. The requirement
analysis is described in depth in the European Standard EN 27816[8] written
in April 1992 by a committee of The ISO. This draft covers many aspects such
as voltage levels, current values, parity conventions, operating procedure, trans-
mission mechanism and communication with the integrated circuit card.

Fig. 1. Terminal to read integrated circuit cards

The principle of the operating procedure has five steps :

1. activation of the contacts by the Device,
2. reset of the Card by the device,
3. the Card’s reply to the resetting,
4. information exchange in the case of an asynchronous Cards,
5. deactivation of the contacts by the Device.

Because of the complexity of this system, we have limited our work to one
possibility of asynchronous protocol in step four. We suppose that reset is per-
formed correctly and that the device and the card execute the selection of ex-
change protocol. In Section 2.1, we define intuitively the chosen protocol called
protocol T=1 in [8] and our intent in section 2.2 is to include an explanation of
the standard in no more detail than is necessary.

2.1 Protocol T=1, asynchronous half duplex block transmission

This protocol defines the exchange of messages transmission in an asynchronous
half duplex block transmission protocol between a Device and a Card. A message
can be divided into one or many slices. The transmission of the smallest data
unit (a slice) which is performed by a block exchange, called an information block
(denoted by I-block), which is made up of a data slice and some pieces of control
information such as an identification of the block. The acknowledgment of an I-
block is an I-block for the last slice of the messages and a response block (denoted
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by R-block) for each slice of data except for the last. The Device and the Card
can exchange control blocks, called also supervisory blocks (denoted by S-block)
allowing then to modify the exchange parameters to require for example an
adjustment of the length of slices or of response delay, the abortion of a message
transmission, etc. In summary, the card and the device transmit three types of
blocks :

– I-blocks - denoted by I(identification, chaining) - their primary purpose are
to transmit application layer information. They are composed of :

• an identification which is a bit which is comparable to the alternating
bit in the alternating bit protocol,

• chaining information indicating if the slice of data is the end of the
message; if this is true, we say that the I-block is non chaining (denoted
by NoLink), else it is chaining (denoted by Link),

– R-blocks - denoted by R(identification) - contains positive or negative ac-
knowledgments. They contains the block identification of the expected I-
block,

– S-blocks - denoted by S(type of request) - the block which contains transmis-
sion control information; 4 pairs of request and response are possible :WtxReq
and WtxRep adjust the response delay to continue exchanges, IfsReq and If-
sRep to change the length of slice of data, ResynchReq and ResynchRep to
resynchronise transmission, AbortReq and AbortRep to abort chaining ex-
changes.

Three kinds of error are possible: transmission error, a loss of synchronisation
and a total loss of message detected by a watch dog. To simplify the level of
modelling explained in what follows, few details are specified for the error cases.
The dialogue for error recovery is hidden at this refinement. However we specify
the failure of recovery which leads to the sudden rejection of the card by the
device without explaining the reasons more precisely.

The processing principles for computing the identifications are as follow. An
I-block carries its send sequence number denoted N(S) which consists of one bit
and is counted modulo 2. Its value starts with 0 either after the start of the block
transmision protocol or after resynchronisation and is incremented after sending
each I-block. The numbers of I-blocks sent by the device and blocks sent by the
card are counted independently with respect to each other. Acknowledgment of
an I-block is indicated when the number N(S) of the next received I-block is
different from the N(S) of the previously received I-block.

An R-block carries N(R), which is the value of N(S) in the next expected I-
block. Acknowledgment of an I-block is indicated when the N(R) of the received
R-block is different from the N(S) of the sent I-block (see rule 2.2 section 4.2.4).

If a response does not come before the end of a delay fixed by the protocol,
the device sends a request initiated by a watch dog. This situation handles the
cases of loss of a slice of a message.
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2.2 The European standard EN 27816

The standard described in [8] explains in a very structured manner the results
of the requirement analysis step. We have used three parts in particular:

1. the main principles of processing procedures outlined above,
2. the description of the 22 rules for transmission operations,
3. 35 examples of scenario fragments of behaviour of system.

To illustrate the last two parts, the reader can find a few examples of rules
in section 4.2.4. and can see scenario number 5 in table 1 and scenario number
3 in table 2. Scenario 5 shows exchange of message between card and device.
Deleting the events 1, 2, 3 and 4 in table 1, we obtain scenario number 1 which
shows an exchange of messages in a single slice. Scenario 3 in table 2 shows a
request for an adjustment of length of slice. Deleting the events 2 and 3 in table
2, we obtain also scenario number 1 which shows an exchange of messages in a
single slice.

3 Presentation of the formal construction method

The formal approach illustrated in figure 2 is based on a stage of verifying
consistency formed of two elements: a descriptive specification and an operational
specification.

The descriptive specification is a B Abstract System[2][4][6], that to say a
data model essentially describing system variables which must satisfy the in-
variant properties. This is completed by a group of LTL formulae describing
the behavioural properties of the system such as rule 2.1 (section 4.2.4) in the
example.

Event Device→ ←Card Observations Rule
1 I(0,Link) Sending of the first slice of message 1
2 R(1) Acknowledgment of reception of the second slice 2.2,5
3 I(1,Link) Sending of the second slice of message 5
4 R(0) Acknowledgment of reception of the third slice 2.2,5
5 I(0,NoLink) Sending of the third and last slice of message 5
6 I(0,NoLink) Acknowledgment with sending of a new message

in one slice
2.1

7 I(1,NoLink) Acknowledgment with sending of a new message
in one slice

2.1

8 I(1,NoLink) Acknowledgment with sending of a new message
in one slice

2.1

etc.

Table 1. Exchange of messages composed of one or more slices
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The operational specification is the final outcome of the stage of formal design
by a transition system described by the B events. An event is an action which
modifies a guarded state. From a formal point of view, the transition system is
totally “flat” in such a way that its dynamic behaviour is the sum of the possible
interleavings of events which act at the atomic level. But the choice of events
involves the physical structure of the system such that the model approaches
reality and real life operation. We approach the operational specification by
breaking up the system, by identify the localization or generalizing state variables
and designing events on the basis of physical reality.

These two parts of the specification are based upon the standard document[8].
They constitute two different views of the system which must be checked for
consistency. This stage is approached in different ways:
- first we check the invariant properties by using the prover of Atelier B [20],
- second we check behavioural properties by model checking techniques using
the SPIN environment[12][15].

We chose this solution for practical reasons such as the inmaturity of LTL
proof techniques and the technological power of the SPIN environment. In effect,
SPIN allows one to consider all the properties which can be expressed in LTL
as well also integrating better techniques of reducing the complexity of model
checking such as partial order[21], optimisation of the memory representation
of states[13][14] and heuristics. Despite all these advantages, there remain two
problems, firstly the combinatorics explosion[10][11] continues and secondly we
must represent the abstract B model in PROMELA with all the risks involved.
We noted however that the simplicity of the model based on the data given by
the example allows systematic approach to the task, so limiting the risk.

Fig. 2. Method of formal construction
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The approach presented above can be coupled with an approach by successive
refinement[3] [4]. Although it is not the object of our presentation, we note that
the approach we have applied permits us to present a simplified model. Finally
we note that this has at least three advantages: it facilitates the transfer from
expression of requirements to full specification, it leads to implementation and it
allows one to do incremental model checking which is a response to the problem
of complexity identified above. In this example, we have proceeded by successive
refinements in four stages taking more and more details into account:

– Level 1 : exchange of message in an atomic event,
– Level 2 : taking into account the exchange of messages with several slices,
– Level 3 : taking into account the modifications of conditions of the dialogue

by exchange of S-blocks,
– Level 4 : taking recovery of errors into account.

In section 4 we present level 3.

4 Formal specification of Integrated Circuit Cards

We present the specification in three parts :

– the intuitive description of the main goal,
– a descriptive specification divided in two parts, the data model of the system,

and its safety and progress properties,
– an operational specification composed of two parts, the decomposition of the

system towards many subsystems, and the formal description of operations
called events in the case of reactive systems.

4.1 Goal

The level of specification chosen allows the exchange of messages composed of
one or many slices. It also specifies the possibility of aborting the transmission
of a chain of slices and of adjusting many parameters of the exchange such as
the response time (Wtx), the length of slice (Ifs), the synchronisation param-
eters (Resynch), sending a control request (Req) and acknowledging (Rep) by
transmission of a control block called S-block (see section 2.1). For example, the
scenario number 3 in figure 4 shows a dialogue changing the length of slice. Note
that we are not concerned with the value of length.

4.2 Descriptive specification

The descriptive specification is divided into three parts:

– the Data Model defining the sets and the state variables,
– the Invariant defining the safety properties,
– the Behavioural Properties defining the progress properties of the system.
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Event Device Card Observations Rule
1 I(0,Link) → Sending a message composed of one slice 1
2 ←S(IfsReq) Request modifying the length of slice 3
3 S(IfsRep) → Acknowledgment of the request 3
4 ←I(0,NoLink) Acknowledgment of message and sending

of an other messsage
2.1

etc.

Table 2. Scenario 3, request and acknowledgment of a change in the length of slice

4.2.1 Data Model The exchange of messages between the Card and the Device
requires knowledge of the sending of the last block sent by the card and by the
device. These are implemented by the variables TC and TD. The variables TC tr
and TD tr indicate if the last block is either acknowledged or not. The variable
Dialogue indicates the state of transmission which is either active or interrupt.

To change the exchange conditions during a message transmission, we must
memorise the last I-block sent during the exchange of S-block. The variables
ATD and ATC in the data model memorise the last I-block which is waiting for
an acknowledgment. After an interruption of a transmission of an information
message by an S-block exchange, the message transmission restarts normally
using these variables. In order to ensure that the values contained in the variables
are correct, we will use the acknowledgment variables ATC tr and ATD tr.

The set of blocks called BLOCK is the cartesian product of four fields, the
type of block (I, R or S), identification for I-blocks and R-blocks, binding infor-
mation for I-blocks (indicating if the block carries the last slice of message or
not) and a sort of control message for S-blocks.

The B abstract machine is composed of the set descriptions, the definition of
applications Negation and Next allowing respectively inversion of the acknowl-
edgment and computation modulo 2 the state variables. The values Indef are
interpreted as undefined values for each field of the cartesian product; for ex-
ample it allows us to indicate that the chaining information is not defined for
R-blocks and S-blocks.

SETS
ACK={Yes, No};

– “Yes“ indicates that the block is acknowledged
LINKING={Link, NoLink, Indef};

– “NoLink“ indicates that the transmitted slice of message is the last
DIALOGUE={Active, Interrupt};

– “Active“ indicates that the transmission continues
IDENT={Zero, One, IndefI};

– half duplex identification : 0=Zero and 1=One
TYPEBLOCK={I, R, S};

– type of blocks : Information, Response, Control
CONTROL={ResynchReq, ResynchRep, IfsReq, IfsRep,
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AbortReq, AbortRep, WtxReq, WtxRep, IndefS}
– type of S-blocks

ABSTRACT CONSTANTS
BLOCK, Next, Negation

PROPERTIES
Negation ∈ ACK>—>>ACK∧ Negation(Yes) = No ∧ Negation(No) = Yes ∧
Next ∈ {Zero, One}>—>>{Zero, One}∧ Next = {(Zero7→One), (One7→Zero)}∧
BLOCK = TYPEBLOCK× IDENT × LINKING × CONTROL

– type of block
VARIABLES

TC, TD, ATC, ATD, TC tr, TD tr, ATC tr, ATD tr, Dialogue

4.2.2 Invariant

Notations of variables:
- w, w’ : Identification of blocks (∈ IDENT or ∈ ID=IDENT-{IndefI}),
- x, x’ : binding (∈ LINKING or ∈ LI=LINKING-{Indef}),
- y, y’ : Type of control block (∈ CONTROL or ∈ CONTROL-{IndefS}).

The invariant is described in many parts:
- the type of variables :

TC ∈ BLOCK ∧ TD ∈ BLOCK ∧ ATC ∈ BLOCK ∧ ATD ∈ BLOCK ∧
TC tr ∈ ACK ∧ TD tr ∈ ACK ∧ ATC tr ∈ ACK ∧ ATD tr ∈ ACK ∧
Dialogue ∈ DIALOGUE ∧

- restrictions of type relative to the type BLOCK for TD (the same properties
are require for TC):
∀(w, x, y).((w ∈ IDENT ∧ x ∈ LINKING ∧ y ∈ CONTROL ∧ TC=(((I7→w)7→x)7→y))

⇒(w 6= IndefI ∧ x 6=Indef ∧ y=IndefS)) ∧
∀(w, x, y).((w ∈ IDENT ∧ x ∈ LINKING ∧ y ∈ CONTROL ∧ TC=(((S7→w)7→x)7→y))

⇒(w = IndefI ∧ x = Indef ∧ y 6=IndefS)) ∧
∀(w, x, y).((w ∈ IDENT ∧ x ∈ LINKING ∧ y ∈ CONTROL ∧ TC=(((R7→w)7→x)7→y))

⇒(w 6= IndefI ∧ x = Indef ∧ y = IndefS)) ∧
- the waiting blocks are always I-blocks containing a message slice:

∃(w, x).(w ∈ ID ∧ x ∈ LI ∧ ATD=(((I7→w)7→x)7→IndefS)) ∧
∃(w, x).(w ∈ ID ∧ x ∈ LI ∧ ATC=(((I7→w)7→x)7→IndefS)) ∧

- rule 6 which indicates that the request of a new synchronisation cannot be sent
by the card, and also that the response cannot be transmitted by the device:

TC 6= (((S7→IndefI)7→Indef)7→ResynchReq) ∧
TD 6= (((S7→IndefI)7→Indef)7→ResynchRep) ∧

- rule 3 which indicates that the request of the response time modification cannot
be transmitted by the device, and also that the response cannot be transmitted
by the card :

TD 6= (((S7→IndefI)7→Indef)7→WtxReq) ∧
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TC 6= (((S7→IndefI)7→Indef)7→WtxRep) ∧
- the acknowledged block is the same as the last block sent if this is a message
slice:

∀(w, x).((w ∈ ID ∧ x ∈ LI) ⇒
(TC=(((I7→w)7→x)7→IndefS)⇒ATC=TC)
∧ (TD=(((I7→w)7→x)7→IndefS) ⇒ATD=TD)) ∧

- the half duplex behaviour: TC tr = Negation(TD tr) ∧
- there is at most one I-block waiting an acknowledgment, either in the Device

or in the Card:
(ATC tr=No ⇒ATD tr = Yes) ∧ (ATD tr=No ⇒ATC tr = Yes)

4.2.3 Behaviour Properties The progress properties are expressed by the 9
rules, concerned at this level, described in the standard of ISO/IEC[8]. The set
of rules mainly describes response properties in the classification of Manna and
Pnueli in [18][19]. They are described using the three main operators of linear
temporal logic[18][19] denoted 2, O and 3 which are respectively interpreted by
Always, Nex t and Eventually.

We introduce a few significant examples of different kinds of formula :

– rule 1 defines the initial state of any execution,
– rules 2.1, 2.2 and 5 are typical examples of response (type of progress)

properties,
– rule 3 is an example of immediate response using the Next operator.

– Rule 1 : The device sends the first block, either an S-block or an I-block
(with identification zero and with or without a link).
∃ y ∈ {ResynchReq, IfsReq}. ∃ x ∈ LI.
(((TD=(((I7→Zero)7→x)7→IndefS) ∧ ATD=TD ∧ ATD tr=No)
∨ (TD=(((S7→IndefI)7→Indef)7→y) ∧ ATD=(((I7→One)7→NoLink)7→IndefS) ∧
ATD tr=Yes)))∧ ATC tr=Yes ∧ ATC=(((I7→One)7→NoLink)7→IndefS) ∧
TD tr=No∧ Dialogue=Active)
Note : “ATC tr=Yes ∧ ATC=(((I7→One)7→NoLink)7→IndefS)” determine
the first identification of card to Zero alternating with One in the next trans-
mission.

– Rule 2.1 : I(NA(S), NoLink) sent by A, is acknowledged by I(NB(S), x)
sent by B to transmit application data and to indicate readiness to receive
the next I-block from A.
– case where B is the card
∀ w, w’∈ ID.∀ x’ ∈ LI. ∃x ∈ LI.
2(ATD= (((I7→w)7→NoLink)7→IndefS) ∧ ATD tr=No ∧

Dialogue=Active ∧ ATC=(((I7→w’)7→x’)7→IndefS))
⇒ 3 ((TC= (((I7→Negation(w’))7→x)7→IndefS) ∧ TC tr=No ∧
∨ ATD tr=Yes) Dialogue=Interrupt)
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– Rule 2.2 : I(NA(S), Link) sent by A is acknowledged by R(NB(S)) sent by
B (where NA(S)6=NB(S)) to indicate that the received block was correct and
the readiness to receive the next I-block from A. (or by an S(AbortReq), cf.
rule 9).
– case where B is the card
∀ w ∈ ID. 2(ATD= (((I 7→w)7→Link)7→IndefS) ∧ ATD tr=No) ⇒

3 (((TC=(((R7→Negation(w))7→Indef)7→IndefS) ∨
TC=(((S7→IndefI)7→Indef)7→AbortReq)
∨ TC=(((S7→IndefI)7→Indef)7→AbortRep))
∧ TC tr=No ∧ ATD tr=Yes) ∨ Dialogue =Interrupt))

– Rule 3 : If the card requires more time to handle the previously received
I-block, it sends S(WtxReq). The device acknowledges by S(WtxRep).
2 ((TC=(((S7→IndefI)7→Indef)7→WtxReq) ∧ TC tr=No ∧ Dialogue=Active) ⇒

O ((TD=(S7→IndefI)7→Indef)7→WtxRep) ∧ TD tr=No) ∨ Dialogue =Interrupt))
Note : A part of rule 3 is described in the invariant.

– Rule 4 : I(N(S), NoLink) is a non chained I-block or the last block of a
chain. I(N(S), Link) is a part of a chain and will be followed by at least one
chained block.
– chained transmission of card
∀ w ∈ ID. ∃ w’ ∈ ID. 2((ATC=(((I7→w)7→Link)7→IndefS) ∧

ATC tr=No ∧ Dialogue=Active)
⇒ 3 ((ATC = (((I7→w’)7→NoLink)7→IndefS) ∧ ATC tr=No)

∨ (TD = (((S7→IndefI)7→Indef)7→AbortRep) ∧ TD tr=No)
∨ (TD=(((S7→IndefI)7→Indef)7→AbortReq) ∧ TD tr=No)
∨ Dialogue=Interrupt))

4.2.4 Operational specification
The operational specification is divided into two parts :

– the system decomposition which is the result of an informal design step; this
step divides the system into processes, maps the variables and defines the
guarded events of each subsystems.

– the transition system made up of a formal description of each guarded event.

1. System decomposition
We divide the system in two processes as shown in figure 3, the card and the
device which can transmit messages using events EmC and EmD and can
abort an exchange of messages using events CardChainedTransStop and De-
vChainedTransStop. The device can interrupt transmission rejecting the card
using event RejectC. The set of variables is global at this abstraction level.
In contrast, the variables will be located in processes in the next refinement
step which will be a more realistic model.

2. Transition System
The transition system consists of describing the initial state and each event.
The specification of events for the Card and the Device being symmetric,
we only present the initialisation, the card events and the reject operation
of the Device.
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Fig. 3. System Decomposition

(a) Initialisation (implements rule 1)
TC tr := Yes || TD tr := No || Dialogue := Active|| ATC tr := Yes ||
TC := (((I7→One)7→NoLink)7→IndefS) ||
ATC := (((I7→One)7→NoLink)7→IndefS) ||
CHOICE

TD := (((I7→Zero)7→NoLink)7→IndefS) ||
ATD := (((I7→Zero)7→NoLink)7→IndefS) || ATD tr := No

OR TD := (((I7→Zero)7→Link)7→IndefS) ||
ATD := (((I7→Zero)7→Link)7→IndefS) || ATD tr := No

OR TD := (((S7→IndefI)7→Indef)7→IfsReq) ||
ATD := (((I7→One)7→NoLink)7→IndefS) || ATD tr := Yes

OR TD := (((S7→IndefI)7→Indef)7→ResynchReq) ||
ATD := (((I7→One)7→NoLink)7→IndefS) || ATD tr := Yes

END

(b) Event Transmission by the card
Many cases are possible according to the response that the card and the
device wait and the block that the device sent. An exhaustive analysis
of cases limits the nomber of cases to three :
i. if either the card sent a message and the device answered the last

received block either by an I-block or by an R-block or the card
transmitted a request and the device accepted it, then the card an-
swers:
– either by an I-block, chained or not,
– or by an S-block transmitting a Wtx, Ifs or Abort response.

ii. the device sent an information message or it accepted a request and
waits for an acknowledgment for the last transmitted block, the card
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answers either by an R-block whose identification is inverse, or by
an S-block transmitting a Wtx, Ifs or Abort request,

iii. the device sent a request, the card answers by an acknowledgement.
(c) Event Rejection of Card

At this level of abstraction we can give very little detail because we have
not yet specified the handling of the error. We verify simply that the
dialogue is interrupted without knowing the reasons.
RejectC = SELECT Dialogue=Active THEN Dialogue := Interrupt END

(d) Event Stop chained exchange by the card
The end of chained exchange occurs when the card receives an abort
request which it then accepts :
CardChainedTransStop = SELECT

(Dialogue=Active ∧ TD tr=No ∧ TD=(((S7→IndefI)7→Indef)7→AbortReq))
THEN – the card accepts the abort request

TC := (((S7→IndefI)7→Indef)7→AbortRep)
END– ChainedTransStop

5 Formal Proof and Verification

The verification was performed with the “atelier B” to prove the invariant and
with SPIN to model-check the progress properties. Below, we report our exper-
iment with these tools and sum up the results of using both B and SPIN.

5.1 Using “atelier B”

Our basic specification was written using the B syntax and does not have any
progress properties. We used version 3.2 of the tool to type-check it and to verify
the invariant with the prover. The “atelier B” automatically proved the 450 proof
obligations, which demonstrates that the prover was mature.

Operations obvious Proof Proof Obli-
gations

Interactive
proof

Automatical
proof

%

Initialization 21 52 0 52 100
EmC 205 194 0 194 100
EmD 185 184 0 184 100
DeviceChainedTransStop 22 10 0 10 100
CardChainedTransStop 22 10 0 10 100
Total 481 450 0 450 100

Table 3. Status of B Machine

We obtained this result by studying the proof obligations that were not
proved after the first step. This study leads to the correction of our specifi-
cation. These proof obligations originated from mistakes in our specification or
limitations of the prover.



286 Jacques Julliand et al.

We pointed out some errors out at the descriptive level as well as at the
operational level. For example, our first operational specification allowed us to
resume a message exchange after a control dialogue even if this dialogue did not
stop any exchange. At most one device should be waiting for the acknowledgment
of a message block: this property was violated by our specification. We have also
corrected a faulty expression of the type restriction at the descriptive level.

Another difficulty in realising the proof obligations originates from limitations
of the prover. For example, the following test, defining the function Next in the
PROPERTIES clause, makes the prover fail, although it was equivalent to the
section 4.2.1. clause.

Next ∈ {Zero, One} >—>> {Zero, One}
∧ Next(Zero)=One ∧ Next(One)=Zero

Proofs were performed on a SS4 SUN Station with 32 MB. This did not
induce any major problems of performance or memory size with the most recent
version of the specification. Previous versions was more space-consuming.

5.2 Using SPIN

We used the PROMELA language with the SPIN tool to verify linear tempo-
ral logical properties. The first step consisted of translating the B specification
into PROMELA, the second consisted of putting verifications with the model
checker into action. Finally we recapitulate using SPIN working on our specifi-
cation. Translating B specifications into PROMELA presents the following two
questions:

– How can one represent the abstract data model and the B actions using the
PROMELA concrete types?

– How can one carry out the atomic events?

These two questions did not cause difficulty in the example given because
the data was simple and the atomicity notion already existed in PROMELA.
The PROMELA text is close to the original specification. It consists of three
processes, the first, called init, cames out some initialisations and launches the
two processes Card and Device. These processes consist of a loop with a non-
deterministic choice among the different events, realised in the form of a guarded
action. The reject event caused an exit from the loop. The verification consists
of a liveness property such as the absence of deadlock and the unreachable code,
the invariant and the LTL properties described into section 4.2.4. to perform
these verifications. The user has to solve three kinds of problems:

– the next operator encoding which is not provided by SPIN,
– realisation of the fairness conditions,
– a strategy between combinatory explosion and the memory used by exhaus-

tive verification.

SPIN uses an LTL next-free[12]. To cope with the unavailability of the fol-
lowing operator, we transform rules of the form 2(p⇒Oq). Such rules mean that
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if p holds, q holds for the next state. This rule becomes 2(p⇒(p Uq)), that is,
if a state verifying p is reached, p holds until a state verifying q is reached. This
latter property is not as strong as the former, but seems to us to be sufficient
in the sense that the following operator is often replaced with a “eventually”
operator after refinement.

Some property verifications require fairness conditions amongst events and
different cases about events. For example, a weak fairness is necessary in or-
der that some control dialogues do not stop a message exchange. However SPIN
allows us to define weak fairness condition among processes but not among tran-
sitions. There are three solutions to this problem, first, encoding fairness with
counters to bound the number of message blocks, second, encoding it within
Linear Temporal Logical properties, third, putting subsets of fair transitions as
processes. We chose the first solution because it was the simplest to implement
whereas the LTL encoding increases the complexity of verification. In addition,
the first solution makes the rule easy to read. This technique limits the complex-
ity graph exploration, but bounds the range of our verification to a maximum
number of blocks. However, this limit is in an acceptable range for this example:
if the exchange is correct for a message of 0 to 5 blocks, it is probably right for
n blocks.

The verification storage without fairness requirement did not cause any prob-
lems with memory, because the accessibility graph was reasonably sized. With
the fairness counter, the naive verification was not possible. We used two new
compression modes in SPIN Version 3.0.0 : Collapse compression mode and BDD
based compression. These improvements were efficient, because verifications were
successful, although for some properties, it took approximately ten hours of com-
putation with a R10000 processor and 512 MB of memory. Without compression
the memory needed was near to 3 GB. SPIN was very efficient within a memory
reduction but it was desirable to express the weak and strong fairness among
transition efficiently with PROMELA.

5.3 Mistakes detected by the joint use of B and SPIN

With SPIN, the verification was made in three steps: unreachable code and dead-
lock detection, invariant verification and lastly, verification of progress proper-
ties.

In the first model, we detected some unreachable code and no deadlock. The
unreachable code was eliminated by SPIN, which indicates the unreachable line
in the specification text. B does not detect this problem because the invariant was
fulfilled. At the second step, the whole of the invariant of the second specification
was verified successfully.

Another mistake was pointed out during the verification of property 3. In
the first version it was possible to put an I-block instead of an R-block. This
mistake had not already been detected because neither the invariant nor the
other rules were violated. The trace provided by SPIN helped us understand
why this property was not fulfilled. As soon as the mistake, which was located
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in a conditional expression, was fixed, this property was verified easily in the
operational specification.

The verification of the response properties, expressed with next operators,
did not cause any difficulty. On the other hand, the properties including the
eventually operator were very time-consuming and required much memory (ten
hours operation on an Ultrasparc).

Using both the “atelier B” and SPIN allowed us to detect a mistake in the
specification. This mistake was due to a bad translation of the property: “there is
at the most one I-block waiting for the acknowledgment sent by the device or by
the card”. This was originally expressed initially with the formula: “ATC tr=Yes
⇒ ATD tr=No ∧ ATD tr=Yes ⇒ ATC tr=No” related to the use of pseudo B.
In fact, ATD tr was originally for “device block waiting for acknowledgment”.
Because this variable name was considered ambiguous, one of the people involved
in the specification changed the interpretation of ATD tr to “there is a waiting
block”. Three different people participated; one did the specification, another
the verification using B, and the last the verification using SPIN.

As a first step, the people who performed the verification using B modified
events in order to achieve the proof. This way the mistake in the property above
mentioned was carried foward to the operational specification. It is likely that
the impossibility of performing the verification of some liveness properties with
SPIN caused us to go back to the original specification and correct this property.
We successfully verified this new property with B and SPIN.

This mistake may seem to be minor but such a mistake in interpretation
is common in the case of cooperative work on a large problem involving many
changes.

5.4 Summary of the verification

Using the prover resulted in a very pedagogic approach since inconsistencies
between our logical formulae and event descriptions were emphasized and such
corrections were guided. However, we reasoned about the interpretation of for-
mulae by steps involving the checking of formulae, events, and operations pointed
out by proof obligations that are not yet validated, this latter checking being
systematic but manual. It could be thought that the tool guides the user. In the
version used, it only signals that the formula has not been proved, and that we
have to analyse all of the proof obligations ourselves.

Take for example the checking of a part of the 184 invariant induced proof
obligations where 10 were not automatically proved. Each of these 10 proof obli-
gations was described using two or three pages. The normalisation done by the
prover produces an overcrowded presentation with much irrelevant information.
As end-users, we would like to get more synthetic information identifying the
nonproved part of the invariant, more precisely the list of events that made the
prover fail.

We could consider the prover as a guide to the actions. But this is not possible
since the prover cannot know if this results from its own failure or if the property
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itself is false. On the contrary, a model-checker could answer such a question,
provided that the generated graph is not too complex.

Practically, using the SPIN model-checker for an invariant helped us finalise
the specification: firstly, it tells if the invariant is not fulfilled, secondly, the SPIN
simulator allows us to replay the scenario violating this property, that is, we can
debug the operational specification. Given this observation we suggest two ways
to couple these two kinds of tool. Having a model-checker at the level of abstract
data model, could:

– make information from the user complete when a proof obligation failed: he
would know if the property is not validated or if the prover is not able to
verify it automatically,

– provide a scenario violating a property in order that an “animator” can rerun
this scenario again.

6 Conclusions and Prospects

This full scale experiment in implementing a formal approach based on multi-
formalism B/BTL allows us to draw several conclusions:

– on the cost of such an approach
– on the real benefits of the application
– on the difficulties associated with such an approach and the technical changes

necessary.

6.1 The work involved in the specification

The specification of the protocol ICC is a significant application which involves
several hundred lines of B/LTL formalisation and more than 50 man-days of
work (cf. table 4) on the specification by refinement.

TASKS TIME IN MAN-DAYS
Analysis and understanding the problem 5
B/LTL Formalisation 15
Checking and proof with Atelier B 15
Representation and model-checking with SPIN 15
Total 50

Table 4. Time of work partition

This phase of specification and checking took place over a period of approx-
imately 6 months. It involved on one hand the project manager in SCHLUM-
BERGER, Urban Terminals and Systems division, in charge of the ICC ap-
plication and on the other hand 4 researchers from the LIB who have a good
knowledge of the techniques of formal B or LTL specification.
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6.2 Benefits of the formal approach

This use of the formal specification in SCHLUMBERGER gives perfect control
of the EN 27816 standard describing the Half Duplex ICC/Device protocol. Dif-
ferent aspects of the protocol, which are difficult and complex to understand by
means of a normative document, have thus been specified, refined and better
understood. For example Rule 6.1 leaves one with the impression that the 2
mechanisms play symmetrical roles in the detection of loss of synchronisation
whereas Rules 6.2 and 6.3 imply that only the device can produce a resynchro-
nisation.

Work based on this formalisation is continuing in three principal directions :

1. Using the formal specification to check the conformity between cards from
various sources. The idea is to record the sequences of the ICC/Device com-
munication over several transactions and to replay these scenarios through
the animator of formal specifications. This encourages the detection of in-
stances where the card does not respect the protocol.

2. Checking the respect of the standard by an existing application. Schlum-
berger’s Urban Terminals and Systems Division has an application that has
already been written in the Device group and which they would like to check
is truly appropriate to the specification. This is in effect a process of “reverse
engineering” in which they will abstract the source code of the application.

3. This specification must finally act as the basis for the full development of an
ICC/Device specification.

6.3 Heterogeneous Specifications : Opportunities and limitations
demonstrated by the experiments

These experiments on the application show the benefits of a multi-formalism
B/LTL approach on two levels : the power of expression and the synergy of the
checking tools. Several rules expressed in the standard define both the static
invariant properties and the dynamic properties of progress. Thus Rule 3 of the
standard defines that:

1. only the card may ask for a change in the response time (invariant),
2. a request for modification must immediately be acknowledged by the device.

The joint B/LTL specification allows an accuracy of expression which strength-
ens the specification. Thus Rule 3 can be formalised in the following manner:

1. (TD 6= (((S7→IndefI)7→Indef)7→WtxReq) ∧
TC 6= (((S7→IndefI)7→Indef)7→WtxRep)) ∧

2. 2 ((TC=(((S7→IndefI)7→Indef)7→WtxReq) ∧ TC tr=No ∧ Dialogue=Active) ⇒
O ((TD=(S7→IndefI)7→Indef)7→WtxRep) ∧ TD tr=No) ∨ Dialogue =Interrupt))

The authors’ experiment is that the joint expression of the invariant and the
progress properties facilitate the expression of the specification. All properties
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can be taken directly into account without having recourse to tricks of represen-
tation, as for example one is sometimes driven to do in order to express progress
properties in B. In addition the parallel use of the checking tools Atelier B and
SPIN allowed one to discover specification errors (cf. Section 5), which are diffi-
cult to discover with each technique independently. Our experience is that this
strengthens the specification and avoids the temptation to adapt the specifica-
tion to the checking tool. One is obliged to refine the specification in order to
detect an error, in a different but complementary manner, with the two different
checking tools and then to correct it. The limitations of this multi-formalism ap-
proach are related both to the theoretical aspects and to the problem of setting
up the tools. In the approach presented here, given the limited development of
proof techniques in LTL, we used a verification approach based on model check-
ing. The dimensions of the problem and the machine used, (a Multi-Processor
Power Challenge machine SGI R10000) allowed us to run exhaustively through
the state spaces using SPIN. Nevertheless this does not represent proof, particu-
larly taking account of the technique used to encode fairness. The other difficulty
is related to the lack of a link between the checking tool B and the verification
of properties in LTL. The checking process remains in parallel, which is still a
valid process since it involves checking each property individually, but this poses
practical problems. In particular the use of SPIN has the inconvenience that one
must not use the abstract data model in PROMELA, i.e. without using abstract
structures (sets, applications....) but rather classical computing data structures.
For our application this did not create any great difficulties because of the simple
data model used. But it represents a difficulty in the approach.

6.4 Future prospects

This experiment allows one to identify future research opportunities in three
fields :

– in the theoretical aspects linked to the cooperation of various formalisms,
– in the methodological aspects relating to the structuring of specifications,
– and also in the toolkits designed to help checking.

At the theoretical level the joint use of the B/LTL statements poses the
question of proof and the sense to be given to the notion of refining temporal
properties. By analogy with the incremental proofs based on refinement, we
study the means of carrying out incremental model checking based on temporal
refinement.

At the methodological level, it is necessary to integrate a design approach
which will produce a structured specification, for example from the physical
structure of the system, and which would justify breaking it up into sub-systems
and into events.

As far as the toolkits are concerned, we study a model checker acting with an
abstract data model in order to make the three functions, proof, model checking
and animation operate together.
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Abstract. This paper reports on the preparation of test cases using a
prototype within the context of a formal development. It describes an
approach to building a prototype using an example. It discusses how a
prototype contributes to the testing activity as part of a lifecycle based
on the use of formal methods. The results of applying the approach to
an embedded avionics case study are also presented.
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1 Introduction

This paper describes a formal development lifecycle and the practical application
of the B-Method [1] within that lifecycle to the production of an executable
prototype. The prototype is derived from an abstract specification for use in
test case preparation. Knowledge of the B-Method is assumed when reading this
paper.

The prototyping approach described in this paper forms part of a software de-
velopment process which addresses the requirements of the UK Defence Standard
00-55 [13]. It addresses the requirement that tests generated from the executable
prototype of a software specification are repeated on the final code.

This work was mainly carried out as part of the Measurable Improvement in
Specification Techniques (MIST) [5] project and extended during the SPEC-
TRUM project within GEC Marconi Avionics Limited (GMAv). The MIST
project was an ESSI Application Experiment which investigated the develop-
ment of safety-critical software using an integrated approach which combined
formal and conventional software engineering techniques for software develop-
ment. SPECTRUM was an ESPRIT RTD project looking at the feasibility of
integrating the formal methods B and VDM and the industrial benefits of such
an integration.

Didier Bert (Ed.): B’98, LNCS 1393, pp. 293–311, 1998.
c© Springer-Verlag Berlin Heidelberg 1998
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The rest of this paper is laid out as follows. Section 2 describes a software
development lifecycle which uses the B-Method. Section 3 details the typical test-
ing activity carried out in a software development lifecycle. Section 4 describes
the testing process in a formal development lifecycle. Section 5 shows how test
cases are built based on the use of a prototype. The final sections contain results
of building a prototype for an embedded avionics case study, a discussion, and
conclusions.

2 Overview of Formal Development Lifecycle

A formal development lifecycle (shown in figure 1), which would be used to de-
velop critical functions of embedded avionics systems within GMAv, starts with
a set of requirements written in an informal but structured notation. The B-
Method is used to re-specify these requirements and produce a formal abstract
specification written in Abstract Machine Notation (AMN) to provide an oper-
ational description of the software. This includes a description of all the inputs
and outputs of the system and all the critical functions that will be provided by
the formally developed software. Some of the lower level implementation details
are not included at this abstract level.

The abstract specification is animated, formally proved consistent and, typi-
cally, reviewed by an independent verification and validation team. The abstract
specification contains enough detail to continue development along two inde-
pendent parallel paths. The abstract specification may contain some limited
non-determinism. The issues arising from prototyping non-deterministic specifi-
cations are discussed in section 7.

Both parallel development paths produce executable code. The main devel-
opment is the formal refinement process which leads to an AMN implementation
that is currently hand translated into Ada code. Ada is the preferred program-
ming language for safety-critical software.

In the refinement there are a number of intermediate levels where algorithms
and data types are expanded by adding more detail. This design process is
discussed in [7] and [8]. The Ada code is verified by review and tested using
test cases that are generated using the prototype, as described in section 4.

The secondary development path involves the production of a prototype and
the automatic generation of C code which can be executed to produce test cases
which are applied to the Ada code. The efficiency of the C code of the executable
prototype is not a concern because it is not used in the final system.

3 Testing in a Conventional Software Development
Lifecycle

In a software development lifecycle the testing process can be broken into 4
stages; Test Planning, Test Case Preparation, Test Performance and Test Output
Review.
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Fig. 1. Formal Development Lifecycle

Test planning is the process of identifying and documenting the required
tests for a software system. In software testing there are three levels; Software
Unit Testing, Software Integration Testing and Hardware/Software Integration
Testing.

The levels of testing are illustrated in figure 2, which shows the scope of each
level in terms of the code objects being tested and their relationship with the
design or requirement target.

Software Unit Testing (SUT) tests each individual software module against
the low level requirements for that module specified in the software detailed
design.

Software Integration Testing (SIT) test groups of integrated modules which
implement a specific function described in the top level design. The main aim is
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Fig. 2. Levels of Software Testing

to demonstrate that the modules work together correctly with respect to data
flow and end-to-end correctness.

Hardware/Software Integration testing (HSIT) tests the fully integrated soft-
ware within the target environment. It tests the software against the external
interfaces and functionality described in the software requirements. It may also
test individual interface modules as a addition to the basic unit tests.

The test environment for each level of testing (host or target) is also doc-
umented during test planning. In addition to deciding what functionality will
be tested, test coverage measurements are defined that must be achieved during
testing of each level. This will provide some assurance of the quality of the soft-
ware in certification and provide evidence that the software has been exercised
thoroughly.

These measurements fall into two groups based on functional (black box) and
structural (white box) testing [12]. For example, during Software Unit Testing
the minimum functional measurement would be that each function or procedure
is tested at least once. More stringent requirements would be that each parameter
of a procedure or function is is tested with a range of values. For numeric values
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there would need to be a test case for the minimum, maximum, intermediate and
out of bound values. Measurements based on structural testing would consider
which statements have been exercised and which branches have been traversed.
In addition to traversing each branch of a conditional statement it may also be
necessary to achieve a decision coverage measurement which ensures that every
boolean value is combined in all the different combinations at least once.

During Software Integration Testing it is expected that the functional test
coverage measurement will ensure that combined functions and procedures are
being called rather than individual functions and procedures. Furthermore the
structural measurement will ensure that all the lower level procedures and func-
tions have been called.

Test case preparation is the next stage in the testing process. In this stage,
test case inputs are selected and expected outputs (or a range of acceptable
outputs)are identified. The test cases are validated to ensure that the functional
coverage metrics have been met.

The test performance stage is the process of applying the test inputs to
the software and recording the generated outputs. Tools support the test per-
formance process by automatically applying the test and recording the results,
usually by generating a test harness. Tools can also generate stubs for lower level
modules to allow higher level modules to be tested before they are integrated.

The final stage in the testing process is the test output review. This checks
that the generated outputs are equivalent to the expected outputs and that
the structural coverage metrics have been satisfied. Tools can help the output
review process by automatically comparing the actual and expected output and
by calculating the coverage metrics.

4 Testing in a Formal Development Lifecycle

If the software has been developed using the B-Method then it is possible to use
the formality of the top level specification and the automatic features of the B-
Toolkit to assist in the test case preparation of the testing process. A prototype
is built, as shown in section 5, and is used in the following three phases [14].

Firstly, the abstract specification is analysed in order to identify all the be-
haviours to be tested. At present it is done manually but tools are being devel-
oped which will automate the process for B and Z [9]. Once the behaviours have
been identified, input values are chosen which will exercise these behaviours.
Boundary value analysis and equivalence partitioning are used to choose these
inputs. The inputs for the different behaviours are combined using a cross prod-
uct to give a large set of test inputs. In order for the executable prototype to run
with the test inputs they are translated into a suitable format. The prototype
has a simple menu driven interface, offering the system operations. The inputs
are extracted from the input list and written into a text file with the appropriate
operation calls inserted where required. This formatting is currently performed
with ML [16] but could be done with any suitable tool.
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The executable prototype is run with the test inputs and the resulting outputs
are stored in a file. The combination of test inputs and expected outputs gives
a large suite of test cases.

The second phase is the refinement of the test cases into a format that is
suitable for use on the Ada code. All the values used in the test cases are ab-
stract representations which must be converted into concrete form to match the
interface to the final Ada code using ML. Most of the conversions are simple
mappings but some will require complex calculations. For example, an input
might be modelled as an enumerated set at the abstract level and refined into
a sequence of booleans representing hardware registers at the Ada code level.
The result of test case refinement is a test description file which describes the
concrete test cases in a format that is suitable for use by the test case application
tools.

The last phase is the execution of the Ada code with the test cases. This
phase is supported by test application tools, such as AdaTest and TestMate.
These tools generate test harnesses and test stubs, as well as applying the test,
recording and comparing the actual and expected results. Any test failures are
reviewed to see whether they were caused by an error in the main development
path or an error in the test case generation. Coverage analysis is also carried out
to confirm that all the functionality of the Ada code has been exercised.

The test cases generated using the prototype contribute to the functional
testing of all the levels of testing described in section 3. Test cases which exercise
the abstract inputs and outputs of the top level functions of the specification
will form part of Hardware/Software Integration Testing. The tests of the top
level functions which call lower level functions contribute to Software Integration
Testing. Testing of the lower level functions will be used in Software Unit Testing.

The test cases are derived from examining the structure of the formal speci-
fication, therefore the functional coverage measurement of the unit tests and the
structural coverage of the software integration tests are expected to be high. It
is also anticipated that, since there are a large number of tests produced, the
structural coverage of unit testing will also be high. However, not all the re-
quirements of the system are necessarily embodied in the executable prototype
because it is derived from an abstract specification. The abstract specification
contains only what is required to describe the safety functions and properties
of the software in the system. This obviously affects the coverage metrics that
can be achieved during testing. It may be necessary to consider an incremental
development of the prototype to cover the new functionality introduced during
the refinement process. Alternatively, additional tests can be added manually.

5 Example Prototype

This section uses a small example to illustrate the process of building a proto-
type using Version 4 Beta Release of the BToolkit [2]. The input to the process
is an AMN abstract specification which is a formal description of the function-
ality of the system. A prototype MACHINE and IMPLEMENTATION
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are manually written based on the abstract specification, as shown in figure 3.
This effectively provides a test harness for the specification. The automatic cod-
ing features of the Base Generator are used to generate all the MACHINEs
which support the prototype IMPLEMENTATION [3]. The IMPLEMEN-
TATION together with its IMPORTed MACHINES form one development
layer and capture all the functionality of the system. Once the IMPLEMEN-
TATION is written, the Interface generator is used to provide a menu-driven
interface which allows testing of the OPERATIONS in the prototype. This
example only discusses those parts of the process which requires human inter-
vention.

The example used is a simple, embedded system. The software receives input
commands from one hardware interface, validates them and stores the input
commands which are used by the main functions of the software. This is typical
functionality of embedded safety-critical systems where inputs are received from
the system and used by the embedded software.

Fig. 3. Prototyping Lifecycle
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5.1 Abstract Specification

In the abstract specification the states of a system are represented as VARI-
ABLES in MACHINEs. These variables have a type and an initial state. For
example, in figure 4 the variables com and checkcom which represent part of the
state of the system have the type subset of COMMAND and are initialised to
the empty set. Operations which manipulate and query the state are also defined
in a MACHINE. In the example there are three operations; the load opera-
tion which takes commands as inputs (via the parameter inputcoms) and assigns

Fig. 4. Example Abstract Machine
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them to the state variable com, the get operation which provides a query to re-
trieve the validated state checkcom and the update operation which provides a
validation function which updates the validated state.

The validation function makes use of the constant specialCommands. The
constant is defined in the CONSTANTS clause and the explicit property of this
constant is included in a PROPERTIES clause. In some instances properties
of the declared constants may still be abstract. However, all constants must have
explicit properties in order to write a prototype IMPLEMENTATION. The
structuring mechanisms provided by the B-Toolkit support the adding of these
explicit properties during the prototyping process. This separation of concerns
provides a way of clearly identifying the extra detail added during prototyping.

5.2 Prototype Specification

The purpose of the prototype MACHINE is to capture the functionality of the
system so that it can be exercised using a menu-driven interface and to remove
non-determinism in the abstract specification. This example is deterministic and
therefore concentrates on providing a suitable reference basis for test case gen-
eration.

The prototype MACHINE is built on top of the abstract specification using
the INCLUDES clause. This means that the prototype MACHINE inherits
all the state (com and checkcom) and can use all the OPERATIONS of the
abstract specification.

OPERATIONS which do not have any input or output arguments can
simply be promoted into this new specification MACHINE as shown by Up-
dateCheckCom in figure 5. However, OPERATIONS with abstract inputs and
outputs need to be handled differently. These OPERATIONS are replaced by
new OPERATIONS. The new OPERATIONS simply define a new interface
but the information content will be the same. This is necessary so that inputting
and outputting of parameter values can be implemented in the body of these
new OPERATIONS using the support of the automatic coding features of the
BToolkit.

For example, in the abstract specification there is an OPERATION which
loads commands, LoadCom, and assigns the input argument inputcoms to the
state variable com. In the prototype specification, Proto, the operation is re-
placed with PLoadCom. The body of the specification indicates how the state
of the system changes; a set of the correct type is assigned to the state com
via a call to LoadCom. This clearly shows that the effect on the system is the
same whether LoadCom or PLoadCom is called. However, the interface to the
PLoadCom OPERATION makes it possible to write an implementation which
allows the user to input each element of the set interactively using the menu-
driven interface.

Another OPERATION which illustrates this interface refinement is the
query OPERATION PGetCheckCom. The purpose of this OPERATION is
to output the value of the state checkcom. Notice that the specification for this
new output OPERATION is different to PLoadCom. PGetCheckCom does not
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Fig. 5. Example Prototype Specification Machine

change the state checkcom and so the function skip was used in the body of the
specification to indicate that the value of the variable does not change.

The prototype specification also provides new OPERATIONS so that all
the state variables in the system can be set and retrieved. This is important
during test case generation because the system must be put into a specific state
before running the test scenario. Thus in this example the prototype specifies
an additional access OPERATIONS for the state variable com, PGetCom.

5.3 Base Generation

The state of the prototype system defined in the specification must be completely
encapsulated in the prototype IMPLEMENTATION to allow a direct trans-
lation into C source code. The example needs to encapsulate the state variables,
com and checkcom. The state is not of simple types such as naturals, strings or
booleans and so the Base Generator is used to build appropriate encapsulating
structures for these sets.

The Base Generator takes as its input a description of the structure of the
state it captures. Figure 6 shows declarative statements for cmd and checkcmd.
The identifiers are of the same set type, COM, with a maximum size of three
elements. The identifiers must be different from the state variables but a link



Test Case Preparation Using a Prototype 303

between the commands will be established in an INVARIANT when the pro-
totype IMPLEMENTATION is written in section 5.4.

The Base Generator uses this description to build a system MACHINE con-
taining a collection of OPERATIONS which form a basic instruction set that
can be used to manipulate the cmd and checkcmd data structures. For example,
an OPERATION add cmd with one input argument will add a command to
the set cmd. The OPERATION returns a boolean value indicating whether the
command element has been added to the set cmd successfully. These instruction
sets are used to implement OPERATIONS in the prototype IMPLEMEN-
TATION.

Sets and sequences which are CONSTANTS also need to be encapsulated
using base generation. Thus the declarative statement for the identifier special-
cmd, in figure 6, is used to encapsulate the structure of the constant set special-
Commands in the example. Again a link will be provided between the identifier
and the constant in the INVARIANT of the prototype IMPLEMENTA-
TION.

Fig. 6. Example Prototype Base Description

5.4 Prototype Implementation

The final manual stage in producing the prototype is to make use of the MA-
CHINEs generated from the system building block in the prototype IMPLE-
MENTATION.

The IMPLEMENTATION is written in a restricted subset of AMN. It
contains constructs which are familiar to programmers, such as IF THEN
ELSE and CASE statements.

In order to produce code, all the state of the system must be encapsulated in
instantiations of library MACHINEs or MACHINEs produced during base
generation using the IMPORTS clause, as shown in figure 7. When importing
the system MACHINE (ProtoBase) the abstract enumerated set COMMAND
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is passed as a parameter. This is matched with the formal parameter COM in the
generated system MACHINE which is derived from the set name used in the
system declarative statements in figure 6. A basic io MACHINE is also IM-
PORTed so that input and output facility provided by the system MACHINE
can be used.

The INVARIANT clause in the IMPLEMENTATION allows the defi-
nition of relationships between the abstract and concrete state. For example, in
figure 7 the set variable cmd in the system MACHINE is connected with the
variable com in the abstract specification.

In a MACHINE, sets are declared in the SETS clause, constants are
declared in a CONSTANTS clause and their properties are defined in the
PROPERTIES clause. In an IMPLEMENTATION, constants and sets are
captured in a Base description. When the generated system MACHINE is
IMPORTed these constants and sets are not initialised. The INITIALISA-
TION clause contains OPERATIONS to fill the sets with their enumerated
elements and provide constants with the appropriate values. For example, cmd
is initialised to the empty set using the operation clear cmd. Any temporary
storage declared in the system MACHINE is not initialised until it is used.

The style adopted in a prototype IMPLEMENTATION is important. The
structure of the clauses should remain as close to the original specification as pos-
sible to aid manual verification by review. For example, in a parallel composition
of two OPERATIONS their sequential implementation should have the same
order as that of the specification. This is illustrated by the INITIALISATION
clauses of figure 4 and figure 7.

Prototype OPERATIONS which are specified using a parallel composi-
tion of OPERATIONS are implemented as one OPERATION containing
the combined functionality. This tends to lead to a very large flat implementa-
tion. However, provided the code is commented clearly it is easy to identify the
OPERATION boundaries and provide traceability back to the abstract spec-
ification. This aids the process of manually verifying the low level AMN against
the specification.

The OPERATIONS used to load and retrieve the state make use of the
read cmd, write cmd and write checkcmd from the system MACHINE to han-
dle the inputting and outputting of sets automatically. Notice outbool is simply
a report boolean indicating success or failure of the operation which is called.

5.5 Interface Generation and Code

Once all the supporting constructs have been generated and the prototype MA-
CHINE and IMPLEMENTATION have been analysed, code generation is
an entirely automatic and straightforward process. An Interface description is
introduced which contains all the OPERATIONS from the prototype. This list
of OPERATIONS is reviewed and any that are not needed can be removed.
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Fig. 7. Example Prototype Implementation Machine
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The Interface Generator is used to build the interface MACHINEs and
automatically carry out all the code translation and linking to provide an exe-
cutable prototype in C code.

6 Results

The main aim of the MIST project was to apply the B-Method to a Case Study
and to compare this with a parallel development of the same system using a
conventional software development process [6]. This allowed the B-Method to be
evaluated and procedures to be developed which can be used on future avionics
projects within GEC Marconi Avionics Limited.

The Case Study used for the MIST project addressed part of the software
controlling a Station Unit on a military aircraft. The Station Unit holds one
store (e.g. a fuel tank or missile). The Station Unit receives commands from a
central armament control unit. These commands can order a store to be armed
or released, or the Station Unit to perform tests on itself. Before reacting to any
commands, the Station Unit checks that the message containing the command
is valid by performing a number of data encoding checks. The Case Study was
restricted to the main control and function of the Station Unit. It did not include
the tests performed continuously, on power-up or on demand, nor any of the
minor functions performed by the software. The Case Study covers 36% of the
total software for a Station Unit.

This section summarises a testing comparison for the main control of the
Station Unit (about 9% of the total software). The effort required to code, unit
and integration test these functions using the formal approach was 78% of the
effort taken using the standard approach. This reduced effort later in the devel-
opment lifecycle compensates for the greater effort needed in the requirements
and specification phases early in a formal lifecycle.

The effort taken to write tests for these critical functions using the formal
approach was 12 man weeks. This included 3 man weeks for writing the proto-
type which could be considered as part of the validation effort for the abstract
specification. The effort expended on writing the tests using the conventional ap-
proach was only 9 man weeks. However the number of tests that were produced
using the formal approach was significantly more than the number developed
manually, in the order of 40 times more tests. It has already been stated that
100% coverage of statement, branch and LCSAJ (Linear Code Sequence and
Jump) may not be achieved for all operations using tests based on the prototype
due to the level of abstraction in the abstract specification. However, the con-
ventional approach achieved lower coverage than the formal approach. It would
not be impossible to write the tests needed to achieve the same level of coverage
but it would increase the effort required. The highly automated nature of the
formal test case generation means that no more effort is needed to produce large
combinations of tests. It is also felt that the formally produced tests would be
more robust in terms of coverage against minor changes to the Ada code.
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The formal development lifecycle is based on an integrated verification ap-
proach [10] where each step in the specification and refinement process is verified.
Given the high degree of verification it was expected that errors introduced dur-
ing specification and refinement would also be found early in the lifecycle. This
means that any errors found during testing would mostly be due to errors in
coding. For example, figure 8 shows where the errors were introduced and de-
tected during the formal development of the critical functions of the case study.
As was expected most of the errors were detected by the verification and vali-
dation processes. The two errors detected during testing were introduced when
translating the AMN design into Ada code.

Fig. 8. Errors in Developments

A fault grid [4] was also produced for the same critical functions which were
developed using conventional development methods, shown in figure 8. It shows
that most of the errors were found during testing. For example, seven errors were
found during unit test which were introduced during the design phase. It is clear
that the conventional development lifecycle detects many more errors later in
the lifecycle which means that the cost of re-work is relatively high.
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7 Discussion

The example in section 5 showed that prototyping deterministic specifications
is not difficult. However, there are further issues involved in prototyping non-
deterministic specifications.

A prototype IMPLEMENTATION cannot contain any non-determinism
which means that non-determinism present in an abstract specification must be
resolved during its implementation. There are two main problems with resolv-
ing the non-determinism. The first problem occurs when the abstract specifica-
tion contains an error. It is hoped that the review of the abstract specification
against the requirements and its validation using animation would capture the
error. However, if the error is undetected it gives rise to the following scenario.
The prototype could resolve the non-determinism to exhibit the valid behaviour
of the system whereas the main development is refined to an implementation
which contains the erroneous behaviour. This would be a real error in the final
system. Conversely, if the implementation of the final system described the valid
behaviour the prototype would be invalid and the test cases faulty.

The second problem arises when the abstract specification contains non-
determinism where the prototype resolves the non-determinism one way and
the implementation of the system resolves it the other way. This would provide
spurious errors in testing.

The style of specification adopted within GMAv is to restrict the non-determi-
nism in the specification and to resolve it as early as possible in order to control
both the problems that could arise. In the abstract specifications the only place
where non-determinism could occur is in the INITIALISATION of the speci-
fication or through under-specification in the definitions of a constant function.

In practice, a non-deterministic INITIALISATION is not a concern be-
cause of the way the system will be used. It is assumed that there is no control
over the initial state of the system and so the style used to model the initial
system state is with a non-deterministic ANY clause. It is always the case that
in large systems there will be an OPERATION to reset all the state variables
to a safe state. This OPERATION will always be invoked after powering up
the system. Thus the system will never depend on the INITIALISATION of
the MACHINE.

The following CONSTANT function, checkfun, illustrates how non-determi-
nism is resolved for under-specified functions.

checkfun ∈ IP ( COMMAND ) × CHECKDATA → BOOL

Checkfun takes two inputs of a power set of type COMMAND and CHECK-
DATA. In the abstract specification the set COMMAND is enumerated but
CHECKDATA is under-specified and remains abstract. This is because it will
be refined to several different inputs but the details are unimportant in the
abstract specification.

Before the prototyping process can begin the non-determinism must be re-
solved. Thus the prototyping specification would include an enumeration for



Test Case Preparation Using a Prototype 309

CHECKDATA by introducing another enumerated set of good and bad elements
and stating in the PROPERTIES clause that this set is equivalent to CHECK-
DATA. It would also include a property resolving the non-deterministic function.
For example,

∀ ss . ( ss ∈ IP ( COMMAND ) ⇒ checkfun ( ss , good ) = TRUE ) ∧
∀ ss . ( ss ∈ IP ( COMMAND ) ⇒ checkfun ( ss , bad ) = FALSE )

It would have been possible to include this detail in the abstract specification
but this would have introduced too much unnecessary detail. It would also have
involved writing a more complex refinement relation in the main development
which would increase the proof effort. However, by excluding it there is a danger
of resolving the non-determinism in a different way in the prototype and in the
main development. Thus the test cases produced from the prototype would not
be appropriate for application to final Ada code.

Nevertheless, the way the non-determinism was resolved still retained the
shape of the function. The barest minimum of detail was introduced to make
it deterministic and implementable so that when the test cases are refined from
abstract to concrete values they could still be refined to be compatible with
the final code. There is no explicit refinement relation between the prototype
and the refinement specification in the main development, the relationships are
embedded into the ML which performs the conversion from abstract to concrete
test cases.

One alternative solution would be to produce a set of possible outputs for
each case of non-determinism in the specification. Even in this situation the
prototype would still have to define all the abstract sets in order to be able
to build the prototype. Producing sets of outputs would add an extra level of
complexity when building the prototype and is a topic for further research.

The prototyping aims to be a fast process as shown by the results of the
Case Study. This was made possible by building the prototype as one develop-
ment layer and using B-toolkit library MACHINEs. A layered design approach
was not adopted. However, in very large systems the prototype IMPLEMEN-
TATION would simply be too large to control as one entity. In such cases a
layered development approach would be necessary but the principles of resolving
the non-determinism early would still apply.

In this paper an executable prototype has been used in the testing process. It
could also be used to provide preliminary validation of the formal specification
which is another requirement of the Defence Standard 00-55. In the lifecycle
described in section 2 preliminary validation of the specification, to identify
errors in expected behaviour against the informal requirements, was carried out
using the animation facility of the B-Toolkit.

The Ada code produced from a formal development may not be the code for
the whole system. Other functions may have been developed using a conventional
development lifecycle. Thus all the Ada code would be integrated together to
provide the source code for the complete system. The test cases produced for
the formally developed code would still be valid and would form almost all the
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test cases needed to test these formally developed software functions. The only
additional tests, developed using conventional testing methods, would be ones
needed to achieve the required structural coverage metrics.

8 Conclusions

This paper described an integrated approach to formal software development
and focused on a testing process based on the use of a prototype. The approach
to prototyping using the automatic code generation features of the B-Toolkit
enabled a prototype to be produced rapidly from a formal specification. Tests
were generated using this prototype taking no significantly greater effort than
the equivalent tests produced using the conventional approach but provided a
much higher number of tests and a higher test coverage.

The formal development lifecycle has been tested on a large Case Study which
captured all the safety critical functions of a typical avionics system. When a
formal approach is used within the development of systems less effort will be
required during testing.
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Software Projects - Bridging the Gap Between Theory and Practice, IEEE Trans-
actions on Software Engineering, 20(11) (1994), pp. 825-832.

12. Myers G. J.: The Art of Software Testing, Wiley (1979).
13. UK Ministry of Defence: The Procurement of Safety Critical Software in Defence

Equipment, Defence Standard 00-55 (1997).
14. Ormsby B.: An Approach to Testing during Formal Development with the B-

Method, Industrial Report, Proceedings of 22nd EUROMICRO conference, Prague
(September 1996).

15. Waeselynck H. and Boulanger J-L.: The Role of Testing in the B Formal Develop-
ment Process, Proceedings of 6th International Symposium on Software Reliability
(ISSRE ’95), Toulouse, France (October 1995), pp. 58-67.
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